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1. Introduction

In this paper we construct a simple class of models for heat conduction in materials

with memory. We concentrate on situations in which the heat flux depends on the temporal

history of the temperature gradient (and possibly on the present value and the history of

the temperature), but is independent of the present value of the temperature gradient Our

models are based on Gurtin and Pipkin's theory of heat conduction [12]. An important

feature of this theory - one that is relevant to experimental studies of heat flow in certain

materials at very low temperatures - is that it predicts finite speed of propagation for

thermal disturbances. There are other theories of heat conduction in materials with memory1

(cf., e.g. [6], [15]). However, the framework of Gurtin and Pipkin seems best suited for

our purposes.

We restrict our attention to the one - dimensional case in which the only nonzero

component of the heat flux is its1 x - component, q; moreover, q and the absolute

temperature 0 > 0 are functions of x and the time t. In addition, we assume that the

material is homogeneous and has unit density. In the absence of deformation the law of

balance of energy reduces to

(1.1) e + qx = r,

where e = e(x,t) is the (specific) internal energy and r = r(x,t) is the external heat supply.

A superposed dot indicates differentiation with respect to time, while a subscript x

indicates spatial differentiation. Equation (1.1) must be supplemented with constitutive

assumptions that characterize the particular type of material. Since we consider only

materials whose thermodynamical properties at a point x are determined by the state

(1) The results of [6], [15] permit (but do not require) the heat flux to depend on the present value of

the temperature gradient If the heat flux is sensitive to small changes in the present value of the

temperature gradient then the speed of propagation is not finite.



at that same point x, we suppress the spatial variable in our constitutive equations. We

also omit the time argument when there is no likelihood of confusion.

In Fourier's classical theory of heat conduction the heat flux and the internal energy

are assumed to be functions of the present values of the temperature and the temperature

gradient. More precisely, the constitutive relations are

q = -K(9)g,

(1.2)
c = co(9),

where g := Gx is the temperature gradient and K and e0 are smooth functions with

K,eo
f>O. The relations (1.2), together with (1.1), yield a parabolic equation for 0 that

predicts infinite speed of propagation for thermal disturbances. Despite this prediction

Fourier's theory provides a description of heat conduction that is useful under an

extremely wide range of conditions. However, there are situations in which departures

from Fourier's law are observed experimentally; in particular, "wave - like" pulses of heat

that propagate with finite speed have been observed in certain dielectrics at very low

temperatures (cf. the references cited in [2], [5], and [7]).

There have been numerous attempts to develop theories of heat conduction that yield

finite speed of propagation (cf. the review article [2]). The first such theory was

apparently given by Cattaneo [1] who suggested that (1.2)2 be replaced by

(1.3) T(0)q + q = -K(0)g

with x, K > 0 . Coleman, Fabrizio, and Owen [5] discuss compatibility of (1.3) with

thermodynamics. They use the second law to show that the classical equation (1.2)2 for e

is not appropriate for materials obeying (1.3); they also give a modified equation for e

that is compatible with the second law. An existence theorem for the resulting (hyperbolic)

system of partial differential equations for q and 0 was established by Coleman, Hrusa,

and Owen [7].

In Gurtin and Pipkin's theory a state is described by (0(t),0 (O l̂VOX where 0 l



and ge are the summed histories up to time t of the temperature and the temperature

gradient. For h : IR—>[R the summed history up to time t of h is the function

h l : [0,°o)-» [R defined by

t

(1.4) hl(s) := J h(z) dz V s > 0.
t-s

Following a procedure introduced by Coleman and Noll [8], Gurtin and Pipkin use

the second law of thermodynamics to obtain restrictions on their constitutive relations. The

procedure of Coleman and Noll is based on the following postulate: For every part of the

body under consideration the rate of production of entropy must be nonnegative for all

smooth fields consistent with the constitutive equations and the law of balance of energy.

This postulate is equivalent to the requirement that the Clausius - Duhem inequality2

e
hold for all smooth fields consistent with the constitutive equations; here r| is the

(specific) entropy and

(1.6) V : = e - 9 r |

is the (specific) free energy. It follows from (1.5) that the inequality

T

(1.7)
o 9 e*

is satisfied for every smooth and cyclic process, i.e. for every smooth process whose

state at some time T > 0 coincides with its1 initial state. The requirement that (1.7) hold

for cyclic processes is sometimes taken as a statement of the second law (cf. [9] and

[16] for more information).

(2) For deformable bodies this inequality contains an additional term involving the stress and the rate of

strain. A general theory of thermodynamics for deformable media with memory, which is based on the

Clausius - Duhem inequality, was developed by Coleman [4].



Gurtin and Pipkin consider a very general class of constitutive relations in which

—t —t
\|/, r| and q are functionals of (O(t),0 (*)>g(0)> and without specifying the form of these

functionals they derive conditions that are both necessary and sufficient for compatibility

with thermodynamics. These conditions can be summarized roughly as follows:

(i) The entropy is minus the derivative of the free energy with respect to the present

value of the temperature.

(ii) The heat flux is determined from the free energy through a differential equation

called the heat flux relation.

(iii) A functional differential inequality, called the dissipation inequality, holds

for all smooth processes.

It is easy to construct constitutive functionals that satisfy (i) and (ii). However, it is not

clear how to construct the functionals so that (iii) will be satisfied, and no examples are

given in [12]. An example in which q is a linear functional of gl is discussed in a

subsequent paper of Chen and Gurtin [3]. To our knowledge there are no previous

examples (consistent with the theory of [12]) in which q is a nonlinear functional. It is

important to note that condition (ii) implies a relation between q and e; in particular, e

will generally depend on g\

In Gurtin and Pipkin!s theory the linearized constitutive equations for q and e are3

q(t) = Ja \s)l\s) ds = - ja (s)g(t-s) ds,

(1.8) ° °

e(t) = b + cG(t) - J p'Cs^Cs) ds = b + c6(t) + J p(s)9(t-s) ds,
o o

where b and c are constants, and a and P are smooth kernels that decay sufficiently

(3) As one would expect, the linear equations (1.8) are not compatible with thermodynamics. They are,

however, compatible to within terms that can be neglected in the linearized theory.



rapidly at infinity. We note that if x and K are constant then Cattaneo's relation (1.3) is

equivalent to (1.8)1 with a (s) = (K/X) exp (-s/x).

MacCamy [13] considered a model that was motivated by the linearized equations

(1.8). He replaced (1.8)2 with the nonlinear equation
00

(1.9) q(t) = -Ja(s)f(g(t-s))ds,

0

but retained the linear equation (L8)2 for e. He proved global existence and asymptotic

stability for a corresponding initial - boundary value problem. Similar existence theorems

for MacCamyfs model were established by Dafermos and Nohel [10] and

Staffans [17].

Gurtin and Pipkin's theory does not apply to (1.8)2, (1.9) since q cannot be

expressed as a suitable functional of g* when f is nonlinear. The issue of compatibility

with the second law is not addressed in [13]. However, by adapting an argument of

Coleman, Fabrizio, and Owen [5], one can show that for the constitutive equations

(1.8)2, (1.9) (under very mild assumptions on a and f) there are smooth T- periodic

functions 6 and g for which (1.7) is violated4. Within the context of [10], [13] and [17]

this probably is not a serious difficulty because the solutions obtained there remain close

to an equilibrium state, and under reasonable assumptions on a, f, and p the inequality

(1.7) is satisfied for a suitable class of smooth cyclic processes that are close to

equilibrium.

In this paper we consider the constitutive relations

(4) The existence of such functions is a consequence of the structure of (1.8)2, (1.9) rather than the

particular assumptions made on c, p, a, and f. The sign of the product q(t)g(t) plays a crucial role both

in the Clausius - Duhem inequality (1.5) and in (1.7). If the constitutive relation (1.9) is adopted then

q(t)g(t) is generally not of fixed sign. Note that for Fourier's law (1.2)j we have q(t)g(t) = -K(9(t))g(t) < 0.



V(t)= V(9(t))+ jT(s,8(t),et(s),gt(s))ds,

oo

(l.io) ri(t) = ri(e(t)) + J H(s,e(t),et(s),It(s)) ds,
0

oo

q(t) = q(O(t)) + J Q(s,9(t),et(s),It(s)) ds,
o

A A A

where *F, H, and Q are normalized so that

(1.11) ¥(S,D,1)S,0) = H(S,0),DS,0) = Q(s,D,DS,0) = 0 V S, 0) > 0

and satisfy hypotheses which ensure that the integrals in (1.10) will be well behaved for

a reasonable class of functions 0, g. (A similar constitutive equation for e is implied by

(1.6).) The normalization (1.11) means that the integrands in (1.10) vanish identically at

equilibrium, i.e. for processes in which 0 is constant and g = 0. For equations of the

form (1.10) this normalization can always be achieved by an appropriate modification of

A A A A A A

V, ¥ , T|, H, q, and Q.

Functional of similar nature are used for models in viscoelasticity5. We note that for

rectilinear shearing motions the relative deformation gradient can be expressed in terms of

the summed history of the velocity gradient; for shearing motions of K-BKZ fluids the

constitutive relation can be written in the form

(1.12) o(t) = I a(s,v^(s)) ds,

o

where a is the relevant stress component and vx is the velocity gradient.

Our choice of the equations (1.10) is not made with the intention of describing a

(5) Gurtin and Hrusa [11] discuss compatibility with the Clausius - Planck inequality for a class of integral

models in viscoelasticity. There are many similarities between the results of [11] and those obtained here.



particular physical substance. Our objective here is to obtain constitutive equations that

incorporate the effects of memory in a qualitatively reasonable manner, that are compatible

with thermodynamics, and that lead to initial value problems whose analysis is relatively

clean6.

We show that if7

A A A A

(1.13) T|(\)) = - VCD), H(s,D,a,y) = - ^>2(
S'/O>(X>'Y)'

(L14) qCo) = 0, Q(s/D,a,y) = -

(1.15) 1«r,1(s,D,a,7) + i)^^(s,D,a,y) < 0

V S , D > 0 , a > 0 , y e R,

then Gurtin and Pipkin's conditions for compatibility with thermodynamics are satisfied.

A

The important feature of this result is that a pointwise inequality for *F, namely (1.15),
A

ensures that the dissipation inequality holds for all smooth processes. If *F satisfies
A

(1.15) (and the normalization ¥(s,\),i)s,0) = 0 for all s, i )>0) then

(1.16) £,.(s,a>,Ds,0) = 0 j = 1, 2, 3, 4 V s, u > 0.

Thus it is straightforward to produce constitutive equations of the form (1.10) that are

A A

compatible with thermodynamics: choose a function \\r, construct a function *F satisfying

(1.15), and then use (1.13), (1.14) to determine the entropy and the heat flux. (The
A A

functions H and Q constructed through (L13) and (1.14) will automatically have the

desired normalization by virtue of (1.16).). It is clear that there is a large class of
functions £ obeying (1.15); in particular, (1.15) holds if ^ , ^ 0 and *F,3 < 0.

(6) Existence of solutions to initial value problems will be discussed in future work.

(7) We use F,j to denote the partial derivative of a function F with respect to its' jth argument.



Conditions (1.13), (1.14), and (1.16) are necessary for compatibility. However,

A

(1.15) is not necessary unless *F satisfies some additional assumptions. We show that if

(1.17) £(s/D,a,0) = 0 V s , u > 0 , a > 0

then (1.15) is necessary for compatibility with thermodynamics. The physical interpretation

of (1.17) is that for processes with g = 0 the free energy depends only on the present

value of 9.

It follows from (1.6) and (1.10) that the internal energy is given by

(1.18) e(t) = e(9(t)) + J E(s,Q(t)$\s),l\s)) ds,
o

where

(1.19)
A A A

E(S,V,<X,Y) := ^(s.D.a.y)

V s,-u>0, a > 0 , y e K.

Observe that

(1.20) E(S,V,DS,0) = 0 V s , v > 0

by virtue of (1.11). The quantity e(u) is called the equilibrium internal energy at the

temperature v; its' derivative

(1.21) CE(D) := e'(u)

is called the equilibrium specific heat or equilibrium heat capacity at the temperature u

The instantaneous specific heat or instantaneous heat capacity Cj(9(t), 6 , gl) at the state

'.i1) is given by



J ^(smeVs),!^))

We note that the second law of thermodynamics places no restrictions on the sign of c£

or of cr Of course, it is generally assumed in practice that the heat capacities are

positive.

The paper is organized as follows. Section 2 contains some preliminary material

concerning integral functionals of the type appearing in (1.10). In Section 3 we establish

conditions for compatibility of (1.10) with thermodynamics. Section 4 is devoted to

examples. Finally, in Section 5, we discuss various modifications including dependence of

q on the present value of g.
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2. Preliminaries

For a function h : [R—>IR and t e (R, the summed history up to time t of h is the

function h l : [0,oo)-^|R defined by

t

(2.1) hl(s):= fh(z)dz V s£0.
t-s

If h is continuous on IR then

hl(0) = 0,

(2.2)

l-h t(s) = h(t)-h(t-s)
at

V s > 0 , t e IR.

A pair (0,g) of real - valued functions on IR will be called an admissible pair if8

0 e cJ(R), g e Cb(R), and 0>O. We note that if (9,g) is an admissible pair then for

each t e IR the function s»-» 9(s) is strictly increasing.

The following definition is designed to ensure that

(23)

o

is well behaved for admissible pairs (9,g): A function F will be called an admissible

kernel if F e C((0,oo)x (0,oo)x [0,o°)x IR) and for each compact set K c (0,°o)x [0,oo)x IR

there is a function v e 1^(0,°°) such that

(2.4) | F(s,D,ys,zs) | < v(s) V s > 0, (i),y,z) e K.

(8) Here Cb is the set of bounded continuous functions and Cb is the set of all functions in Cb whose

derivatives belong to Cb.
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In several of our proofs we construct sequences of admissible pairs and pass to the limit

in integrals of the form (2.3). For this purpose we say that a sequence {un}~_j of

functions on [0,©o) is linearly dominated if there is a constant L such that

(2.5) I un(s) | < Ls V s > 0, n = 1, 2, - .

The remarks below follow easily from (2.1), (2.2), the definitions of an admissible

pair and an admissible kernel, the dominated convergence theorem, and the fact that if

w e C (0,<x>) with w, w e L (0,©°) then w(s)-»0 as s-» °°.

Remark 2.1: If fe C(0,oo)f F is an admissible kernel, and (6,g) is an admissible pair

then the mapping

©o

(2.6) t *-> f(O(t)) + J F(s,e(t),Ot(s),It(s)) ds

0

is continuous on IR.

Remark 2.2: Assume that fe C](0,*o), F e Cl((0,°°)x(0,oo)x[0,oo) x IR), F and F,jf

j = 1,2,3,4 are admissible kernels, and (6,g) is an admissible pair. Then the mapping

(2.6) is continuously differentiable on IR and

oo oo

~ [ F(s,Q(t),Q\s),l\s)) ds = 9(t)J F,2(sM),Q\s),$\s)) ds
0 0

oo

(2.7) + J F,3(s,e(t),et(s),It(s))[9(t) - 6(t-s)] ds
o

+
0

J F,4(s,6(t),et(s),it(s))[g(t) - g(t-s)] ds.

Moreover, the mapping

(2.8) s ^



12

is (absolutely) integrable on {0,°°) and consequently

(2.9) FCs.ew.eVs)^)) --» 0 as s-> ~.

The following two lemmas will be used to infer pointwise relations from relations

involving integrals.

Lemma 2.1: Assume that fe C(0,oo)f F is an admissible kernel, and that

(2.10) F(s/o,us,0) = 0 V s,D>0.

//
oo

( 2 . 1 1 ) f ( 0 ( t ) ) + J F ( s , 0 ( t ) , 0 \ s ) , i \ s ) ) d s = 0 V t e K
o

for every admissible pair (0,g) then

(2.12) f(u) = 0, F(s,D,a,y) = 0 V S , D > 0 , a > 0 , y e IR.

Proof: Let x ,a ) ,a>0 and t ,ye IR be given. That f(u) = 0 follows from (2.11) with

0 = 0) and g = 0. We want to show that

(2.13) F(x,D,a,y) = 0.

Suppose first that

(2.14) OC<TU,

put

(2.15) X:=&9

fix A > 0, and construct a sequence {(9n>gn)}^=1 of admissible pairs such that 0 (t) = v

for all n, {0n}^=1 and { i ) , } ^ are linearly dominated, and
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if se[O,A)
if s € (A,oo)

(2.16)
v ' * ys

0 if s e (A,oo),

as n-> oo. (The limits of 6n(A) and g^(A) are unimportant We note that the construction

of {Gn}~=1 requires \>>X, which is implied by (2.14), (2.15).) If we apply (2.11) to

this sequence, let n—> °°, and recall that f(i)) = 0 we obtain

A
f YS

(2.17) F(S,D,A,S,— ) ds = 0.
o

Since (2.17) holds for every A > 0 we have

(2.18) F(A/u,XA,^) = 0 V A > 0.
x

If we put A = x then (2.18) yields (2.13).

Suppose now that

(2.19) OC>XD,

define X through (2.15), and fix B > 0 . Applying (2.11) to an appropriate sequence of

admissible pairs and passing to the limit we find that
oo

(2.20) f F(s,D,A,s,^) ds = 0 V B > 0,
J x

B

which yields

(2.21) F(B,\),kB,H) = 0 V B > 0,

and consequently (2.13). We have therefore shown that (2.13) holds for all x,D, <x>0,

y e IR; the continuity of F implies that (2.13) also holds for oc = O. //
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If F is an admissible kernel satisfying (2.10) and

oo

(2.22) | F(s,6(t),9\s),g\s)) ds ^ 0 V t G IR
o

for every admissible pair (8,g), it does not follow that the pointwise inequality

(2.23) F(s,t>,a,Y) <; 0 V S , D > 0 , a ^ O , y e K ,

holds. This is because if (8,g) is an admissible pair then the mapping s ^ S (s) is

strictly increasing, and consequently the class of admissible pairs is not large enough to

ensure that (2.22) implies (2.23). However, we do have the following result.

Lemma 2.2: Assume that F is an admissible kernel and

(2.24) F(s,D,a,0) = 0 V s, \) > 0, a ^ 0.

If (222) holds for every admissible pair (Q,g) then (223) is satisfied.

Proof: Let A, B > 0 with A < B, t, y G IR, and 6 G C*(1R) with 6 > 0 be given. We

construct a sequence {gn}~=1 of functions in Cb([R) such that {i^}^=1 is linearly

dominated and

i l f s ) - > 1° if s G [0,A)U(B,oo)
V s ' ^ L ifi lfs) 1 ° if

Ly if S G (A,B).

If we apply (2.22) to the admissible pairs (9,gn) and let n-> oo we obtain

B

(2.26) | F(s,6(t),Gt(s),Y) ds <; 0.

A

Since (2.26) holds for every A, B with 0 < A < B, it follows that

(2.27) F(s,0(t),6t(s),Y) ^0 V s > 0.
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For given s, v, a > 0 we can choose 9 such that

(2.28) 0(t) = -u, (fts) = a,

and the proof is complete. //
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3. Compatibility with Thermodynamics

We consider constitutive relations of the form

oo

\|/(t)= v(6(t))+ J^(s,0(t),et(s),it(s))ds,
o
oo

(3.i) TKD = ri(e(t)) + J &(s,e(t),et(s),it(s)) ds,
0
oo

q(t)= q(O(t))+ jQ(s,9(t),9t(s),it(s))ds
o

for the free energy \|/, the entropy T|, and the heat flux q, where 9 is the absolute

temperature and g is the temperature gradient. A similar constitutive equation for the

internal energy e is implied by the relation

(3.2) e = \|/ + er|.

Throughout this section we assume that (Al) through (A4) below hold:

(Al) y e d(0,oo), i q e C(0,oo), W e CJ((0,oo)X(0,oo)x [0,oo)X IR);

A. A A A

(A2) % H, Q and %., j = 1,2, 3,4 are admissible kernels (in the sense of

Section 2);

(A3) $(s,v9vsfl) = H(s,v,vs,0)= Q(s,v,vs,O) = 0 Vs,v>0;

(A4) For each v> 0 we have

* +
lF(s,v,ys,zs)-^0 as s—>0 ,

uniformly for (y,z) in compact subsets of [0,oo)x IR.

We note that the normalization (A3) is used in an essential way. For functionals of

the form appearing in (3.1) this normalization can always be achieved by an appropriate

modification of \|/, *F, T|, H, q and Q. (Indeed, one can replace ¥(s/D,a,y) with
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a/Y) - *F(s/u,us,O) and add a correction term to \|/.) It follows from (Al) and

(A2) that \|/ is continuously differentiate and T| and q are continuous on [R if (0,g) is

an admissible pair, i.e. if 0 e C*([R), g € Cb(IR), and 0>O. The purpose of (A4) is to

ensure that

(3.3) ¥(s,e(tM?(s)£W->0 as s->0+

whenever (0,g) is an admissible pair. We note that (A4) is implied by (A3) if

¥ e C([0,oo)x (0,oo)x [0,oo)x R).

Our assumptions are certainly not the weakest possible. However, we feel that they

are reasonable from the viewpoint of applications.

By an admissible thermodynamical process we mean an ordered quintuplet

(9>g>Wl>q) of functions on 1R where (0,g) is an admissible pair and \|/, rj, q are

computed through (3.1). We say that the constitutive equations (3.1) are compatible

with thermodynamics if the Clausius - Duhem inequality

ng

(3.4) y + Ti0+ — <o

0

holds for every admissible thermodynamical process (0,g,Y,T|,q).

The following result is an immediate consequence9 of the work of Gurtin and

Pipkin [12].

Proposition 3.1: The constitutive equations (3.1) are compatible with thermodynamics if

and only if

(9) Gurtin and Pipkin use a slightly different definition of admissible pair and their technical assumptions

are formulated accordingly. However, it is clear that the arguments used in [12] can be applied in the

present setting.
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(3.5) 71(9(0) + j H(s,Q(t),Q\s),lXs)) ds = - ^'(6(0) - J^Cs.eW.eWiVs)) ds,
0

0.6)

and

oo oo

J QCs.eco.e^s),!^)) <*s = - e(t)J y,4(s,e(t),et(s),lt(s))

(3.7) J ^,3(s,e(t),et(s),It(s))[0(t) - 9(t-s)] ds - J $,4(s,e(t),e\s),?(s)) g(t-s) ds < 0
0 0

for every admissible pair (0,g).

It is obvious that if

(3.8) TJ(D) = - \trf(u)> H(s,D,a,y) = - Y^(s,D,a,y),

(3.9) q(a>) = 0, Q(s,D,a,Y) = - W,4(s,D,a,y)

V S , D > 0 , a > 0 , ye IR

then (3.5) and (3.6) hold for all admissible pairs (0,g). The next proposition gives a

A

pointwise condition on *F which is sufficient to ensure that (3.7) holds for every

admissible pair (9,g).

Proposition 3.2: If

(3.10) Y,1(s,D,a,y) + D ^ ( s , D , a , ^ < 0 V S , D > 0 , a > 0 , y e K

f/te/i f3.7j to/t/y /<?r ev^ry admissible pair (0fg). Consequently, if (3.8), (3.9), (3.10) hold

then the constitutive relations (3.1) are compatible with thermodynamics.

Proof: Let (0,g) be an admissible pair. To see that (3.10) implies (3.7) we first observe

that
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- $,4(s,e(t),et(s),lt(s))g(t-s)

It follows from (A4) and Remark 2.2 that

(3.12) J^^meWlVs)) ds = 0
o

and consequently integration of (3.11) shows that (3.7) is equivalent to
oo oo

(3.i3) J ^ ( s m e W l t o ) ds + e(t)J^MaxeVs),!^)) ds <o.
0 0

Clearly, (3.10) implies (3.13) which completes the proof. //

We now discuss the necessity of various pointwise conditions, including (3.8), (3.9),

and (3.10), for compatibility with thermodynamics10.

Proposition 3.3: If the inequality (3,7) holds for every admissible pair (0,g) then

(3.14) £,.(s/D,\)s,0) = 0 j = 1, 2, 3,4 V s, x> > 0.

If the constitutive equations (3.1) are compatible with thermodynamics then (3,8), (3,9),

and (3.14) hold.

Proof: Let t, ye IR and D, X, A, B > 0 with A < B be given. We first construct a

sequence {(Q^gn)}^! of admissible pairs such that gn=0 for all n, {GJJ}^ is

uniformly bounded, and

(10) The necessity of (3.8)j and (3.9)j can be obtained directly from the results in Section 3 of [12].

A necessary condition that is closely related to (3.14) is also established in Section 3 of [12].
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v if s e [0,A)u(B,oo)
X if s € (A3)

(3.15)
_ t f us if s e [0,A)
6 (s) —» « uA + X(s - A) if s e [A,B]

L vA + X(B - A) + v(s - B) if s e (B,~).

as n—><». Applying (3.7) to this sequence and letting n-»«>} we obtain

B

(3.16) J ^(s.v.vA+^s-A),0)(\) - X) ds < 0.
A

We then construct a new sequence {(6n>gn)}^=1 of admissible pairs with 0n=D for

all n, {gn}~=1 uniformly bounded, and

ftO-> / ° i f s e [0,A)u(B,oo)^i-s; —r -i i f s € ( A B )

(3.17)
fO if

1 Y(s-A) if
LY(B-A) if

_ _ s € [0,A)
gl(s)-> I Y(s-A) if se [A,B]

1 ^ AV if s e (B,oo)

as n-> oo. We apply (3.7) to the new sequence and let n-> °o to obtain

B

(3.18) J £,4(s,i),vs,y(s-A))Yds > 0.
A

Since (3.16) and (3.18) hold for every A,B with 0 < A < B , we conclude that

A

¥,3(s,a>,Ds,0)(D - X) < 0

(3.19)
Y O V S > 0 .

It follows from (3.19) that

(3.20) $ , 3 (S ,U,DS,0) = ^r,4(s,a),'os,0) = 0 V s, v > 0

since y and v, X > 0 are arbitrary.

If we differentiate the relation
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(3.21) #(s,\),\)s,O) = 0

with respect to s, then with respect to x>, and appeal to (3.20) we obtain

(3.22) Y, 1 (S, \ ) ,DS,0) = W,2(s,v,vs,0) = 0 V s, \> > 0.

If the constitutive equations (3.1) are compatible with thermodynamics then (3.7) is

satisfied for every admissible pair (9,g), and consequently (3.14) holds.

The necessity of (3.8) and (3.9) follows from (3.20), (3.22) and Lemma 2.1. //

A

Without additional assumptions on *F the pointwise inequality (3.10) is not

necessary for compatibility11. However, we do have the following result.

Proposition 3.4: If the constitutive relations (3.1) are compatible with thermodynamics

and

(3.23) T(s,t),a,0) = 0 V s , u > 0 , a > 0 ,

then (3.10) holds.

Proof: We note that (3.23) implies

(3.24) ^ f l(s,D,a,0) = ^ ( s / o ^ O ) = 0 V s, v > 0, a > 0.

The desired conclusion therefore follows from (3.24), Lemma 2.2, Proposition 3.1, and

the fact that (3.7) is equivalent to (3.13). //

(11) We have constructed an example of constitutive relations of the form (3.1) that are compatible with

thermodynamics, but for which the pointwise inequality (3.10) fails. We omit the presentation of this

example because it is rather involved.
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4. Examples

We now discuss several examples of constitutive equations satisfying the conditions

of Section 3. The following result, which is implied by Propositions 3.1, 3.2, and 3.3,

will be used: / / y/e CJ(0,oo), $ G d((0,oo)X(0,oo)X[0,oo)x IR),

A

(4.1) *F(S,U;DS,0) = 0 V s, D > 0 ,

A A

Hf and *¥,., j = 1,2,3,4 are admissible kernels, (A4) of Section 3 holds, and

(4.2) ^ ( s / ^ a / Y ) + W,3(s,D,a,Y) < 0 V s, D > 0, a > 0, y e IR,

then the constitutive equations

= v(6(t))+
0

oo

(4.3) T](t) = - V(6(t)) - J^,2(s,0(t),9t(s),It(s)) ds,
0

q(t) = - 9(t)J ^(s^CO^Cs),!^))

are compatible with thermodynamics. In order to avoid repeated hypotheses we assume

A I

that \ | /e C (0,oo) and that all functions appearing in the examples below are such that

D)x (0,~)x [0,oo)x R), Y and V,., j = l , 2 , 3 , 4 are admissible kernels,

and (A4) holds.

Example 4.1: (Cattaneo's Relation) Let x and K be strictly positive constants. If

A

we define *F by
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(4.4) T(s,i),a,y) := - E - e y 2 V s, u > 0, a > 0, y e IR,
2 2

so that the free energy is given by

(4.5)
29(t)-c2

f e^dVs))2 ds,

then it is easy to check that (4.1) and (4.2) are satisfied. The corresponding equations for

the entropy, internal energy, and heat flux are

oo

tl(t) = - V(e(t)) + K f e-^I
29(t)2x2J

ds,

oo

(4.6) e(t) = v(9(t)) - 6(t)v'(e(t)) + -£- \ e^d^
G(t)x2J

ds,

Equation (4.6)3 is equivalent to Cattaneofs relation

(4.7) x q + q = -Kg.

It is interesting to note that Chen and Gurtin [3] give a different free energy which yields

equation (4.6)3 for the heat flux. Chen and Gurtin's free energy cannot be expressed in

the form (4.3) r //

Example 4.2: An interesting generalization of (4.6)3 is provided by

oo

(4.8) q(t)=Jaf(s)f(gt(s))ds,
o

where a: (0,°o)->[R and f: IR—>IR are smooth functions with f(0) = 0. If we integrate the

A

relation (3.9) we find that the simplest candidate for H* is
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(4.9) ^F(s,D,a,y) := —^-F(y) V s,\>>0, a > 0 , ye IR,
\)

where

(4.10)
o

The inequality (4.2) is equivalent to

(4.11) a"(s)F(y)>0 V s > 0, y e (R.

Consequently, if

(4.12) a is convex, F(y)>0 V y e IR

then the constitutive equations
CO

V(t) = v(6(t)) - — fa'(s)F(It(s)) ds,

(4.13)

Tl(t) = - y'(e(t)) - - i - ffl'CsJFdVs)) ds

together with (4.8) are compatible with thermodynamics. The corresponding equation for e

is

CO

(4.14) e(t) = \Jr(6(t)) - 0(0^(6(0) - — fa t(s)F(It(s)) ds. //
©D

Example 4.3: In the special case when the free energy is independent of the summed

history of the temperature, i.e. when

(4.15) ¥(s/o,a,Y) = F(s,D,y) V s, v> 0, a > 0, y e IR

with

(4.16) F(S,D,0) = 0 V s,a)>0

the inequality (4.2) becomes
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(4.17) F^s/o.y) < 0 V s ,v>0 , y e IR.

If (4.16), (4.17) hold then the constitutive equations

oo

V(t) = v(9(t)) + J F(s)9(t),It(s)) ds,
0

oo

(4.18) Ti(t) = - v*(6(t)) - J F^s.Gd),^)) ds,

0

are compatible with thermodynamics.

One can also start with an expression for q of the form
oo

(4.19) q(t) = jG(s,9(t),It(s))ds,

o

with G(s,\),0) = 0 for all s, \) > 0, and then construct the remaining constitutive equations.

It is easy to show that there is a function F satisfying (4.16), (4.17) and

(4.20) G(s/o,y) = -0)F,3(s,0),y) V s ,u>0 , y e IR

if and only if

(4.21) J G ^ D A J ^ ^ O V s , i )>0, y e R

o

It is important to note that there may be free energies which cannot be expressed in the

form (4.3)j but satisfy the conditions of Gurtin and Pipkin's theory and lead to equations

of the form (4.19) for the heat flux. (See the example in Section 6 of Chen and

Gurtin [3].) //

Example 4.4: Suppose that

(4.22) ^(s,a),a,y) = F(s/o,a - i)s,y) V s, v > 0, a > 0, y e IR
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with

(4.23) F(s,\),O,O) = 0 V s,\>>0.

In this case the inequality (4.2) reduces to

(4.24) F.jfowx--os,y) <0 V s , \ )>0, cc>0, ye R.

If (4.23) and (4.24) are satisfied then the constitutive equations

V(t) = v(G(t)) + J F(s,e(t),6t(s) - 9(t)s,?(s)) ds,
0

(4.25) Ti(t) = - ^(0(0) - J F^s.eCD^Cs) -
0

oo

+J sF,3(S>e(t),et(s) -

oo

q(t) = - 9(t)J F,4(s,9(t),et(s) - e(t)s,il(s)) ds.

ds

J
o

are compatible with thermodynamics. //



27

5. Modifications

A, Dependence on the Present Value of g

Gurtin and Pipkin!s theory is not applicable if the constitutive relations allow

dependence on the present value of g. One can show that the free energy and the entropy

must be independent of the present value of g and that the entropy is minus the

derivative of the free energy with respect to the present value of 9. However, it is no

longer true that the heat flux is determined by the free energy. A complete discussion of

this situation is beyond the scope of the present paper. However, the following result can

be obtained from the arguments of Section 3 and a straightforward calculation: If (Al)

through (A4), (3.8), (3.9), (3.10), and

(5.1) yF(a),y)<0 V x>>09 y e 1R

hold then the constitutive equations

¥(0= v(e(t))+
0

oo

(5.2) T|(t) = ^(0(0) + J HCs^CD^s),!^)) ds,

q(t) = F(0(t),g(t)) + J Q(s,e(t),9t(s),it(s)) ds
o

are compatible with thermodynamics in the sense that the Clausius - Duhem inequality (3.4)

holds whenever (0,g) is an admissible pair and \\r, T\, q are computed through (52).

We note that models of the form
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(5.3)

= -h(g(t))-Ja(s)f(g(t-s))ds,

oo

e(t) = b + cG(t) + f p(s)0(t-s) ds

with

(5.4) yh(y)>0 V y e IR

have been studied by several authors (cf. the review article [14]). Models of this structure

are generally incompatible with thermodynamics in the sense that (under very mild

assumptions on a and f) one can construct smooth T-periodic functions 0, g such that

(1.7) is violated when e and q are given by (5.3).

B. Coldness

In applications involving very low temperatures it is often convenient to use the

coldness <|> := 1/0 and the coldness gradient p := <|>x = - g/(02) in place of the temperature 0

and the temperature gradient g. If we define % through

(5.5) %:=T]-<t>e

then the Clausius - Duhem inequality becomes

(5.6) % + e<j> + qp > 0.

We now consider the constitutive equations
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X(t)= XMm+ Jx(s,<Kt),y(s),?(s)) ds,

oo

(5.7) e(t) = c(<K0) + J EfoWO.iWVs)) ds,
o

oo

q(t) = q(<K0) + J WM)i\),?()) ds
o

under the following assumptions:

(Al) %ed(0too)9 e,qeC(0,oo)f X e ^((O^xfO^x[0foo)x R);

(A2) J£ £, Q, and X,. j = 1,2, 3,4 are admissible kernels (in the sense of

Section 2);

(A3) X(s,v,vs,O) = E(s,v,vs,O) = Q(s,v,vs,O) = 0 V s,v>0;

(A4) For each v> 0 we have

X(s,v,ysfzs)->0 as s->0*,

uniformly for (y,z) in compact subsets of [0,°o)x [R.

The same definition of an admissible pair is still appropriate, i.e. a pair of functions ((|),p)

on 1R is called admissible if <|>e Cb([R), p e Cb(IR), and <|>>0. By compatibility with

thermodynamics we now mean that the inequality (5.6) holds whenever (<|>,p) is an

admissible pair and %, e, q are computed through (5.7).

Using arguments of the type employed by Gurtin and Pipkin [12] one can establish

the following analog of Proposition 3.1: The constitutive equations (5.7) are compatible

with thermodynamics if and only if
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DO *»»»

(5.8) e(<|)(t)) + | E(s,<t>(t),y(s),pt(s)) ds = - %'(<t>(t)) - J X ^ s ^ C O . i W p ' f e ) ) ds,

(5.9) q((Kt)) + J QCs.iKtXiWpVs)) ds = - J x , 4 ( s m i W ? ( s ) ) ds,J
0

and
OO OO

(5.10) J x ^ s ^ O . i W p W W t ) - <t>(t-s)] ds - Jx,4(s,«t),?(s),pt(s))p(t-s) ds > 0
0 0

for every admissible pair (<f>,p).

If (c|>,p) is an admissible pair one can argue as in the proof of Proposition 3.2 to

show that: The inequality (5.10) holds if and only if
OO OO

(5.11) Jx,1(s,(|)(t),?(s),5t(s)) ds + « t ) Jx^ ( smiWpfo) ds > 0.
0 0

Moreover, one can show that: If (5.10) holds for every admissible pair (<j>,p) then

(5.12) X,.(s,a),i)s,0) = 0, j = 1, 2, 3, 4 V s, D > 0.

Using Lemmas 2.1, 2.2, and the remarks above it is straightforward to establish analogs

of all of the results of Section 3.

We close with a very simple example in which the internal energy e depends only

on the present value of <(>.

Example 5.1: Suppose that % e C (0,°o) and

OO

(5.13) %(t) := %(<(>(t)) + ja f(s)F^(s)) ds

o

where a:(0,°o)-»(R and F: IR-»|R are smooth functions with

(5.14) F(0) = 0:
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We assume that a and F are such that X, X,., j = l , 4 are admissable kernels, where

(5.15) X(s,i),a,y) :=a'(s)F(Y) V s, i>>0, a > 0 , y e IR.

If

(5.16) a is convex, F(y)£O V y e IR

then the constitutive equations

(5-17)

o

together with (5.13) are compatible with thermodynamics. //



32

Acknowledgement. We are grateful to B. D. Coleman, M. E. Gurtin, D. R. Owen, and

H. M. Soner for valuable discussions and suggestions. This work was supported by the

United States Air Force under grant AFOSR - 85 - 0307.



33

References:

[1] C. Cattaneo, Sulla Conduzione del Calore, Atti Sent. Mat. Fis. Univ. Modena 3

(1948), 83 -101.

[2] D. S. Chandrasekharaiah, Thermoelasticity with Second Sound: A Review, Appl.

Mech. Rev. 39 (1986), 355 - 376.

[3] P. J. Chen and M. E. Gurtin, On Second Sound in Materials with Memory, Z. Ang.

Math. Phys. 21 (1970), 232 - 241.

[4] B. D. Coleman, Thermodynamics of Materials with Memory, Arch. Rational Mech.

Anal. 17 (1964), 1 - 46.

[5] B. D. Coleman, M. Fabrizio and D. R. Owen, II Secondo Suono nei Cristalli:

Termodinamica ed Equazioni Costitutive, Rend. Seminario Mat. Univ. Padova 68

(1982), 208 - 277; (English language version) Thermodynamics and the Constitutive

Relations for Second Sound in Crystals, in: J. Serrin (ed.), New Perspectives in

Thermodynamics , Springer, 171 - 185 (1986).

[6] B. D. Coleman and M. E. Gurtin, Equipresence and Constitutive Equations for Rigid

Heat Conductors, Z. Ang. Math. Phys. 18 (1967), 199 - 208.

[7] B. D. Coleman, W. J. Hrusa and D. R. Owen, Stability of Equilibrium for a Nonlinear

Hyperbolic System Describing Heat Propagation by Second Sound in Solids, Arch.

Rational Mech. Anal. 94 (1986), 267 - 289.

[8] B. D. Coleman and W. Noll, The Thermodynamics of Elastic Materials with Heat

Conduction and Viscosity, Arch. Rational Mech. Anal. 13 (1963), 167 - 178.

[9] B. D. Coleman and D. R. Owen, A Mathematical Foundation for Thermodynamics,

Arch. Rational Mech. Anal. 54 (1974), 1 - 104.

[10] C. M. Dafermos and J. A. Nohel, Energy Methods for Nonlinear Hyperbolic Volterra

Integrodifferential Equations, Comm. PDE 4 (1979), 219 - 278.



34

[11] M.E. Gurtin and W. J. Hrusa, On Energies for Nonlinear Viscoelastic Materials of

Single - Integral Type, Q. Appl. Math, (to appear).

[12] M. E. Gurtin and A. C. Pipkin, A General Theory of Heat Conduction with Finite

Wave Speeds, Arch. Rational Mech. Anal. 31 (1968), 113- 126.

[13] R. C. MacCamy, An Integro - Differential Equation with Application in Heat Flow,

Q. Appl. Math. 35 (1977), 1 -19.

[14] J. A. Nohel, Nonlinear Volterra Equations for Heat Flow in Materials with Memory,

in: T. L. Herdman, H. W. Stech and S. M. Rankin (ed.), Integral and Functional

Differential Equations, Marcel Dekker, 3-82 (1981).

[15] J. W. Nunziato, On Heat Conduction in Materials with Memory, Q. Appl. Math. 29

(1971), 187-204.

[16] D. R. Owen, A First Course in the Mathematical Foundations of Thermodynamics,

Springer, 1984.

[17] O. J. Staffans, On a Nonlinear Hyperbolic Volterra Equation, SIAM J. Math. Anal.

11 (1980), 793 - 812.



OCT 0 2 2003

3 fiMflE 01352 bl20


