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1. Introduction

We would like to study memory effects in homogenisation of the following sequence of
equations:

(1) —02u®(z,t) + b5(t) 0, us (z, t) + £ (t)u(z,t) = v(z,t),
where the sequences (b°) and (c®) are bounded in L*°:

5 -y <6 <~
(2) 0<a<c<p.

The above equation is essentially an ordinary differential equation with constant coeffi-
cients (in z), while coefficients depend on the parameter ¢ (and they oscillate in t). Before

turning to the above problem, let us briefly describe the method on a simpler example ([Tpri]
and [Mlhp]).

First order equation: a simple example. We consider the following sequence of initial value problems:

{mwwa+wmmuﬁ

0
v (0,.) 1.

This Cauchy problem for an ordinary differential equation of first order is equivalent to the integral equation:
T
u®(z,1) +a‘(t)/ u(,0)dE=1.
0 .

The solution can be explicitly written as: uf(z,t) = e=% ()%, Assuming that the sequence (af) is bounded
in L™, so that it has a weakly * convergent subsequence (same notation), we find that the limit of the
(sub)sequence (of) u® is given by: u%(z,t) = [ e~**dvy()), where v; denotes a Young measure corresponding
to a subsequence (af) (see [Tcca), [Ewem]). The question is: which equation does u® satisfy?

Let us search for the equation for u° in the form: u® 4+ K * u® = 1, for z > 0; where the convolution is
taken in z. We should find the kernel K. First, the function u° should be extended to the whole of real line,
more precisely define:

0, z<0
S(z,t) = {uo(x,t), z>0 .

Now the equation becomes: S+ K * S = x[0,00). Differentiating, we shall obtain an analogous equation to
the differential equation we started from. We denote: S’ = 8y + g, where

£) = 0, z<0
9(=:8) =1 5,u0(z,1), >0 .

Finally, we obtain:
K*(bo+9)=-yg,
and after inverting 6 + g (in the convolution algebra), under assumption that || g ||L(o, r)< 1, for some
R > 0, we obtain: K :=—-g+g*xg—g*g*g+....
2. Fundamental solutions of the e—problem
Now we return to the study of the equation (1). Let us first find the fundamental

solution of the above differential equation. We are looking for the solutions in the form:

1
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u(z,t) = e"®?. The characteristic equation is (¢ is a parameter): —r2 + br + ¢ = 0, so the

two solutions are given by:
b® (¢ be(t))?
rS(t) = é) +\/( El)) + (1)

€ 2
(=20 \/(beff)) +e(t) .

In order to have the fundamental solution bounded, we shall take it to decay at both —oco
and +o00; we can use the fact that r2 < 0 and r5 > 0. This leads to the following ansatz:

r_‘,,(t)a: <
Eq@ﬂ=cqﬂ{§ﬂm:;;8'
We should find a C* such that the following equation is satisfied:
—07E° + b0 E° + CE° = & ,
where §p is the Dirac mass at £ = 0. Away from 0 the equation is clearly satisfied. At 0 we
have 9; E¢(0,t) = C*(t)r+(t) and 8, E¢(0*,t) = C*(t)r—(t); so for the second derivative the
singular term is C¢(t)(r—(t) — r4(t))éo, and the right choice for C*¢ is [(be(t))2 + 4cf (t)]_l/z.
Thus, the fundamental solution is of the form:
e e S 758 - (g 258
re(t)—r_(t) LM% >0 \/(be(t))2+4c5(t) e-Wr >0 .

The fundamental solution enables us to write down the formula for the solution of non-
homogeneous equation u®(z,t) = [E*(.,t) * v(.,t)](z) (convolution is taken in z).

Remark. Let us consider the sequence of solutions of a bit more complicated equations:

3) —a®(t)02uf(z,t) + b (t)0-uf (2,1) + c* (t)uf(z,t) = v(z,1) ,
where the sequences a®, b* and ¢® are bounded in L*°:

-y <b <y
(4) O<m<a <h

0<az<cf <P
Dividing the equation by a®, we would have the coeflicients satisfying inequalities as required in (2):

€
rtox
(431 a a1
(5) . 5

[e 4
0<2<=—<22,
B T a T o

Unfortunately, we cannot just reduce this problem to the problem (1), as division by a* would introduce
oscillations in the right hand side term v; but the same abstract procedure as for the problem (1) can be
applied for the problem (3). The fundamental solution would be:

1 {er;(t)t, £<0 _ 1 {er;(t)z’ <0
at(t)(r4(t) —r-(@)) Le=®=, z>0 ‘\ﬁ&a»y+“%0§m e~ 250 .
Of course, the roots r§ of the equation —a®r? + b*r + ¢ = 0 (t si a parameter) are given by: r§ =
LAY (2,,;‘)24_“.0,. This fundamental solution satisfies the differential equation:

—a*OZE* + b0, E* + cE =&,
and the solution of (3) can be written as: u®(z,t) = [E°(.,1) * v(.,1)](z).

Ef(z,t) =

2
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3. The limit problem

The sequence (u°) of solutions of (1) is bounded, so there is a subsequence (same nota-
tion) that converges weakly to a function u°. This function can be written as u® = F * v
(convolution in x, while t is a parameter), where F(xt) = Jy E\\\.(x)di/t(\i* X2)* The
one parameter family of probability measures v% is the Young measure* associated to the
sequence (6%,c%), while the function EW\, is given (compare the expression for E®) by:

1
MO T -rte-  * >0 A2 442, 1 e'}("l“‘/" *‘”‘2) :

where, of course, rt := |(A|+A/A2J + 4A2). Clearly, the above function satisfies the equation:

—EM * XEXIM * A2RALA,
The main result is glven by the foIIowmg

Theorem 1. The limit u° of the sequence of solutions (u®) of the problems (1), under the
assumptions (2), satisfy the equation:

6%U°(xt) + bat®due(xt) + Ceff(Quext) + [K() * wab](®) = v(xb)

where the kernel K (containing the memory term) is given by its Fourier transform: K =
Al(l1+A), whereF™xt) = [ Ga,A2(M)<MAIL, Ay and F, = - ( - M+ 60 +Ceff£0)*Fi,
wiiiie tie function G\o\,, as well as the effective coefficients 6ff and cdf, is defined below.

This kernel K isin any 1/ space, for p 6 [2,00). .

Let us determine the coefficients 6ff and cff first. Using the expression for ti°, we can
cancel the function t; and obtain a functional equation:

(6) (= 02+ be(): + cer(t)bo + K) + F = 6o -

We recal that £y * Ex|,\3 = E)(u\z(o) and dx *Exim = E'xm = rxExm. ThUS, the
convolution of the first three terms with F gives us:

(— 82 + best (£)8z + cee(t)60) x F
(= 82 + bege (1) + et (t)60) * Exy pgdue(Al A))

=5,,+\] [(befi (t) — A1)0z + (cert(t) - Al *  Exmdu{\ V),

where we have used the equation: —Ex'lxz + XiE'xixe + A2°ALA; = *0 in order to express
the term involving E'X'hA,-.

We define Gyuxi{.,t) = [(641(<) - X\)dy + (crf(0 - Aj)] * Exuxe, and consider it as a
function of a (take <, Ai and A, as parameters).

*  More details on such applications of Young measures can be found in [Ewcm].
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Using the explicit formula for E) 1, we can write the above defined function Gjy, j,
explicitly:

—r++beﬁ(t)’”++ceff(t) r+z <0 f eff ()= A1)+ tcem(t) = Az r+1: r<0
GAI Az(x) t) vy /\r -"+ -
’ —r2 Fbeg(t)r—tcem(t f(1)=A1)r—tcem(t)—A2 r_
rﬂ'()r eﬂ'()r_, $>0 L - - r ’ $>0_

In the second equality we have used the fact that r4 and r_ are the solutions of the quadratic
equation: —r24A;r+ Ay = 0. This allowed us to express the quadratic term: rﬁz = Air++Ao.
The first and second derivatives of G, », can easily be computed as well:

T4 (_"++beﬂ' (t)r++ceﬂ'(t)) r+:l:

z<0
_ T4—7- -—
azG/\l,AZ (x, t) - ,-_(_r +beﬂ-(t)r_+ceﬂ-(t)) 1"_ z > 0 + (Al eﬁ)50

r4—7— -

13 (=rd +besr (ra+een(t)) e+t 2 <0

2 _ T4—T-

0z G, (2,1) = r2 (=2 +beff(t)"—+ceﬁ'(t)) z>0

T4—T_ g -

+ ()‘l + A2 = bef A1 — ceﬂ)60 + (Al - eff)56 .
Lemma 1. In order that the integral of Gy, ), be continuously differentiable in z, it is
necessary and sufficient that beg(t) = limb°(t) = [ Aidvi(A1, A2) and that b2z (t) + ces(t) =
JO2 + Aa)dur(A, ).
Dem. We only need to check continuity at £ = 0. Using the formula for E,, ), obtained
above, we have:

(0%,1) = (Beft (1) — A)r + (ceff (1) — A2)
Ty —T-

so that the jump of Gy, x, at 0 is A} — beg; and the continuity reduces to the condition:

J A1dvy(A1, A2) = be(t). Next, for the continuity of the derivative, we first compute limits

from left and right for the derivative:

G)q A2

’

(bert(t) = M)rE + (cemr(t) — d2)rz

ry —Tr—

axG/\w\z(Oi, t) =

Using the fact that r4 + r— = A, the condition for the continuity can be written as:
J (M1 (be(t) — A1) + cefi () — A2)dvi(A1, A2) = 0. The required result follows, because v is a

probability measure.

Q.E.D.

Remark. Let us see what would the formulae be for the problem given in (3). As for (1), we have the
convergence, and u® = F x v, where F(z,t) := [y Ex, x;,25(2)dve(A1, A2, A3).
1 1 1

rec _ ryz
Bxpans(2) = 3o Mo

. Azt /A3440;2 : .
where, again, ry 1= lei-:: For the effective coefficients we get:

1 _/th(/\l,)\z,A3)
aeﬁ'(t) - A
beﬂ'(t) - Ao
aeﬂ'(t)2

besr(t)? + cerr(t) _ / ('\2 ’\3) dvi(A1, A2, 23) .

aer(t )3 aeﬂ'(t)z A2

th(Al ) ’\2; A3)
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The limit problem is, of course:
—eqr(1)02u0(2,1) + besr (t)0zu%(2, t) + cemr(t)u’(z, 1) + [K (., 1) * u°(, 1))(z) = v(z,1) .

Written in a more abstract form (no v) the problem reads: (— aem(t)82 + beqr(t)s + cei(t)bo + K) * F = 6o,
and:

(= aer(t)02 + ber(t)8z + cemr(t)bo) * F = b0 + / Gy aans (5 t)drr(Ar, Az, A3)

where:

—aer(t)rd + bes(t)rs + cem(t) e (berr(t) — A2 —‘Qa'f,t )re + cerr(t) — A3 —uai'\’lt

A(ry —r2) Ai(ry —r2)

GAlw\:,)\s(z) t) =

T |

4. L! setting

We defined: Fi(z,t) := [ G, 2,(,t)dvi(A1, A2). The convolution equa.tlon can now be
written as: K x F = —F1 Applying the operator ( — 82 + beg(2)9; + ceff(t)80) on both sides,
after using the relation just established, we obtain: K*(60+F1) = —(—8§+beﬂ~az+ceﬂ§0)*Fl.
Denote the right hand side by F», and finally we obtain the expression: K = Fy* (g +F1)—

If the Ll norm of F} is less than 1, then the inverse can be written in the form of a series:
(50+F1)_ =b—F1+ F1xF, — Fl*Fl*Fli
Let us estimate the L! norm of F;. We have:

/ |G 2o (2, t)|dz = (Gen(t) = Au)r o+ con = ol / e+ dr

—00 T4 —T—
+ |(beﬂ(t) - A1)7‘— + Ceff — A2| / e’™~*dr
Ty —T—
_ 1(efi(t) = Ar)ry + ceft — Aa| _ [(befi () — M1)r— + ceff — Ao
(e —70) R
'beff(t) — A1| — T4
2 ry —r_ + |Ceﬂ'(t) - AZIT 7'_(7'+ ) )

After taking into account ry —r_ = \//\f + 4)2 and —rr_ = A2 we obtain:

| ) oy 2 [ Ler(t) — Ml
)\2 + 4,

1

dvi()1, A2) e

dvi(A1,A2) .

This estimate can be used to prove the invertibility of 8§ + F} in a special case of small first
derivative term.

Let us compute Fy = —( — 82 + b8 + cebo) * Fi1 explicitly. Changing the order of

integration, we can use the expressions for the derivatives of G, », computed in the previous
section.
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After integration in A1, A with respect to v, because of the previous lemma, the terms
involving Dirac masses drop out. Thus, we have:

Fy(z,1) = v/[ath,/\z(m’t) = beff (£)0:Gr; 25 (7, t) — ceft (1) Gy 2, (25 )]dve (A1, A2)

_ / ( Ty + beﬂ'(t)ri + Ceﬂ'( )) er*det(/\h)Q) .

Ty —T-—

This gives that F, is a nice function in £ — it decays exponentially both at co and —oo,
and has only one point of discontinuity (z = 0), where it has finite limits on both sides. The
difference of the limits at zero (the jump) is equal to: [(A1 — bef)[M1(A1 — beft) + 2(N2 —
Ceff)|dvi(A1, A2).

As a function of z, F is in the intersection L1 NL®, so its Fourier transform is in LZNL>.

If we assume that ceg > B (which may indeed happen), then from % < 3@ we can
conclude that || F1(.,t) ||lLir)< 1.

5. L? setting

Lemma 2. The function 1 + 1:"1 is nowhere zero.

Dem. In order to simplify the notation, we shall suppress explicit writing of the parameter
t, that appears in bef, cef and v.
We shall first compute the Fourier transform of the function G, ,. Then we can use the

formula: F1(€) = [ =272 ( [ Gy, a,(2)dv(A1, X2))dz = [ Gy, (6)dv(A1, A2) in order to

—-—00
compute F].
As a function of z (A1 and Az are parameters only), G), », consists of two exponential
functions, joined at z = 0.
The Fourier transform of G, ,», can be computed now:

w .
G)u,)\z &= / C-ZﬂzEGz\l,f\z (z)dz
—o0

2 0 2 oo
—15 + beffT4 + Ceff / e—2iTéraz gy o —12 + beffT— + Ceff / e—2miT T2 10
I oo T4 —T_ 0

—7‘3_ + befiT4 + Ceff 1 e(r+—27if)z 0

Ty — r— Ty — 271"1,5
N —12 4 befir— + e 1 _(r-—2xif)z
ry —r_ r— —2ni€ 0
1 [—ri + beit4 + Ceft  —TZ + begrT— + ceﬂ”]
= - ?

—00

(e o)

ry —T— ry — 2mi€ r— — 2nif

where the fact that r4 > 0 and r_ < 0 has been used.
After taking the difference of the two fractions in the brackets, the numerator takes the
form:
—ryr_(ry — 1) + Cefi(r— — r4) — 2mif(r2 — v} + ber(ry —r-)) =
= (r4 = r=)( = r4r— — cef +27(r4 + 17— — beft)) -
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Thus, the Fourier transform of G), ), takes a simpler form:

—T4T— — Ceff + 27”:5(7'4- +r- — beff)

G2 (€) = ror_ —4n2€2 — 2mif(ry + 1)

Using the definition of r4 and r— (in the terms of A\; and A2) we obtain:

Cefft — A2 + 2mi€(beff — M1)
47!'262 + Ao + 27 A €

GA] JA2 (5)

Next, v is a probability measure and we can put the constant under the integral sign,
obtammg 1+ = Ja+ G A1 x2)dV(A1, A2). Let us first try to simplify the integrand.

Ceff + 4AT2€2 4 2mibbeg
4262 + Xy + 2midg €
_ (cet +47%€2)(47%€% + X) + 422 M beg
(4262 4 Xp)? + 4w2X2¢2
—1(ceft +472€?) + besr (47%€% + X2)
(4m2€2 4 Xp)? + 4w2A2¢2

14 Gy, 0, (8) =

+ 27i€

We have to prove that 1 + Fy is nowhere zero. Assume that its 1mag1nary part is
zero: Im (1 + F1) = 0. Under the assumption ¢ # 0 (otherwise the expression reduces to
ceft [ A5 ldy > cefi/B), this gives us:

/ Al(ceff + 47!'262) dV(A hY ) =b / 47262 + ’\2
(47262 + Mp)? + 4m2azgz DM TRl 22 1O0)2 F 4x2A2e?

dv(A1,A2) .

We can now use the right hand side and insert it in the expression for the real part (the case
bef = 0 immediately gives real part positive):

Re (1 + F1(¢)) = 4262, .
e+ F(0) b 0] | G a2 4 4

The expression in brackets is not zero, while the integral can be expressed from (7), where
the integral on the right hand side of (7) is certainly positive. And this proves the theorem.

(It might be interesting to note that if 1 + Fj(¢ ) is real, it must be positive.)

Q.E.D.
As in the lemma, we can prove the following:
Corollary 1. The Fourier transform of the function F3 is given by:
1 [(=r2 +ben(t)r— +cer(t))® (=12 + be(t)ry + cen(t))’
- - - dvi(A1,A2) .
Ty —T_ r— — 2mi€ ry — 2mié



Nenad Antoni¢

Remark. For (almost) everyt, thereisa constant K (depending ont) such that || + A|(f,*) > K (uniformly
in£).

Indeed, the function 1 + F\ has limit 1 for f —e +00. By the continuity in £, there is a neighbourhood
of +00 such that the absolute value of the function is more than 1/2 there. On the complement, due to its
boundedness and continuity of the function, and the result of the previous lemma, the absolute value attains
its minimum. If we take K to be the smaler of that minimum and 1/2, we have proved the claim. .

Remark.  The statement of the lemma 2 is true for the problem given in (3). Similar computations as
above give us:
Coff — Azgff‘ “+ 21"!{ (b;ﬁ - Ag%‘f

Az + 472827, + 2wik ),

In order to simplify the expression for 1-ffi = / (1+ G\ \x\g)di/t(\ij A2, As), we express / Idi/i(Ai, A2, A3 =
fleff /}l-dvt(\i, A, Asz). Now, we can use the same idea to continue:

Cairane(6) =

1+ Fi(e,0) = of [Garaand® + 22 d(ra, 22, 39)
ceﬁ-(t) -+ 412520330) -+ 2#5653{(1)
A3 + 4w2€2) + 2mif), (1. A2, Aa)
/ (cem(t) + 4«353%5(:; (As + 47%€2),)
N (s + 4«252,\,) + 4726203
0 N f " Ay(Car(<)- h47r2"2aeff(<)) +"eff(O(A3 + ATT?2A0)

dif(Xi, Az, As)

+ 2714 A (2 ALY -
T { o) Fansgo ik a" (Al Az A3)
The proof concludes in the same way as the proof of lemma 2.
For F2 we obtain:
i"o(x,f)= | —p r &= =drt(AiLAL, Ag)

J Ai(ri~r_J

and for its Four[er transform:;

- _ aeﬂ'(t) + R
Fa(€,1) -f PO T [ (] ﬁﬁg}(”) " TR % SEIL ) :' dvi(A1, Az, As) .
We can do even better—obtain an uniform bound in t.

Lemma 3. With the bounds for b® and c® given in (2) above, the following inequalities
hold:

2w f| < \/—(47"252 +A2),
- . 4o . Cefl
1+ ]2 0= ey mia {1, 5 }-

Dem. The assumptions we have are: |Ai| < 7 and A2_> a. Thus, it is enough to prove that:

217|¢] < 5—=(47%€" + 0 ,

Y
2/
and the difference is 2~ (2TT|"| - y/@)® > O.

8
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This proves the first inequality. For the second, let us first note that:

/ dl/t(/\l, Az)
47!'262 + A2 + 2miA € '

114+ F1(£,)] = |eer + 47°€% + 2mitbeg ]

The second factor is certainly bigger than its real part. For the integrand we have, using the
first inequality:
(47262 + X2) 5 1 1
(472€% + Np)? + 4720262 T 14 L ATHE+ s

Thus, we have that:
1 4722 4 ce
+L 4miE+ B

Il + ﬁ'l(f)t)l Z 1

But, the rational function is 1 at o0, and the only critical point is at zero, so it is greater
than the minimum of 1 and cef/S.
Q.E.D.

Let us first recall that u® = F x v. So, it is enough to prove that (6) is satisfied by F.
We have already obtained that K * (6o + F1) = F3. Applying the Fourier transform (in z)
to this equality, we get: K(1 + F1) = F3, or:
k=22

1+ F

We should only check that the above makes sense. Clearly, everything except division is
justified in the space &’ of tempered distributions.

The previous lemma gives us that |1+ F}| > C (almost everywhere), so |1+ F1|~! < 1/C
and the reciprocal is in the space L®(R). From the explicit form of F% (corollary 1), we
conclude that it is in the space L9, for every ¢ € (1,2]. Thue. K € L9 as well.

The inverse Fourier transform of K is in L?, for every p € [2,00); and this completes the
proof of the theorem 1.

6. Boundary value problems

One space dimension

Let us consider the following sequence of boundary value problems on the line [0, 7] (the
length is taken to be 7 just for notational convenience), in the time ¢ € [0, T]:

—a®()82u’(z, 1) + ¢ (t)u(z,t) = f(z,1)
8) u(0,.) =0

u®(r,.)=0.

In the unbounded domain, this problem was studied by L. Tartar and F. Murat (see
[Trho)).
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The solution can be sought in the form of a series (eigenfunction expansion for the
rectangle, after extension of all the functions to [—7, ] as odd functions):

[e o}
uf(z,t) = > bi(t)sinkz .
k=1
The second derivative in z can be computed easily to have the expansion:
(o9}
Ous(z,t) = — Z K25 (t) sin ke .
k=1

For (almost) every fixed t, u® and 82u® are odd functions (on [—,7]), so f has to be
odd in z as well. This is a compatibility condition. We can write:

f(z,t) = Z dx(t) sinkz ,
k=1

where coefficients di can be computed as integrals: di(t) = 2 fy f(z,t)sinkz dz.
Inserting the expansions in the equation (the boundary conditions are satisfied because
of the odd extension), after equating the coefficients in front of eigenvectors, we obtain:

k2a® ()b (1) + = (2)b(t) = di(2), so

‘ dx(t)
k() = kza‘(t,; +e@)

If the coeflicients a® and c¢® are uniformly bounded (for almost every t); more precisely:
p y

O<a<a®(t)<B

()

a'<_<8'-
0< -— 6(t)_ bl
1

then these sequences converge in L*°(0,T') weak * and define the functions Ag by al—e — 4
and C1,C,... by:
()" Cm

()t ——AEH-I , meN.

In order to determine the limit problem, we should study the behaviour of the following

sequence of functions:
1

zat(t) + c£(t)

Lemma 4. The sequence of functions (¢°(z)),cr+ converges in L°°(0,T') weak * (for every
z close to infinity) to a function ¢ (z) with the following expansion around infinity:

w3 (2) :=

_ N~ pyi Gi)
pi(z) = _(-1) Aoz -

1=0

10
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Moreover, for almost every t, function ¢; can be extended to a holomorphic function on
the complex plane without the segment [—8', —c'] of the real line, and it has a representation:

(Z)_/_ﬂ"__
e = Nz + A

Dem. For a fixed ¢, the function ¢; can be represented as a Taylor series around infinity:
1 1 1
€ T oq€ (1)
za®(t) + c5(t)  za(t) 1 4 a_t(it'})?

1 &, OV X, L (@)
= w2 (we) = E Y e

1=0

€
The above expansion is valid for Iﬁ%?ﬂ < 1, and this is certainly the case whenever |z| > 5.

For such a z we can pass to the limit, and obtain (the bounds are uniform in ¢ and locally
uniform in |z| > #'):
€ SN = [ C’()
¥°(2) v.(2) ;( 1) (Ag(.)z)+! :

A priori, this expansion is valid only for |2| > 3. In order to prove that ¢; can be
extended to the complex plane without the segment [—8', —c'], we shall need another tool—
Young measures.

There exists a probability (Young) measure v; in the variables (A1, A2), associated to
a subsequence of (a%,cf). Its support is contained in the set N := {(A\1,X2) € R? : A €
[, B], A2 € [\, A18']} and ¢; can be written as:

0= [ 5=
4 T In At

Because the integrand has poles at z = —A3/A;1, the function ¢; is holomorphic for z €
C\ [~ —a].

Q.E.D.

. 1 . . . . 1 .

The function o isa Nevanlinna function; i.e. for Im z > 0, we have Im o > 0. Indeed:

. . 1 te —Imz); ||
the imaginary part of x—- is EBresweiisd

1 I Aid
Im = Imenz) Im z 15 = lou(2)| 72

elz)  lpu(2)P |21 + Xg

This function is regular on C \ [-A', —</], and it is real for z € R\ [-8', —</].
The classical representation theorem for Nevanlinna functions (see [A&Klpm]) assures

that there is a nonnegative measure p;, supported on the interval [-8', —a'], and real num-
bers A; € Rt and C; € R such that:

1
w1(2)

du(A)
z—X

=Atz+Ct—/

11
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On the other hand, the function —7—5 can be expressed as the sum Ag(t)z + g¢(z), where
the expansion around infinity is given by:

C%(t) — Ca(t)  C3(t) — 2C1(t)Ca(t) + Cs(t) 1
l Ao(t)z2 += ,«;Z(t)z22 —+ 0(23) '

Now, we determine the constants A; = Ag(t) and C; = C1(t) by comparison in the expansion
around infinity.

gu(z) = C1(t) +

Theorem 2. The limit u® of the sequence (u®) satisfies the following equation:

9) —Ao(t)0%(z,t) + C1()u’(z, 1) — Hu®(z,t) = f(z,1),

with the same homogeneous Dirichlet boundary conditions, where the operator H is the
integral operator Hu®(z,t) := fo7r k(z,y,t)u’(y,t) dy, where the kernel can be expressed as a
sum k(z,y,t) := 2 32, hi(t) sin kz sinky, with hg(t) :=1 %‘}932 (of course, the measure
¢ is the one from above, its existence being the consequence of the representation theorem).
Dem. From the simple formula: fo’r sin ky sinly dy = 56y, we obtain the following expres-

sion for Hu'(z,t) = S go, mhr(t)b)(t)sinkz. Expanding all the functions in the Fourier
series and equating the coefficients in the equation (9) we obtain:

Ao()KBH(E) + Cr(OR(E) — Thia(IR(D) = di(t)
or after division by b}(t) (otherwise di(t) has to be 0, and hi(t) is not defined, so we can
take for it any value we choose):
de(t) _ 1
() eu(k?)

= Ao(t)k2 + C](t) _ d,ut(A)

Ao(t)k2 + C](t) - th(t) = 2\

so hi(t) = %fék%t__(%l

Remark. The operator H can be expressed as a convolution:

Q.E.D.

~
Hu'(z,t)= | H(z -y, t)u’(y,t)dy,

-

where the kernel H has an expansion in eigenfunctions given by H(z,t) = Y =, hx(t) coskz. H is assumed
to be extended by periodicity, while u° is extended to [—=, 7] by the odd extension.
Indeed, by using the orthogonality:

i H(z —y,t)u’(y,t)dy = / (E hi(t) cos k(z — y)) Z b9(¢) sin ly dy
k=1

hk (t) E b9(t) / (cos kz cos ky + sin kz sin ky) sin ly dy

o0

Z he(£)b2(t) sin kz .

-%

This expression depends on addition formulae for trigonometric functions, and it is not true in other cases.

12
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Remark. The sum appearing in the expression for the kernd k can be computed explicitly. First, note

that: _ .
k(z,p,1) = Z/dﬁt( sinkzsinky = %J fJ fgll\sﬁ‘lﬁs%k)iﬁu6>
i /

If we denote (A is negative, so all the sums are finite):

Nsinkxsin ky " 7 cosfe(x-y) —cosfe(x-fy)

Fvevy= % *2 A 2£ *»>-A

cos 2xkz
602 = 3 e
k=1

then F can be expressed in terms of the even function G: F(A, x,y) = * [G(A, ") — G(A, T )].
Next we define a sum of exponentials:

2ﬂkz

Hia z) = 2241%2—1-02 :
and express G in the terms of H:

j:VT é2* ikz a7 2 c2«**
GO zf== 2. T

2 e]Irlkz 9 1
=27 Zm:?ﬂ" (H(Q’,Z)—-ai) y
k0

where a := 2Z7TV—A, and A < 0.

The sum defining H can be computed explicitly. It is a periodic function in z with period 1. We shall
try to determine H as a solution of an ordinary differential equation.

The second derivative of H in zis:

. > o f —)4«29)4—N\E 'fs !
keZ

so # satisfies —H"(a,2) -f a%i7(a,2r) = SZik€&Z é"**% On one period (say (0,1)), the solution is given by
H(w, 2) = Ccha(z — ).
From Poisson's formula (valid for sumsin distributional sense, see: [Smmp], pg. 98):

Z elTik: _ Z 5

kcZ kEZ
we can determine the constant C = 2sKT> which gives for H:

cho(z ~ 1
H(e,z)= —2(—T2—) .

arsh-j

Let us use this expression in order to find F. First, we should note that G(A, |z]) = G(A, z), because G

iseven in z Thus we have:
Ty, _ lz ~ y| 1
27 )=2x [H (or, 2% ) a“]

x ch\/_(|z -yl - w) i
2\/— shmv/—A 2A
z+y) r chv/TX(x+y-T) I

AT AN—A shmvA RA

GO,

13
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and finally for F:
r chv/=X(lz—y|-7) —chv/=X(z+y—)
v-=2A shry/—A '
From this explicit computation it directly follows that kernel k is a Lipshitz function, and even of class
C* outside of the diagonal z = y.

F(\z,y)= 1

Several space dimensions

A possible generalisation of the problem (8) to several space dimensions can be obtained by replacing
the differential operator —82 by another positive operator, —A. The new problem reads:

—af(t)Aus(x,t) + ¢ (t)ut(x,t) = f(x,1)
(10) u =0

Ir ’
where x € 2, while I' is the boundary of Q.

The proposed method will be described for some specific domains.
Rectangular domain. The Laplacian —A on the domain [0, 7] x [0, 7] (x = (z!,z?)) has A = m? + n?,
m,n € N as eigenvalues, and vy, »(X) = sin mz?! sinnz? as corresponding eigenfunctions.

Taking the ansatz u®(x,t) = Ef:’nﬂ b%, o (t) sin mz? sin nz? for the solution, we have for the Laplacian
the following expansion: —Au®(x,t) =Y 7 _;(m? + n?)b, (t) sin mz! sin nz?.

The function f can be expanded in a series: f(x,t) = > _, di, .(t)sinmz! sinnz
coefficients in the expansion we arrive at:

2, Equating the

) ~ dm,n(t)
be, o () = (m2 +nD)as () + (1)

Under the same assumptions on (a¢) and (cf) as in the one-dimensional case, we can apply the lemma
4 and obtain:

1
Ao(t)z + Cu(t) — f %)

pi(z) =

dm,,,(t)
Ao(t)(m? + n?) + Cy(t) — [ it

limby, o(t) = @i(m? + n*)dm (1) =

The limit u° of (u®) satisfies:
(11) —Ao(t)Aul(x,t) + C1(t)u’(x,t) — Hu®(x,t) = f(x,1),
where: Hu®(x,t) = [, k(x,y,t)u’(y,t)dy, while the kernel is given as a series:
k(x,y,t) = Z hum n(t) sin mz sin nz? sin my* sinny? ,
mn=1

with:

B n(t) = i/ dus(X)

72/ (m?+n?)—-)2"

The operator H can be expressed as a convolution:

Hu'(x,t) = H(x -y, t)u’(y,t)dy,

-

14
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where: H(x,t) = 3 o =1 hmn(t) cos mz! cos nz?.

The same procedure leads to analogous expressions in higher dimensions.

Circular domain. The Laplacxa,n in the domain Q := K[0,1] := {x € R? : |x| < 1} can be written in
polar coordinates z! = rcos ¥, z2 = rsind in the form: A = 18,(r6;) + %0;.

Let (kn,m,m € N) be the zeroes of the Bessel function Jn, 8O J,,(lc,1 m) = 0. Then, k2, are the
eigenvalues, while the corresponding eigenfunctions are:

Jn(knmr) cosnd, Ju(kn mr)sinnd .

We have the following ansatz and expansions:

o b5 m(t
ut(r,9,t) = Z ( )Jo(ko mT)
m=1
+ Z [65 ()T (kn,mT) cos nd + B, (1) Jn (kn,mT) sin nd)
b b§ . (2
_Au‘(r,t9,t) = Z kg,m O,m( )Jo(ko'mr)
m=1
s -
+ D k2 [ m()Tn(knmr) cos 09 + B, ()T (kn mr) sin n9]
n,m=1
— |d
f(r,9,t) = Z g m(t) ——LJo(ko,mr) + E (dn,m(t)Jn(kn mr) cos n9 + dn m(t) Jn (kn mr) sin nd)
m=1 n=1
so for the coefficients we get:
__ dam()
bm) = () + @)
- t)
€ 1) = n,m( X
R OO
Lemma 4 gives us:
. dm (1)
hmbf} m(t) = ¢g(k'2. m)d ,"(t) = -
< me Ao()k2  + Ci(t) — [ AL
.z _ 5 dnn(t
Wm B, (t) = Gk ) (8) = ~ )

Ao(t)k2 m + Ca(t) — [ L%
The limit u® of (u*) satisfies the equation (11), of the same form as above, except for the kernel:

ho ,,,(t)

k(r,9;R,0,t) = Z 2 ———=Jo(ko,mr)Jo(komR)
=1
" o0
+ Z B, ()T (kn,m ) (kn mR)[ cos nd cos n© + sin nd sin nO)]
n,m=1
2 dp(A)

Ry m(t) = .
nm(?) 71'(],’,(lc,,,,,,))2 k2 m—2A

Cylindrical domain. The Laplacian in the domain K[0,1] x [0, 7] in R3 can be written in cylindrical
coordinates z! = rcos 9, 2 = rsin¥, 23 = z in the form: A = 18,(r8,) + %062 + 62.

15
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The eigenvalues are [2 + k,z,,m, where k,, ;m are the zeroes of Bessel functions J,, and | € N. The
corresponding eigenfunctions are:

Jn(kn,mr) cosndsinlz, J,(kn mr)sinndsinlz .

The expansions are:

u'(r,¥,2,t) = Z Oml( )Jo(ko,mr)sinlz

m,l=1

+ Z (65 ,m,1()In (kn,mr) cos nd sin iz + b, . 1(t)Jn (kn,mr) sin nd sin I2]

n,m,l=1
¢ o~ 12 21 06,m 1(t) .
—Quf(r,9,2,1) = Z (kn,m +1 )#Jo(ko’mr) sinlz
m,l=1

+ Z (k2 o + P)[b5 m 1(8)Tn(kn,mr) cos nY sinlz + b, m,1(t)Jn(kn mr)sin nd sin lz]

n,m,l=1
fr9,z,t)= > ‘—iM;’L(QJO(ko'mr) sinlz
m,l=1

oo
+ E [dn,m,1(t)Jn(kn mr) cos nd sinlz + dp m 1(t)Jn (kn mr) sin nd sinlz]

n,m,l=1

so the coefficients can be expressed as (similar expressions for b, ma)

. _ dn,m,l(t)
n,m,l(t) = (k,?.,m +12)as(t) + c=(t)

Lemma 4 gives us:

n m l(t)
Ao (kZ m + 2) + C1(1) - [ 4=

BB, o 1(t) = 9e(K2, m + 12)dnm i (2) =

The limit u® of (u?) satisfies the equation (11), of the same form as above, except for the kernel:

hO,m,I(t)

[oe]
k(r,9,z,R,0,Z,t)= >

m,l=1

Jo(ko,mr) sinlzJo(ko,m R) sinlZ

o0
+ E hp,m(t) [J,,(k,.,mr) cos ndsinlzJ, (kn,mR) cosnOsinlZ

n,m,l=1
+ Jn(kn,mr) sin nd sinlzJy, (kn,m R) sin n©sin 1Z]
2 / dp:(2)
22(J(knm))’ ) (K2m +12) =2

hn,m,l(t) =

Spherical domain.  The Laplacian in the ball K[0,1] in R3 can be written in spherical coordinates
z! = rsin¥ cos g, £? = rsinIsinp, 3 = rcos J in the form:

1
= — 2 —_—— 2
A= 50.(0:) + = S 00(sin 99y) + ==} .

16
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The eigenvalues are the squares of the zeroes of Bessel functions: kg +1/2,m and the eigenfunctions:
71;=Y,,(z9, ©)In+1/2(kn+1/2,mr). The Laplace spherical harmonic Y, has the form:

Yo(¥,9) = %Pn(cos J)+ Z (ah cos hyp + b sin hqp)Pn,h(cos J).
h=1

So, for n-th eigenvalue we have 2n + 1 eigenfunctions: P,(cos¥), cos ¢ Py 1(cos¥), ..., cosnpP, n(cos ),
sin Py 1(cos ), ..., sinnpPy, n(cos ).
The expansions are:

€ e bf) m O(t) 1 — b:l m O(t)
ut(r,9,p,t) = Z —’—2’—Po(cos19)—\/—r_-J1/2(k1/2,mr) + Z [__’__é'__P,,(cos J)

m=1 n,m=1
z - 1
+ Z Pp h(cos 9) (b5, 1m 5 (t) cos hp + b7, 1, 4(t) sin h‘P)] 7 n+1/2(knt1/2,mT)

h=1
c b%.m,o(t) b3 m,o(t)
—AUE(r, 9, p,1) = z 1 /2,m = Po(cos 0)-7]1/2(&:1/2 mr) + E Ic,,+1/2m[—2-P,,(cos 9)

m=1 n,m=1

. . . 1
37 P p(c089) (5 p (1) €08 b + B o (1) sin 1) | T 2Ky m)

f(r,9,0,1t) = E dO,n;O(t)P (cos 19)\/_.]1/2(101/2 m?) + Z [ = mo(t)P (cos ¥9)

m=1 n,m=1

n
- A 1
+ Z P, h(cos 9)(dn m () cos hep + dn m n(t) sin h(p)] —\/.;Jn+1/2(kn+1/2’mr) ,
h=1

so the coefficients can be expressed as:

) = et
bnm, kR y1/2,ma () + ()

Lemma 4 gives us (analogous expression for b7, ,, »):

dnm b (1)
1im by o 4 (0) = Pe(E2 1/2,m)dn m p (1) = . S
m,n, n+1/2,m Ao(t)kn+1/2m+01(t) f"ﬂ%
The limit u® of (u®) satisfies the equation (11), of the same form as above, except for the kernel:
o~ ho,m,o(t) 1 1
k(r,9,¢;R,0,9,t) = Z 'E‘%—PO(COS '9)7—;J1/2(k1/2,m7‘)1’o(¢°5 e)ﬁJ1/2(k1/2,mR)

m=1

+ E [h&'f?’—o@Pn(cos 9) Pp(cos ©)

nm=1

n
+ E P 1(c08 9) P n(cos ©)hn m i (t)(cos by cos h® + sin hysin h<I>)]
h=1
1
7 n+1/2(kﬂ+1/2,mr)\/—'Jn+1/2(kn+1/2 mR)
2 2n+1(n-—h)'/ dp,()\)
7(Jkam)? 2 (WU

hn,m(t) = +1/2m =
n m
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General result

In general, we consider a domain ft with boundary F, and the eigenvaue problem for
the (negative) Laplacian:

"Aw+Xu=0
(12) { |
X .-

Let (A, V,) be a complete set of eigenpairs for the problem (12). By positivity A, > 0, and
by the compactness of the operator (—A)™"*, the eigenvaues A, —> oo.

Let us consder the problem (10) now. If we expand /(x,<) = ”"2dn(t)v,(x) and
tX°(x,<) = J2bfA(t)vn(x), the coeffident b, is given by:

W= Vo () :+:c= @

Under the assumptions on (&%) and (c®) stated before, and with the same notation, the
- following theorem is true:

Theorem 3. Thelimit u® of the sequence (u®) satisfies the following equation:
(13 -Ao(t)Au°(x,t) + d(t)u°(x,t) - «ti°(x,0 = /(X,<) ,

where the operator H is the integral operator 7iu°(xt) := fQ'A:(x,y,i)u°(y,<)dy, with the

kernel fc(x,y,<) := Y~Li hn(t)voa(X)va(y), where hy(t) := /A 2§ (of course, the measure
fit is the one from above, its existence being the consequence of the representation theorem).

| would like to thank professor Luc Tartar for suggesting the research topic and for constant encourage-
ment and advice while writing this paper.
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