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Anisotropic Motion of a Phase Interface

Well-Posedness of the Initial Value Problem.

and

Qualitative Properties of the Interface.

Sigurd B. Angenent & Morton E. Gurtin

Introduction.

In a previous paper }AG] we formulated a mathematical model
for the dynamics of a melting solid which places particular
emphasis on the effect of surface phenomena. The purpose of
this paper is to study the well posedness of the initial value
problem which this model defines, as well as the asymptotic
behaviour of its global solutions, whenever they exist.

1. The Model.

In the model we assumed that at time ¢ the solid occupies a region Q(t) C
R? whose boundary 9§)(t) is a piecewise smooth (C*, say) curve, with a
finite number of corners P;(t),...,Pn(t). We derived two equations for the
time evolution of §(t) (i.e. of its boundary). The first of these two equations
is a relation between the normal velocity of any point Q on the boundary,
and the orientation and curvature of the front 952(t) at this particular point
Q, and time t. The other equation arises from the requirement that the
capillary force be continuous at the corner points P;(t),..., Pn(2).

To formulate the first law of motion, let Q be any point on the smooth
part of (t). The angle which the normal to 9§)(t) at Q makes with the
y - axis will be called 6; the curvature of 9Q(t) at Q will be denoted by K

or k.

Assuming that the motion of the smooth part of the boundary is
smooth in time, the normal velocity V = V(Q,t) of 8(t) at Q and at
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Sigurd B. Angenent & Morton E. Gurtin
time ¢ is well defined, and the first equation of motion may be written as
g(6)K = B(8)V + F. (1.1)

Here F is the relative free-energy density of the solid phase relative to the
liquid phase and § and g are functions which come from the constitutive
description of the interface. It follows from thermodynamical considerations
that B, the kinetic coefficient, is nonnegative, and that g(6) is given by

9(6) = £(6) + £(6) (1.2).

with f(6) the snterfacial free energy.
The other motive law requires that, at the corners P;(t),...,Pn(t),
the capillary force

€(6) = f(O)T(6) + F(OING) (1.3)

be continuous, where

(o)L (cose) . e (—sine) '

sin 8 cos b

(We shall use this notation throughout the paper.)

The relation g(8)K = B(6)V +F is equivalent to a parabolic PDE when-
ever g(8) # 0; but this PDE is backwards parabolic if g(6) < 0. To obtain a
well-posed initial-value problem we must therefore exclude domains §2(t)
whose boundaries contain points Q with ¢(6(Q)) < 0. If g(6) > 0 for all
6 € R, then this condition is vacuous, but if the interfacial free energy f(6)
is such that there are angles 6 for which g(6) < 0, then we can only discuss
domains §(t) for which g(6(Q)) > 0 at every point Q € 9(t).

2. The Frank diagram and stable angles.

Throughout this paper we shall consider a fixed free-energy function 0 <
f € C=(R/27Z). Associated with this function we have the Frank diagram
F, which is the locus of all points of the form

_ cosd sinf. _ M(6)
7O =Gey 78 = 76

with 6 € R. The set of stable angles is defined by
© = {6 € R/27Z|g(6) > 0},
where g(6) = f"(6) + £(6)). It corresponds to the set of 6’s for which the

Frank diagram is convex at F(6); we refer to f as stable if © = R/27Z, so
that f(6) + f"(6) > 0 for all 6.

2 11 November, 1991



Anisotropic Motion of a Phase Interface

In section 8 of [AG] we also defined the set of globally stable angles,
©,, to be the set of §’s for which F(6) is an extreme point of the Frank
diagram (i.e. the set of points where F coincides with the boundary of its
convex hull).

The capillary force €(6) is given by

€(6) = f(e)‘I(G) + £'(6)(6)

--10'5 {70 )

so that €(6) points in the same direction as the tangent to the Frank dia-
gram at F(6). In fact, the length of €(6) is such that the tangent to the
Frank diagram is given by

{z e R?|z x €(6) = 1}

(where z X y = z,y2 — Z2y) is the two—dxmensxonal crossproduct.)

For each k > 1 and a € (0,1) we define D** to be the set of all
domains ) C R2 whose boundary OS) is compact, piecewise h*®, whose
outward unit normal n = (cos 6,sin @) satisfies 6 € © on all of 0L, and for
which the capillary force € is continuous on 6X2.

Here h*:® means that the boundary is locally the graph of a function
whose k-th derivative is “little-Holder” continuous of exponent a.

Even though we require 99 to be compact, the domain  itself may
be unbounded. This allows §) to be an “exterior domain.”

We shall denote the set ﬂkzgﬁ""’ of domains with piecewise C*®
boundaries by D.

Since any € D%® has a piecewise C! boundary, the continuity
requirement of the capillary force is only relevant at the corners of 69Q.
Near such a corner 9§ will have two tangents, with unit normals n; =
(cos 6;,sin6;) (j = 1,2); the continuity condition then says that €(6,) =
€(62). In view of our interpretation of €(6) as the tangent to the Frank
diagram, we see that the capillary force will be continuous if and only if
the tangents to F(6;) and F(6;) coincide at every corner (6;,6;); thus the
allowable corners correspond to the bditangents of the Frank diagram.

Just as in [AG] we shall assume throughout this paper that the free
energy f(6) is regular (see [AG, section 8] for the precise definition of this
term.) This implies, in particular, that the Frank diagram has at most a
finite number of bitangents, and that for any corner (6,,6;) corresponding
to such a bitangent one has 9(61),9(63) > 0. 1t also implies that there are at
most a finite number of corners (6,6 ); indeed, each corner corresponds to
a bitangent, and the condition g(6;),g(62) > 0 tells us that the curvature
of the Frank diagram at F(6;) (j = 1,2) is nonzero, so that the Frank
diagram intersects its bitangents in isolated points, in other words, the
Frank diagram cannot have an entn'e line segment in common with one of
its bitangents.

11 November, 1991 Py
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3. The main existence theorem.

A great part of the present paper will be devoted to the proof of the fol-
lowing theorem, which we had already announced in [AG] (see p.350, and
p.- 368).

Theorem 3.1. Assume that the free energy f(6) is regular, and that both
f(6) and B(6) are positive smooth, s.e. C*® functions. Then, given any
o € DV there ezists a unique mazimal family of regions Q : [0, Tmax) —
D> whose boundary satisfies (1.1 ), and for which (0) = Lim¢jo Q(t) = Qo.
- For 0 < t < Tnax this solution is actually piecewise smooth, i.e. it
satisfies Q(t) € D™.
If the solution only ezists for a finite time, i.e. if Tnax < 00, then one
of the following must hold:

E; The mazimal curvature of O5)(t) becomes infinite as t T Thax,

E; The mazimal curvature of OS2(t) remains bounded, and the piecewise
smooth curve 8S(t) converges to some limit curve OQ(Tmax), dut this
limit curve has a self sntersection,

E; The length of one of the smooth arcs in 6S2(t) tends to zero as t T Thax.

This theorem says that solutions exist for a short time, that they are smooth
for all positive times, and that they can only become singular if the cur-
vature blows up, the boundary develops a self intersection, or if an arc of
the boundary vanishes. The latter can only happen if the free energy is not
stable. '

If the free energy is stable then a stronger version of this theorem was
proved in [Al, part I]. The stronger conclusion still holds for the evolution
equations we are considering, provided we add an extra hypothesis.

We say that a domain Q € D*® has convez corners if each corner
P € 99 has a neighborhood Bs(P) such that Bs(P) N § is convex,

In [Al, part I] we introduced a quantity as(2) which measures the
variation of the tangent or unit normal to 2. In our setting of domains in
the flat, Euclidean plane we can define this quantity as follows:

as() sup { |8(P) - 6(Q)| | P,Q € 89; distsa(P,Q) < 6 }.

Here distsn (P, Q) denotes the distance between P and Q as measured along
the curve. For any domain with C? boundary as(2) | 0 as § | 0 (this
is equivalent to the uniform continuity of the unit normal); if one has a
sequence of domains {2} with smooth boundaries, then as(2,) < a. for
some a, < 7 and § > 0 implies that the curves 99, are uniformly locally
Lipschitz curves (see [Al, part I].)

The stronger version of theorem 3.1, analogous to the result in [Al,
part I] is the following.

Theorem 3.2. Let Q: [0, Tiax) = D> be ¢ mazimal solution of (1.1),
and assume that (t) is admissible and has convez corners for all0 <t <

4 ‘ 11 November, 1991



Anisotropic Motion of a Phase Interface

Tmax- Then either the conditions E2 or Eg of the main ezistence theorem
hold, or else

E, For any 6 > 0, imsupyyr,_, as((2)) 2 7.

Thus, if the curvature of 8(t) blows up, the boundary must loose its local
graphlike character. ‘

We refer to Q € D as admissible if the outward normal n = (cos 6, €
6) satisfies 6 € ©,, on all of 8. The difference between admissible domains
with convex corners and arbitrary domains € D% will come up again in
the chapter on the geometry of 8)(t), where we shall prove the following
theorem, which is known for stable free energies (cf. the work of Giga, Goto
and Chen [GGC], as well as Evans and Spruck [ES], and also [Al]).

Theorem 3.3. (Containment principle) Let ;,9; : [0,T) — D2e
be admissible solutions of (1.1) with convez corners, for which the closure
of Q:(0) is contained in Q2(0). Then the closure of ;(t) is contained in
Q,(t) forallO<t<T.

In addition we shall also show by a simple counterexample that this theorem
does not hold if one of the two solutions , 2(t) is not admissible, even
though the initial value problem remains well posed in this case (by theorem
3.1).

One would expect that the stronger existence theorem for admissible
evolutions also breaks down for inadmissible evolutions, or for evolutions
of domains without convex corners, i.e. one would expect that there exist
smooth solutions Q : [0, Tinax) — D>® of (1.1), with at least one concave
corner, for which the curvature blows up, but for which as(€2(t)) remains
bounded from above by some a., < 7. Unfortunately we have not been able
to find an example that would prove this.

In general, & solution Q : [0,7) — D% which starts with convex
corners only can develop a concave corner. However, if the initial domain
2(0) is admissible, i.e. if all its tangents are strictly stable, then Q(t) will
also be admissible, and all of its corners will remain convex (see section 10.)

In the last two sections we consider the case of a smooth, strictly stable
free energy, and we study the long time behaviour of a growing solution.

As we noted in [AG, section 6.1} there is a unique domain 2, (up to
translation) that is stationary under the flow determined by (1.1); Q. is a
dilation of the region

I(f)={z €R®|z-NO) < fO)V6e R}, @)

the Wulff region for f(6). In section 15 we discuss the stability of Q.: we
show that it is an unstable steady state for (1.1), and we show that it has
a one dimensional unstable manifold. Section 15 is named after its final
result, the four node theorem. This theorem (15.4) asserts that for any
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solution Q : [0,00) — D% that converges to §, the boundary 85(t) has
at least four nodes, i.e. for each t > 0 the velocity V vanishes at at least
four different points on 8S(t).

Finally, we study the asymptotic behaviour of one of the two solutions
on the unstable manifold of Q.. The solution that we consider is given by a
smooth convex domain 2, (t) that expands to fill the entire plane; it has an
asymptotic shape, which we identify as the Wulff region for 8(6)~2. Then,
using the containment principle (theorem 3.3), we show that any solution
§)(t) which eventually fills up the whole plane has the same a.symptotlc
shape as §2(t). The precise result is

Theorem 3.4. Let Q: [0, oo) — D% be a solution of (1.1) with (0) D
Q.. Then t~1(t) converges as t — oo to a dilation of the Wulff region for

p(6)~*.

A result of this type was first established by H. M. Soner [So], who
shows, using a maximum principle, that for {(0) of sufficiently large area,
a1(t)Qw C Qt) C az2(t)Qy with Q,, the Wulff region for #(6)~?; Soner
shows that the functions a,2(t) have the same asymptotic growth rate,
in the sense that az(t) — a;(t) = o(t™!) as t — oco. Our result is slighty
stronger: we do not assume that the polar diagram of § be convex, as Soner
does, and we show convergence of the corresponding support functions (cf.
lemma 16.1).

Giga, Goto and Chen [GGC] and Soner [So] have formulated a theory
of weak “viscosity” solutions for equations like (1.1), a theory applicable
to our model if the free energy is strictly stable. A similar theory was
simultaneously created by Evans and Spruck [ES], for the mean curvature
flow, which arises when F = 0, f(6) = 1,8(6) = 1. The theories of Giga,
Goto & Chen, Soner and Evans & Spruck are more general, in the sense
that they apply to to the motion of n dimensional hypersurfaces of R"+?,
but in their present state are applicable only to stable free energies.

Well-posedness.

In [Al] & short time existence and uniqueness theorem for initial value
problems like (1.1) was proved. If the free energy function f(6) is such
that g(6) > 0 for all 6, then the results in [A1] may be used to obtain the
short time existence of solutions to the initial value problem (1.1). See [AG,

section 7.1] for a precise formulation of the resulting theorem. The purpose
of this section is to show how one can adapt the arguments in [A1] to obtain
a similar existence result for the initial value problem for a free-energy that
is not stable. The precise result which we shall prove in sections 4, 5, 6,
and 7 is stated more precisely as follows:

6 11 November, 1991



Anisotropic Motion of a Phase Interface

Theorem(local existence). Let Qp € D** be o given domain. Then
there is ¢ T = T(a,f) > 0 and an evolving family of regions Q(t), (0 <
t < T) with Q(0) = Qo, that satisfies (1.1). For positive t, OQ(t) ts actually
C® smooth. The solution is unigue within the class of solutions §(t),
(0<t<T)vwith Qt) e D** for 0<t < T.

In sections 8 and 9 we show how one can improve this theorem to obtain
theorem 3.1.

4. An equivalent formulation of the initial value problem.

In appropriate coordinates equation (1.1) is equivalent to a scalar parabolic
PDE. In this section we recall the arguments from section three of [A1] to see
how this equation arises, and also to see what kind of boundary conditions
arise at the corner points.

Let (t) € D*%(0 £ t < T) be an evolving family of regions, whose
boundary satisfies (1.1). If 8§2(t) has more than one component, then the
evolution of each of these components is independent of the evolution of
the others, at least as long as they do not touch each other. Therefore we
may assume from here on, without loss of generality, that 852 has only one
component, and that §(2) is either the region inside or outside of 0§2(t).

If X :(a,b) x[0,T) = R? is a parametrization of a smooth part of the
boundary OS2, then the normal velocity V'(¢,1t) is given by

V(e = <"§f,n(f,t)>

and the reader can verify that V is indeed defined independently of the
parametrization X(&,t) (cf. the “invariance theorem” of [AG, appendix
B)). Thus the equation (1.1) may be rewritten as

ax g(G((,t))K({,t) -
(Fonen) = GED)

with n(¢,t) the unit normal to 852(t) at X (¢,1).
Since 0(0) is & locally Lipschitz curve, there is an open neighbourhood
O > 89(0), and a diffeomorphism o : (R/Z) x (~1,1) — O for which
o~1(89(0)) is the graph I'y, = {(¢, uo(f)) |€ € R/Z} of a locally L:psch1tz
funct:on uo : R/Z — (-1,1) (see figure 4.1). In fact, since 80(0) € D%,
the function ug will be piecewise h*?; it will be continuous, and all 1ts
derivatives up to order k will be little-Hdlder continuous, except at a finite
number of points £1,...,N € R/Z, where they will have simple jump
discontinuities. The points P; = o(;,u0(¢;)) are then of course the corner
points of 892(0).
Assuming that the boundary and its tangent move continuously, there
will be a short time interval 0 < ¢ < T during which 8§(t) can be sim-
ilarly represented as the graph of a function § — u({,t). For each fixed

(4.1)
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Figure 4.1

t the function u(-,t) will be piecewise h¥:®, with singularities at N points
&1(t),...,€én(t). We shall now show that (1.1) is equivalent to a scalar,
quasilinear, parabolic PDE for the function u(¢,t). Even though one could
compute the precise form of this equation (it involves first and second order
derivatives of the diffeomorphism o) we shall not do so. The only relevant
fact which we shall need is that u satisfies such a parabolic PDE; this will
allow us to conclude a local existence and regularity theorem.

To obtain the PDE, we define oj(£,n) (j = 1,2) to be the partial
derivatives of 0. Let the pull back under o of the Euclidean metric on R?

be
(ds)* = E(&,n)(d¢)? + 2F (¢, n)dédn + G(€,n)(dn)?

so that E = (01,0:), F = (01,02) and G = (03,0;) are smooth functions
on S! x[-1,1], which only depend on ¢. Then the unit tangent and normal
to O(t) at o(£,u(é,t)) are .

01 + ugo2

Uo =723 2Fug + Glug)?

n(f t) = —(F + Gu()ol + (E + Fue)ag
" NEG-F?)E +2Fug + G(ue)?)
and we can define the angle 6(§,t) by requiring 9(6(¢,t)) = n(¢,t). Fur-
thermore, the normal velocity V will be given by

vie,n = (ZZEmeD) o)) = talevu0 5

8 11 November, 1991



Anisotropic Motion of a Phase Interface

with
AO (61 7, P) = (02 (Ea ’7)a “)

_ EG-F?
~ \ E+2Fp+ Gp?
>0.

The curvature K of 85(t) at o(§,u(§,t)) can be written as

K(&,t) = Ai(€,u,ug)uge + A2(€, v, ue),

where A,(€,7n,p) and A2(¢,n,p) are smooth functions of their arguments.
Since we’re only considering (£,7,p)’s for which the corresponding g(6)
is positive, 4;(&,n,p) is (strictly) positive. Thus the relation S(6)V =
g9(6)K + F is equivalent to the PDE

% = A3(€,u,ue)uge + Ag(€,u,ue),

where A; = A; /Ao and A4 = A3 /A, are again smooth functions, whenever
they are defined, and where A;(¢,n,p) > 0.

The functions A;(£,n,p) are not necessarily defined for all (¢,7,p).
To find their domain, we introduce for any (£,7,p) € R/Z x (-1,1) xR
the vector v = 0,(£,n) + po2(€,n). From this vector one can determine
the unique angle 9(§,n,p) € R/27Z for which 9N(J) = v/|v|. Then ¥ :
R/Z x (-1,1) x R — R is a smooth function, and the domain of the 4; is
given by

I, =971(0) = {(¢,7,p) € R/Z x (-1,1) x R: 9(¢,n,p) € O}.

This is the open subset of R/Z x (—1,1) x R on which the functions A,
are smooth.

The equation (4.1) will be satisfied at all (§,t), with the exception of
the corner points. At each corner point o(§;(t),u(§;(t),t)) = P;(t) our
model requires the capillary force € to be continuous, and we have seen
that this means that the two tangents at P;(t) to 85(t) have prescribed
directions 0,-* € ©. Since 9(§,n,p) is an increasing function of p, there exist

uniquely defined smooth functions pf :R/Z x (-1,1) = R such that
9(6,m, 05 (6,m) = 67
bolds. The capillary force will then only be continuous if one has
ug(£5(t) £0,t) = pF(&;(t), u(£;(2), 1))
forj=1,...,N. .
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Thus we are led to consider the problem of finding & solution of the
following parabolic equation,

6u

i f(z,u,ue, uge), - (4.2)
where 0 < ¢t < T and £ € R/Z\ {&(t),...,£&n(t)}. The function u(¢,t)
is assumed to be a classical solution away from the free boundaries { =

€1(t),...,€ = €a(t), and to satisfy the following jump conditions at these
boundaries:

u is continuous. } (4.3)

ug(£;(t) £ 0,t) = pF(£;(t), u(é;(t), 1))
At t = 0 we have the initial data

u(€,0) = uo(¢) and £;(0) = §ji0. 44)

We shall assume that the variable ¢ lives in the circle S = R/Z, i.e. that
u is a periodic function of §, with period one:

u(é,t) = u(€ +1,1). (4.5)

We also assume that any period interval contains a finite number of free
boundary points. If there are N free boundary points, then we can number
the £;(t) so that one has
CEien(t) =€)+
fJ+N( ) fJ( )+ (4.6)
§i(t) < &+a(2)

To simplify our notation we shall write

j2“(£’ t) = (uf(f’ t)a u((fa t), uff(fa t))’

and sometimes omit the ¢, or even both the ¢t and £ variables. The symbol
j2u stands for the two-jet of the function u(:,t) at £, which is a name for
all its ¢-derivatives up to second order, or, equivalently, its second order
Taylor polynorma.l '

The two jet j2u(€, t) belongs to the space R?, which we shall sometimes
also write as J2, if we want to emphasize that its elements are to be regarded
as two-jets.

‘We shall prove a local existence and regularity result under the follow-
ing hypotheses.

Hypotheses on f.

[fi] £ is @ smooth (i.e., C®) function, defined on some open subset O C
St x J2.

(f2] The PDE(4.2) is parabolic, i.e. %f(f,u,p, q) > 0 for all (£,u,p,q) € O.

10 ' 11 November, 1991
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Hypotheses on p.

[p1] The p,* are periodic in j and §, i.e. pﬁ_N(E,u) = p}k(f +lLu) =
PF(€,u).

[p2) The pf are smooth functions on S! x J2.

Hypotheses on the Initial Data
[ID1] The &0 satisfy (4.6), and uo(£) satisfies (4.3).
[ID2) uol[€j,0,&541,0] 38 @ h¥® function, for some a € (0,1).
[IDs) The graph of &€ — (uo(£), uo,e(£), uo,ee(€)) is contained in the domain
O of f.

The theorem we'll prove is the following:

Theorem 4.1. The initial value problem has a unique classical solution
on some short time interval [0,T).

We’ll prove this result by reducing the problem to an abstract parabolic
initial value problem in the sense of DAPRATO AND GRISVARD, so that
their results in [DPG] give local existence and uniqueness of the solution.
The remarks in [A3] show that this approach actually gives C* smoothness
in time, and hence in space (by repeatedly using equation (4.2) to trade off
time derivatives for space derivatives).

5. Proof of theorem 4.1.

We shall regard the {i(t).as dependent variables, so that we need an equa-
tion for £;(t). By (4.3) we have

u(Ex(t) +0,t) = u(€x(t) — 0,1), (5.1)
and, differentiating this relation with respect to time, we get

“t(fk(t) + Oat) - Ug(fk(t) - Oat)
ue(£x(t) +0,) — ue(§x(t) = 0,t)

Using the PDE (4.2) and the jump condition (4.3), we find that ¢, (t) depends
on £x(t) and j2u(éx(t) £ 0,t). If we define

§i(t) = - (5.2)

:8'xJ*xJ?—R

by
f(f,.h) - f(f’J2)
pi(€,u1) — pi (€, u2)’

(where j; = (u1,u],u]) and j2 = (uz,uj,u7) ) then we can rewrite (4.2) as

Eu(1da) = - (53)

€x(2) = Za(6a(2), 52u(€a(t) + 0,2), 2 u(£e(t) - 0,1)). (5.4)
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The next step in the proof is to introduce a new coordinate, ¢, which we
define by

§((,) = (1= O)6(®) + (lra(t) (0S¢ <. (5.5)
We also define a new set of functions V;((,1):
Vi($,t) =u(&;(¢,1),1) = [p] (¢;(1), u(&(), 1)1 = O+
Pia(G+1(2), u(€541(2), 8))C] % €(1 = )A;(2),

where
) def

Aj(t)=E+41(2) = &5(2).

If the functions V; and the free boundaries £; are known, as functions of
(¢,t) and t, respectively, then one can reconstruct the original function
u(¢,t) as follows:

u(£;(¢,1),t) = V(¢ 1) + [ (€5, V3(0))(1 - O)+

PG VX x €A - OAs0). OO

This relation is easily obtained, if one realizes that

VJ'(Ost) = u(fi(t)1t)
Vi(1,t) = u(§5+1(2), 1)

In particular, continuity of u at £;(t) is equivalent to
Vi-1(1,t) = V5(0,1) (58.7)

We have chosen the functions V;(¢,t) in such a way that u(¢,t) satisfies the
jump condition (4.3) if and only if

oV; )%
7'5?"(0’0 = -‘,f(m) =0 (5.8)

for all j. We can also reformulate the evolution law (4.4) for the £i(t) as
follows -

E'k(t) = xk(fﬁ(t), Dk -j’V,,(O,t), D&—l "jzvk—l(lit))a (59)
where D; is the 3 x 3-matrix

1 0 0
Dy = (0 A;()! 0 )
0 0 Aj(t)-2
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which relates j2u and j2V; via
F2u(€x(¢s1),t) = D - 52Vi((, 1)
(the substitution £ = £x((,t) induces a linear map on the space of two jets

J?, whose matrix is given by D;.)
The righthand side of (5.9) is therefore a function of

=¥ (6,6, -0 6N) ERY

and
PVEOE GG L), -, 52VN(E D) € TP QRN

evaluated at £ = 0 and £ = 1. We denote this function by
2,: RV x(J2@R") x (J’@RN) — R,
so that (4.9) may finally be rewritten as |
€:(t) = Du(E(t), 52 V(0,1),5°V(1,1)). (5.10)

Next, we shall derive an equation for 9V /0t. Let

Pi(Z,V(0), V(1)) = [p¥ (&, Va(0))(1 = ¢) |
+P:+1(fk+1,Vk(1))(] X C(l - C)Aka

where Ay = £k4+1 — £x; then (5.6) says that

u(§r(¢52),t) = Va((,t) + Pi(2(2), V(0,1), V(1,1), ().

Differentiate this with respect to time and use

BelloD) o (1 ODe + Dis
to get
e+ wel(L = s+ (Daa] = AL N (5.1)

in which R} is some function of =, V(0), V(l) md their time derivatives.
From (4.2) we know that

U = f(fvjzu) = f(fk((vt)7Dk * szk)'

It therefore follows from u(£x(t),t) = Vi(0,t) that the time derivatives
V(0,t) and V¢(1,t) are functions of the two-jets of V at ( =0 and {( =1,
and of . ‘
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If we combine this with (5.11), we discover that the time evolution of
V is given by

Pk 5=, VO,V (L 0V ) (5.12)

for k =1,2,...,N and for some smooth functions
5. : RV x(J?@RN)* —R.

One could, with some effort, compute the explicit form of these func-
tions §x (1 £ k £ N), but all that we really need to know about them is
that they are smooth, and that their derivative with respect to their last
argument is strictly positive, i.e.

Lemma 5.1. Foranyk=1,...,N one has

0 —_ . .
aT,(,%k(;’JO)JhJ() > 0.

Here we have used the notation j = (u,u’,u") for two-jets. The lemma
follows after a lengthy computation from our hypothesis

of(z,u,p,q) >0
dq '

6. Interlude on abstract parabolic equations.

In their paper [DPG] DAPRATO AND GRISVARD showed how, using the
theory of analytic semigroups and interpolation spaces, one can prove the
existence of short term solutions of a large class of initial value problems
of parabolic nature. Their results, which we shall use below, may be sum-
marised as follows.

Let X; C X, be pair of Banach spaces, where the inclusion is dense
and continuous, and let O C X; be some open subset (in the topology of
X1). Then for any Fréchet differentiable map ¢ : O — X, DaPrato and
Grisvard consider the following initial value problem:

() =8(=(t)) (0=<t=<T)
z(0) = zo } (IP)

where zo € O is prescribed, and the solution z : [0,T] — X; should be
(at least) a strict solution, i.e. it should be continuous as an X; valued
function and continuously differentiable as an X valued function.
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In general (IVP) need not have any solution at all, however small one
chooses the time interval T; indeed, without any further restrictions or
assumptions on @ the IVP is so general that it includes (say) the backwards
heat equation (take Xy = Lz(R), X; = H?(R) and (®z)(t) = —z"(t).)

To overcome this difficulty, DaPrato and Grisvard introduce the fol-
lowing condition on the Fréchet derivative of & at the initial value zo:

Condition MR. There ezist Banach spaces Y; C Yo for which
one has the following continuous and dense snclusions

X1CY1CX0CY0,

and such that X is a continous snierpolation space of the pair
(11,Y0).

The linear operator A = d®(zo) : X1 — Xo generates an
analytic semigroup on Xo. Moreover, it eztends to a bounded op-
erator

A:Y1-Y

and this eztension A' generates an analytic semigroup on Y.

They proved that this condition implies the existence of a strict solu-
tion z(t) to the initial value problem. At the heart of their proof, lies the
(nontrivial) observation that the condition MR implies the solvability of
the linearised version of (IVP), i.e. of

£'(t) =d®(zo)é(t)+ f(t) (0<t<T)
£0)=¢ €Xu :

for arbitrary f € C([0,T}; Xo).

Given the solvability of the linear problem one can use a very standard
contraction mapping argument to solve the nonlinear problem, on a short
enough time interval [0,T]. As was pointed out in [A3] this allows one to
prove smooth dependence of the solution on initial data, as well as higher
regularity of the solution for ¢ > 0 (i.e. the smoothing property of the
parabolic equation). All this may be summarized as follows.

Theorem 6.1. If® : O — Xo is an infinitely differentiable map whose
derivative d®(z0) satisfies the condition MR for any zo € O, then (IVP)
generates a C* smooth local semiflow on O.

7. A nonlinear semiflow on a Banach space.

The equations (5.10), (5.12), togefher with the boundary conditions (5.7)
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and (5.8) |
Vj-—l(l’t) = VJ‘(O’ t)

oV; ov;
=2(0,t) = #(u) =0

o¢
€x(t) = Du(E(1),5°V(0,1),52V(1,1))
%th. = sk(E,jz\’(O, t)’jzv(l’t)3j2v(<at))

are equivalent to the original problem (4.2). We’ll show that the nonlinear
analytic semigroup approach works for this system. We begin by introduc-
ing a few Banach spaces.

Let 0 < @ < 1 be given, and let

Ha = h2((0,1))

denote the “little Holder” space of exponent a, i.e. the closure of smooth
functions in the usual Hoélder space C%([0,1]). H, is a proper subspace of
C=([0,1]). As usual, we shall give it the same norm.

Define

Nt;ezms
FP=H,® --®&H,

and let E§ C F§ be the closed subspace consisting of all those (V4,:--,Vn)
which satisfy

Vi(1) = V541(0)

for all j, with V;4n = V; implicitely understood.
We let

Hyo={f € h2°((0,1]) | '(0) = f'(1) = 0}

and define
Ef={V€Eg 'Vla"'aVNG-HLa}-

Then the functions 9, - ,Yy and F;,---, 5N define a smooth map

?: RV EF - RN ES
(E,V) g (@1,“"@1\!,31,"',3!0)

and our initial value problem is equivalent with the following “abstract
parabolic equation”:

z'(t) = ®(z(t)) } (7.1)
3(0) = (51(0),“',EN(O)»Vx(',O),'“aVN(',O)) .
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By the results of DaPrato and Grisvard [DPG] one can immediately con-
clude the existence of a strict solution

z € C*([0,to); R" ® Eo) N C°([0, 2 RN @ E;)

once one has verified that the Fréchet derivative d®(zo) : RN @ Ef —
RN @ E satisfies the following condition:

Condition MR. The linear operator d®(zo) generaies an ana-
lytic semigroup on RN @ Eg. Moreover, it eziends to a bounded
operator

Ao :RV@EY - RN @ E¢

for some o' € (0,a), and this eztension Au also generates an
analytic semigroup on RN @ Eo .

To verify this condition one can use the methods which we used in
[A5]: we shall outline the procedure, and leave some of the details to the
reader. _

First, one splits the linear operator d®(z¢) into four matrix compo-
nents,

a0 = (7 )R @B ~RYGE;,

where M € L(RY,RV), A € L(EZ,RN), P € £(RN,E¢) and Q €
 (E?,EY).

The extension lemma in [A5] says that, since d®(z¢) is a finite dimen-
sional extension of @, the condition MR for d®(z,) is equivalent to the the
condition MR for Q In other words, it suffices to prove that Q extends to
an operator Q : E& — Eo , for some 0< o' < a, and that this extension
generates an analytic semigroup on Eo .

To analyze the operator @ we observe that it is the Fréchet derivative
of the map

¥ :V € Ef — (81(--+),...,In (")) € Eg.

This map is well defined for any a € (0,1), so that its derivative Q =
d¥%(zo) at any zo extends to a bounded linear operator d¥'(z,) from
E to Eg, for any a' € (0,a). Therefore it remains to show that Q and
its extension d¥® (zo) generate an analytic semigroups on E§ and E¢,
respectxvely Below we prove that d¥%(z,) does indeed generate an analytic
semigroup; the proof can be carried through verbatim for d¥%'(z, ), simply
by replacing a by o', wherever it occurs.

From (5.12) it is clear that the map ¥ extends to a map from Ff
to F§, simply by using the same formula, given in (5.12), to evaluate
(F1,---,8n) (recall that we had defined F* = Hy o @ -+ @ Hz,0.) The
operator Q therefore also extends to a linear map from F? to F§; we'll
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denote this :ﬁap by Q'. Since FZ = Eg @ L, where L is the N dimensional
linear subspace of F spanned by the functions

k
(0,0,...,1,...,0)

with 1 < k < N (1 is the constant function whose value is 1), we can again
apply the extension lemma from [A5]. The conclusion is that Q generates
an analytic semigroup on E if and only if Q' generates one on Fy'.

On Fy* the operator Q' can be represented by an N x N matrix of
operators, )

Q' = (Q.ik)15j,k_<_N

where

ij : H2,a - HZ,a

is the Fréchet derivative of §;(Z, j’V(O)., 3¥V(1); 2V;) with respect to Vi €
H2,a. )

If one keeps in mind that evaluation of 2V at either (=0or {( =1is
a linear functional on Fy*, and that any linear operator of the form

2
w€ Hyo— 3 £i(()8iw(0)

.e=0

with fo, f1,f2 € H, has finite rank and therefore is compact, then one
realizes that the off-diagonal elements Q;x (j # k) in the matrix of Q' are
compact operators, so that @ is a compact perturbation of the diagonal
matrix

L, 0 -+ 0
Q"= 0 L2 :
0o ... 'LN

where each diagonal element L; : Hz o — H, is a standard Sturm-Liouville
operator. _ :

Since each L; generates an analytic semigroup, the operator Q" also
generates an analytic semigroup; since Q' is a compact perturbation of Q",
so do Q', and (by our earlier remarks involving the extension lemma) Q.

Thus we have verified that d®(zy) satisfies condition MR and the
existence of a short term solution to the initial value problem follows.
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8. The topology and the Semiflow on Do,

In the last four sections we showed how one can parametrize a part of D**
by an open subset of a Banach space. We recall how this parametrization
came about. '

First one chooses a diffeomorphism ¢ : S? x [-1,1] — RZ?. Given
this diffeomorphism one can assign a domain Q* to any periodic piecewise
h%e function y = u(z) = u(z + 1) with sup|u(z)| < 1, by letting 6Q*
be the image under o of the graph of u, i.e. {o(z,u(z)) : € S*}; the
graph of u has a natural orientation (“from left to right”), which gives us
an orientation for 60%, and from which we can tell on which side of Q"
we can find Q*.

Next, one denotes the singular points of u(z) by £;,...,€n, and one in-
troduces N functions Vi,..., VN € h#°([0,1]) by the transformation (5.6).

Conversely, there is a § = §(¢) > 0, which only depends on the dif-
feomorphism o such that any (Z,V) € RN @ Ef with |V;(¢)| < § for
1 < j € N,( € [0,1] defines a periodic piecewise h?'® function u(z) with
sup |u| < 1. In this way we get a transformation ¢Z : O, «— D**, where
O, = {(Z,V) € RN @ Ef : sup |V;| < §}. We denotes its range by

D*%(0) = ¢a(0s).
We leave the straightforward proof of the following lemma to the reader.

Lemma 8.1. Let two diffeomorphisms 012 : S x [-1,1] — R?, for
which D¥%(0,) ND?¥%(0;) is nonempty be given. Then the transition map
(¥32)"1 0 32 is continuous.

We define a topology on D*?, by requiring that all D?°(c)’s are open
subsets of ©2'°, and that the ¢2’s are homeomorphisms. Thus IJi'," =
{9 € D¥*: Q has N corners} is a topological Banach manifold, modelled
on RN @ Eg; it turns out that the transition maps (p2!)~! o ©7? are,
in general, not Fréchet differentiable, so that D% is not a differentiable
Banach manifold.

The local existence theorem which was derived in the previous sections
implies that (1.1) defines a continuous local semiflow on D?°.

Lemma 8.2. Let Q : [0, Tmax) = D** be a mazimal solution in D>°,
Then Q(t) € D= for all 0 < t < Trnax-

Proof. Our local existence theorem provides us with a solution of (1.1)
starting at any 2 € D%, which exists at least for a certain time, which
we shall denote by To(f2); To(S2) is 2 lower semicontinuous function on
D29, The smoothness of the local solution implies that Q(t') € D> for
all t < t' <t+ To(S2(t)). But the lower semicontinuity of T, ensures that
one has t' <t < t' + T,(2(t')) for any 0 < t < Tpnax and #', provided one
chooses t' < t close enough to t. Thus (t) € D> for 0 < t < Tpax.

Q. E. D.
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Lemma 8.3. Let {Qn}n=1,2,... C DX be @ sequence of domains, and let
Yoo Tl C 80y be the smooth arcs in the boundary of Qn. Assume that
the following holds:
1. There is ¢ § > 0 such that 6§ < length(y)) < 67! for alln,j.
. The curvatures of the v) are uniformly a-Holder continuous,
. The 8, are contained in some fized (large) neighborhood of the origin,
. The sequence of curves 8, does not “develop a self intersection,”
i.c. there is @ constant A > 0 such tha for any pair of points P,Q €
0, one has dr2(P,Q) 2 Adsq, (P, Q), where dr: and deg, are the
Euclidean distance and the distance along the boundary, respectively.

)
]
4

Then the sequence {Qn}n>1 s precompact in D%P foreny0< B <.

We shall only sketch the proof of this theorem, and leave the details to the
reader.

One can extract a subsequence such that the sequences of sets {62,}
and {Q,} both converge in the Hausdorff metric on compact subsets of the
plane. Choose such a subsequence, and denote it by §2, again Using the
uniform Holder continuity of the curvatures one can show that the arclength
parametrizations of the 47 converge in C?* for any 0 < f < a. The fourth
condition guarantees that the limit of the 8§, s is again a C%'® curve, which
is the boundary of the limit of the 2,’s. Since the 8f2,’s converge in C?:4,
their tangents certainly converge, and for large enough n all 2,’s lie in
some common D¥%(0). K V{,..., VR, €D, ..., €N are the data representing
the p,, then one can deduce from the C%# convergence of the 47 that the
Vit VL €T, .- - € also converge in the appropriate topology.

Given this lemma, we can easily prove the following weaker version of
the main existence theorem. :

Lemma 8.4. Let Q: [0, Tmax) = D% be @ mazimal solution of (1.1),
with Tpmax < 00. Then esther

E, The curvatures of 9(t) are not uniformly a-Holder continuous,

holds, or else one of the two conditions E2 or Es of theorem 8.1, must
occur.

Proof. Assume that none of the three conditions E],E; or Es hold. Then
our compactness lemma (8.3) implies that ([0, Tmax)) is precompact in
D?? for any 0 < B < a. Since (1.1) defines a continuous local semifiow on
D2 the maximal solution in D% starting at 2(0) must exist longer than
Tmax; 8ssume it is defined for 0 < ¢t < T, where T' > Ty, By lemma
(8.2) the extended solution €(t) must be smooth for all ¢ < 7", and hence
constitutes a solution in D%®. Hence our original solution wasn’t maximal
in D% after all.

Q.E.D.
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9. Lipschitz continuity of bounded curvature.

In this section we shall complete the proof of the main theorem. We shall
consider a maximal solution § : [0, Tmax) — D** of (1.1) whose life span
Tmax is finite, and for which none of the three conditions E;,E2 or Eg
of the main theorem occur. As we shall see, the curvature of 85(t) is
uniformly Holder continuous in this situation, which contradicts lemma 8.4
and therefore shows that theorem 3.1 must hold.

Instead of showing Holder continuity of K, we shall show that K, re-
mains bounded, so that X is uniformly Lipschitz continuous, and therefore
certainly uniformly Holder continuous. We shall obtain our bound on K,
by means of a “blow-up argument.” To reach a contradiction we assume
that K, is not bounded, and we choose a sequence t, T Timax, 85 well as a
sequence of points Py, € 8§(t, ), for which

|Ko(P, )| < |Ko(Pa,ta)| for all t < ta, P € OQ2), (9.1)

while |K,(Pn,ts)| T c0. The boundary 052(t) of the family of domains §(t)
consists of a finite number of parametrized arcs v/(p,t) (j = 1,2,--+,N);
we may assume that all the points P, lie on the same arc, and we shall
denote the parametrization of this arc by t(p,t), where P(t) < p < Q(t) for
0 <t < Thmax-
Define
€n = IK,(P,,,t,,)I"l,

and let $2,(t) be the domain given by

ut) = 6a(Utn + &), (G2 <20)

n

where the affine transformation ¢, is given by ¢n(z) = (z — Pn)/é€n, i.e. by
translating P, to the origin, and magnifying by €;?. The part of 8Q,(t)
which at t = 0 contains the origin is parametrized by ta(p,t) = € t(p, t, +
€2t). One easily computes that the curvature K, and velocity V, of the
rescaled boundaries 92, (t) satisfy the following estimates

|Knl+ |Kn,ol + |Va] < Cen, (9.2)
| Kn,s| = €n &t Pp,t =0, (9.3)

as well as '
- g(en)Kn - EnF

B(6n)
At this point we must consider two different cases, depending on the dis-

tance d, along the boundary 992,(0) of the point P, to the end of the arc
ta([P(tn), @Q(t)),0). Either d remains bounded, or else we may assume

Va

(9.4)
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that d, T oo after passing to a subsequence, if necessary; we shall refer to
these cases as blow up at a corner point, and interior blow up.

C}& 1-Interior blow up. For each n we choose Euclidean coordi-
nates in which the normal to 9(0) at the origin is vertical, i.e. in which
09,(0) is tangent to the z-axis.

Let 4 be the section of 8Q,(0) through the origin which extends a dis-
tance 26,/ in both directions. Then |Kn| £ Ceq implies |6,(s) —6,(0)] <
Cenls|, where s denotes arclength along §a, measured from the origin. We
have chosen our coordinates such that 6,(0) = —x/2. K (2n(8), ya(s)) is
an arclength parametrization of 45, we have

dz, .
dyn
=21 = lcosa(s)] = [sin(6a(s) ~ 6a(0))] < Cenls] < 2Cenlza(s)!

It follows that , is the graph of a function y = u"(z), which is defined on
an interval containing {|z| < e:”z}, and on which u™ satisfies

luf] € 4Cenlz] (S 4CVem),
lu?,| = |Kal (14 (u2)?)** < 2Cen,
|u"] € Ceaz?  (£C)

for large enough n.

Let v» be the subarc of 4, on which |z| < €172 and let 7q(t) be
the subarc of 80, (t) whose endpoints evolve normal to 8Qn(t), and which
at t=0 coincides with 9n. The normal time derivative of the tangent is
given by 6, = V, (see (10.1)). Using V = ®(6)K — ¥(6) , with &(6) =
9(8)/8(6),%(6) = F/B(6), one finds that

6] = [Va| < e1Cn,

for some constant ¢; which only depends on the Lo, norm of the derivatives
of ®,7, i.e. of f and B, with respect to 6 - in particular, ¢; does not depend

on n.
It follows that if —e~1/2 < t < 0, then v,(t) is still a graph y = u"(z,1).
We get the estimate

|u?| < 4Cy/fen + e1Cenlt| < (4 + €1)C /e,

and hence
3/2

'u:z| = ‘Kﬂ| (1 + (u"l)'l) < 2Cen

for large n.
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Since |V,| < Cen the endpoints of y,(t) cannot move farther than
Cenl/? during the time interval —€.1? <t <0, so that all the u™(z,t)’s
are defined when |z| < /2 -1, and -2 <t <0.

Using

2
Ugzz = (K (1 + Ui)slz)z = (1 + ui)z K, 4+ 3usu;: (1 + ui)ll K
and |K,| < Ce, one finds
luzezl < c2Cen;
2\1/2 .
from u; = (1+u?) '* V one obtains
luf| £ 2Cen.

At the origin we had |K, ,| = €. From uZ(0) = 0 it follows that at
the origin, and at ¢t = 0 we have

Uzz n
K= i = Ky = 1l (0) = e ©5)

Due to (9.4), each u™ satisfies a quasilinear PDE of the form

Uy = Qn(uz)uzz + Can(uz) (9.6)

where the Q, and B, are smooth functions, which converge as n — oo.
(See [AG, section 9.4] for the derivation of this equation.)

As n — oo the u™’s tend to zero; instead we must consider v™ = u"/e,,.
The v™’s satisfy v"(0,0) = v}(0,0) = 0; they also satxsfy the estimate
jvez], [vP| € C as well as the equation

= Qn(uz)v:z + Bn(uz). (9-7)
Since (9.7) is a quasilinear uniformly parabolic PDE, the bounds |v7,| +
|v?| < C imply that all derivatives of the v™’s are uniformly bounded on

compact subsets of (=L +1,L ~ 1) x (~L,0]. Therefore we can extract a
convergent subsequence, whose limit v(z,t) will satisfy

[ves| + |ve] < 4C, _ (9.8)
v = Qavsz + B, (99)

for some constants Q. and B,, and

Vezs(0,0) = &1 (9.10)
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Figure 9.1

It follows from v7,.(0,0) = %1 for all n, that v;.-(0,0) = %1, so that
vz2(z,t) is not constant. On the other hand, if one differentiates (9.10)
twice with respect to z, then one finds that w = v;; is a bounded solution
of wy = Quwz: on {(z,t) : 2 € R,—00 < t £ 0}. But such a solution
must be constant! The contradiction shows that K, cannot blow up in the
interior of 9€(t), i.e. away from the corners.

Case 2-Blow up at a corner. Assume that the distances d,, remain
bounded; let Qn(t) be the corner point of 952,(t) which is the closest to the
origin. Since the limit curve doesn’t develop self intersections, and since
the lengths of the arcs in d€(t) are assumed to be bounded from below,
the point Qn(t) will be uniquely determined for large enough n, and for all
t in the time interval —e; /% < ¢ < 0. In fact, given any R > 0, Qn(t) will
be the only corner in a disk of radius R centered at the origin.

For a general solution of (1.1) the velocity of any corner is bounded by
const X K, where K is the maximum of the two curvatures at the corner
in question. Thus we find that the velocity of our corner Qn(t) is bounded
by Cen.

At the corner Qn(t) two arcs meet. The unit normals to these two
arcs at the corner Q,(t) are prescribed by n = (6, 2), where {6,,62} cor-
responds to a bitangent to the Frank diagram. By rotating our coordinate
system, if necessary, we can arrange that neither of the tangents to the two
arcs is vertical at the corner, and that one of them points to the right, and
one to the left (as in figure 9.1).

/2

Let vn(t) be the union of the two arc-segments of length —er2/? em-
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anating from Qp (t) As in the previous case it follows from the curvature

and velocity bounds |Kn| + [Va| < Cen that for —€n /2 <t < 0 94(t) is
the graph of a function y = u®(z,t), which is defined for |z| < csen/?, for
some c3 > 0. Again, these u™’s are solutions of an equation like (9.6), and
they satisfy

luZzel + luzel + [uf] < caClen. (9.11)

If (€n(t),nn(t)) are the coordinates of the corner point @n(t), then we also
have

uz(én(t),t) = px
where ps = —cot 6, 2.

Since |Q',(t)| < Cen we also have |£.(2)], In4h(2)] < Cén.
We now introduce the functions U"(z,t) = u™({a(t) + z,t) and

i7(e,t) = (04 50 = pC2)

where p(z) = p4 if 2 > 0, and p_ if z < 0. The U™ satisfy the following
estimates: '

U2 = lui.| < 2Cen,
| |Ufeel = |u;e| < 2Cen,
|UP| = |uf]| + |uZl- [6n] < esv/€nCen + 2Cen < 3Cey,

if n is large enough.
A short computation shows that the v™ satisfy the following PDE

vi = QUL vz + (Q'(UD)Us: + eaB'(UZ) + {n(t))e] (9.12)

while they also satisfy v"(0,t) = 0. The bounds (9.11) imply that v
and vl, are uniformly bounded. Moreover, we have v}, (—£,(0),0) =
e tu?,.(0,0) = £1.

By interpolation the two estimates for |[Uf*| and |U], .| imply that U7,
and U7 are Holder continuous in time, of exponents 1 and §, respectively.
Therefore the quantities Q(U?), Q'(U?) and B'(U?) are uniformly Holder
continuous functions of z and t, except at z = 0; more precisely, they
are Hc;>lder continuous on [—cyen/?,0) x [—€n2/%,0] and on (0, csent’?] x
[-ex12,0).

Finally, the £,,(t) are also uniformly Hélder continuous of exponent 1,
since they are given by

_ QW)U + en B(UL))z=0

€)= — ,

in which [f]z=0 denotes the jump in f at z =0, i.e. f(0+,t) — f(0-,1).
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Thus the v™’s are solutions of uniformly parabolic linear equations,
whose coefficients are uniformly Holder continuous. By the classical interior
Schauder estimates for such equations both v} and v?, are uniformly Holder
continuous, and we can extract a subsequence for which v",vZ,v?,; and v}
converge uniformly on bounded sets. Keeping in mind that [¢},(t)|+|UZ,| <
Cen, we conclude that the limit of our subsequence is a bounded solution
of

¢ = Quvzs, v(0,t) = 0.

After passing to a further subsequence we may assume that the {,(t) also
converge uniformly, say to some £,. Then we have v;.(—§.,0) = £1.

Thus we have a bounded solution of v¢ = Q.v:: With v(0,t) = 0,
and vz.(—£.,0) = £1. But this is impossible, since any bounded solution
with zero boundary data must be a constant, zero in fact. Thus we have a
contradiction in the second case as well.

Q.E.D.

Geometry of the Interface.

10. Inflection points.

In [AG, section 7.3] we gave a heuristic argument which showed that for
a smoothly evolving interface “the number of fingers cannot increase with
time.” Here we’ll prove this result for the case of stable free energy, and
also for the case of unstable free energy.

In addition we’ll also prove the following result.

Theorem 10.1. Let Q: [0,T) — D% be a solution of (1.1). Then for
any given line £ the number of tangents to OSY(t) whick are parallel to £ is
finite (not counting facets); this number drops whenever such a tangent has
third or higher order contact with OQ(t), i.e. whenever the corresponding
point of tangency s an inflection point.

Let t(p,t) (P(t) < p < Q(t),0 < t < T) be an evolving curve in the
sense of section [AG, section 2.2], so that t, is always perpendicular to
the curve. In this section we shall regard all quantities as functions of p
and t, so that the subscript (:--): denotes differentiation in the direction
p = const, i.e. the normal time-derivative (in [AG, section 2.2] we called
this (---)°.

gf Gzp,)t) is the angle between the tangent ty(p,t) and some fixed di-
rection, then one of the transport identities ([AG, section 2.18]) says that
6, = —V,, where V(p,t) is the normal velocity of t, and V is its derivative
with respect to arclength. To eliminate the arclength from this relation,
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one introduces

I ey (0, )] = as(‘;‘)

and writes V, as V;(p,t)/J(p, ).

Using our first law of motion (1.1), which says g(8)K = B(6)V + F, as
well as the relation K = 6, = 6,(p,t)/J(p,t), we can eliminate both V and
K, and we get

= 55525 (TG0 % * 79) (o)
which has the form
6: = a(p,t)bpp + b(p,t)6, (10.2)
where
a(p,t) = Yg%o;—)',m >0,

and b(p,t) is some other expression involving 6(p,t) and possibly 6,(p,t).
Its precise form doesn’t matter: what matters is that both a(p,t) and b(p, t)
are well defined smooth functions whenever one has a smoothly evolving
interface, and that differentiating (10.2) with respect to p shows that x = 6,
also satisfies a linear parabolic PDE:

ke = a(p,t)kpp + (b(p,t) + ap(p,t))kp + bp(p, )k (10.3)

Since K = 6, = k(p,t)/J(p, ), the inflection points of the interface, i.e. the
zeroes of K, correspond to the zeroes of x = 6.

The case in which the free energy is stable. If our evolving
interface is a simple closed curve then ¥(p,t) will be a periodic function of
p, whose period is independent of time - we may assume this period is 1.
All other quantities (6,V and K) will also be periodic with period 1. Since
our solution is smooth, i.e. C®, it follows immediately from the results in
[A2] and the fact that 6, satisfies (10.3) that the number of zeroes of 6,( - t)
is a finite and nonincreasing function of t € (0,T), and that, except at a
discrete set of times {0 < ... <ty < tp41 < ...} (Which may accumulate
at t = 0), all zeroes of 6p(-t) are simple. In other words, the number of
inflection points is always finite, and does not increase with time.

Instead of applying the results from [A2] to 6, we could have applied
them directly to 6 itself; the conclusion would be that 6(-,t) only has a finite
number of zeroes, and that this number drops whenever one of those zeroes
is degenerate. Since zeroes of §(-,t) correspond to the vertical tangents to
O9(t), this proves the theorem, in the case that the line £ is vertical. To
reach the same conclusion for any other line, we could rotate our coordinate
system so that this line becomes vertical; alternatively, we could observe
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that 6(p,t) — ¥ is a solution of (10.2) for any constant ¥, if 6(p,t) is a
solution, and apply the foregoing arguments to 6(p,t) — 9.

' The case in which the free energy is unstable. Let t(p,t) be
an evolving arc both of whose endpoints are one leg of a corner, and for
which g(6(p,t)) > 0 holds for all P(t) < p < Q(t) and 0 < t < T. The
angles §(P(t),t) and 6(Q(t),t) then belong to a finite set determined by the
Frank diagram, and hence they are constant, say 6p and 6g, respectively.
The results from [A2] only apply to solutions of equations like (10.2) and
(10.3) if the solutions are defined on rectangles [P,Q] x (0,T) (with P
and Q independent of time). Fortunately this is no problem, since we can
introduce a new variable p' = (p — P(t))/(Q(t) — P(t)), running between
0 and 1, and verify that in the new (p',t) coordinates 6 still satisfies an
equation like (10.2) while 6, still satisfies one like (10.3).

Observe again that for any ¥ the function 6(p,t) — ¥ satisfies (10.2),
and either vanishes identically at p = P(t) or p = Q(t) (this happens when
Y and 6p or fg coincide), or else 6(P(t),t) — 9 # 0 and 6(Q(t),t) =9 # 0
for allt € (0,T). This implies that 6(p,t)— ¥ will only have a finite number
of zeroes for each 0 < ¢t < T, and that, except at a discrete set of times,
these zeroes will be simple, i.e. 6, # 0. The statement in the theorem is
nothing but the geometrical interpretation of these statements.

If we specialize the foregoing argument to the case § = fp or § = 6,
we reach the following conclusion.

Lemma 10.2. The curvaiure at a corner point can only vanish at a
discrete set of times {0 < ... < tp < tn41 < ...}. This sequence may
accumulate att = 0, but since the number of zeroes of either 6—6p or 6—6¢
must go down at each t,, the sequence cannot have any other accumulation
points. ‘

If we assume that our initial interface is admissible, i.e. if we assume
that all angles §(p, 0) are globally stable, then we must have 6p < 6(p,0) <
6q (or 6g < 6(p,0) < 6p). From the maximum principle it follows that
6p < 6(p,t) < 6q for all t > 0, so that the interface is admissible for all
positive times: an initially admissible domain 2(0) remains admissidle.

Admissibility of the interface implies that 6(p,t) — 6p 2 0, so that the
Hopf boundary point lemma for parabolic equations (see [PW]) tells us that
either 6,(p,t) # 0 for all 0 < ¢ < T or 8(p,t) = 6p. Thus for an admissible
snterface the curvatures at a corner point never vanish, ezcept on facets.

A consequence of this is that if Q(t) (0 < t < T) evolves according
to (1.1), is admissible, and has convez corners, then it has strictly convez
corners. '

If we assume that the curvatures at the endpoints of our evolving arc
are nonzero (as is the case for an admissibly evolving interface). Then
6,(p', t) satisfies an equation like (10.3) on the rectangle [0, 1) x (0, T), and
does not vanish on the sides [0,1] x (0,T) of this rectangle. Moreover the
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zeroes of 6,/ correspond to those of 6, and K, and hence to inflection points.
By theorem D of [A2] this implies:

Lemma 10.3. The number of inflection points on the arc t(p,t) is fi-
nite and nonincreasing in time, while ezcept at a discrete set of times all
snflection points of the arc are simple.

The tangent to an inflection point. Let Q(t) € 85(t) be a nondegener-
ate inflection point for ¢y < t < ¢;, and let ¥(t) be the angle of the normal
to 8Q(t) at Q(t). If H(t) is parametrized by v(p,t), then there is a smooth
function ¢(t) (¢o < t < t;) for which Q(¢) = v(g(t),t), and

k(g(t),1) =0, ie. gg@m,t) =0,

while
9(t) = 6(g(2),1).
Using k = 0 at the inflection point one finds:

9'(t) = 6,(q(t),1)q' () + 8:(q(t), 1)
= 64(q(2), )

= Zo,).

If Q(t) evolves according to (1.1), and the inflection point is nondegenerate,
as we have assumed, then we get

siy=2 (g(owc—F)

os \ B(6)
_ 9(6)
£ 0.

Therefore we have the following observation.

Lemma 10.4. The normal angle of the tangent of a nondegenerate in-
flection point of & smooth arc which satisfies (1.1) is a strictly monotone
function of time.

11. The evolution of convex pieces.

Let Q2 : [0,T) — D% be & classical solution of (1.1) with convex corners,
and consider a family of arcs I'(2) C 05(t). We shall assume that the arc
T'(t) contains no inflection points or facets, and that the end points of I'(t)
are either inflection points, or corners at which I'(¢) meets a facet. On each
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segment of T'(t) between corners, the angle (or GauBmap) 6 : T'(t) — R
is one to one, its range being an interval. Qur hypothesis that §(t) has
convex corners implies that the intervals one gets this way are disjoint. We
shall denote them by:

Jt= 0 I} = (60(t),61) U (62,63) U...U(620,020+1(2)),

=0

where 0; < 6;41 and J} = (625,62j+1). The 6; with 1 < j < 2n do not

depend on time, and if either of the endpoints is a corner connected to a

facet, then the corresponding 6y(t) or 62,41(t) is also independent of time;

otherwise, if the endpoint in question is an inflection point, then one has

6p(t) > 0 or 6;,,,(t) < O respectively. ' ‘
Define

Qr= |J 7' x{th Sr= U {6o(t),620+1(2)} x {2}.

0<t<T o<ti<T

Since the angle 6 is a good coordinate on the arc, we have a parametrization
X(6,t) of the arcin 6,t coordinates. The support function of the arcis given
by p(6,t) = (7(6,t),X(6,1)), and one can recover the parametrisation from
the support function via X(6,t) = p(6,t) - N(8) — ps(6,1) - T(6). It is well
known that the curvature as a function of (6,t) is given by k = —(pgs+p) 2.
In [AG] we showed that k(6,t) satisfies the following equation:

Ok _ ., [8%

where v(6,t) = p:(6,t) = (X,M) is the normal velocity of the arc (see equa-
tion (2.23) of [AG]). Combined with the first equation of motion A(6)V +
F = g(6)k, this equation gives a quasilinear parabolic PDE for the curvature
k, or, equivalently, for the velocity v(6,t) = V(6,k). This equation is:

8 _ (BB +F)? [8%
5= 9(6)B) [602 *"]'

If we are dealing with a convex simple closed curve, then k(6,t) is
defined and nonzero for all § € R/27Z; if, in addition, the free energy is
strictly stable for all angles, then g(6) > 0 for all 6, and the equation (11.2)
with periodic boundary conditions completely determines the evolution of
v(6,t), and hence of the domain Q(t). :

The continuity of the parametrization X (6,t) across the gap [62;-1, 62;]
in the angle domain J* implies a set of boundary conditions for v(6, t), one
~ for each gap. Recalling the relation between X and p, we find that the
condition X(62;j-1,t) = X(62;,1) is equivalent to

(P9 = PeT)(625-1,1) = (PT = PeT)(0:, t).

(11.2)
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If one differentiates this with respect to tune, and uses v = p; = (X¢,N),
then one finds:

(V0 — v T)(625-1,t) = (VI — v T)(625, ). (1;.3)

One can rewrite this as follows:
0(025—1., t) _ L . . 0(021', t)
(vo(%-;,t)) - R(02JV 021"'1) (00(02)', t) ) (114)

R(a)k! (cosa -sma) .

s1n COs &

where

If one of the ends of I'(t) is a corner whose other leg is a facet, then
we get an additional boundary condition for v at this end.

Let 65(t) = 6o be such an end, and let 6_; be the other angle of
the corresponding corner. The normal velocity of the adjacent facet is a
constant, namely —F/B(6-;). Since X (00 ,t) must lie on this facet, we have:

-F

(m(e_l) Xt(GO,t» ﬂ(g__ )
which implies

F
ﬂ(@_) ) sin(eo - 9-1 ) '

t)o(eo,t) = cot(Go b 0-1)v(€o,t) - (11.5)

12. A maximum principle.

Define J*,Qr and St as in the previous section, and let a,b,c: Q7 —= R
be given bounded functions, with a > 6 > 0. Consider a classical solution
ue C(QT)N C?*(Qr) of

us 2 a(6,t)ugs + b(6,t)up + c(6,1)u, (12.1)

which also satisfies the following boundary conditions:
u(62;-1,1) ) = A ( u(62;,1) >
(uo(ezj—x,t) =4, ug(62;,1) (12.2)

where A; = (f’ q,) and det(A4;) > 0,¢; < 0
i 8

The following theorem is a variation on the classical “strong” maximum
principle; the proof of our theorem uses many of the same ideas as the proof
of the classical theorem, which the reader can find in the book of M. Protter
and H. Weinberger [PVV]
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Theorem 12.1. Ifu> 0 on Sf, then u > 0 on Qr. Moreover, either u
vanishes everywhere in Qr, or u is strictly positive in Q1 \ St.

Proof. We shall first prove the weaker conclusion “u > 0 on Qr” and
then show that it implies the second statement in the theorem.

By considering e~**u(6, t) instead of u we may assume that c(6,t) < 0.

We may assume that the inequality in (12.1) is strict. Indeed, let
¥ € C*(R) be any function which satisfies the conditions (12.2); then for
sufficiently large 4 > 0 the function w = e**y() will satisfy the strict form
of (12.1), and one can apply the arguments given below to u + ew, for any
€ > 0; these will show that u + ew > 0 for all positive ¢, and hence that
u 2 0 on Qr. By the same arguments we may also assume that u > 0 on
ST, instead of merely u > 0 on St. -

To reach a contradiction suppose that u(6,t) < 0 for some (6,t) € Qr.
Then there exists a smallest t, > 0 such that u(6.,t.,) < 0for some 6, € J*.
Since u > 0 on ST, we have ¢, > 0, and by the classical maximum principle
for parabolic PDE’s 6, cannot be an interior point, so that it must be one
of the 6;’s (with 1 £ j < 2n).

First consider the case in which j = 2k is even. The Hopf boundary
point lemma implies that ug(62x,t.) > 0. If one combines this with the
boundary condition (12.2), one finds

u(b2k-1,%s) = pru(b2x,ts) + qrue(b2x,ts)
= qrug(b2k,ts) (12.3)
< 0.

This is a contradiction, since u > 0 for ¢ < ..
/ !
Given the observation that A;l = (f,’ gf ) with
J %)

' —q;

% = Qet(4)

>0,

one can deal with the other case, in which j is odd, in the same way as the
case in which j is even.

The second statement in the theorem may be proved as follows. As-
sume that the solution is not identically zero. By the ordinary strong max-
imum principle we must have u > 0 everywhere in Q7. Thus if u vanishes
somewhere in Qr \ St, then thereisat, > 0 and 2 §; (1 < j < 2n) for
which u(6;,t.) = 0. But now the Hopf boundary point lemma and the cal-
culation (12.3) lead us to the same contradiction we had above. Therefore
u must be strictly positive if it doesn’t vanish everywhere.

Q. E.D.
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Addendum 12.2. If 6(t) = 6y and 63n41(t) = 62041 are constant, and
if one assumes that u(8,t) satisfies

ug(bo,t) < mo(t)u(bo,t),  ue(62n41,t) 2 Mi1(t)u(62a41,t)  (12.4)

for 0 <t < T and for certain continuous functions m; : [0,T) — R, then
the conclusion of theorem 12.1 still holds.

Proof. We shall show that the boundary condition (12.4) implies that
u > 0 on Qr; strict positivity in the interior of Qr then follows from
theorem 12.1.

By replacing u with u 4 ew for arbitrary small ¢ > 0, and for some
w = et'4)(6), we may assume, as in the proof of the previous theorem, that
u>0att=0. |

If there were some (6,t) such that u(6,t) < 0, then one could choose
a minimal ¢, > 0, for which there exists a 6, with u(6.,t.) = 0. The
proof of theorem 12.1 shows that 6, cannot be an interior point or one of
the 6,,...,6:2,, so that 6, must be either 6y or 62,41; we shall assume the
former.

Since u > 0 for t < t, it follows from the Hopf boundary point lemma
that ug(6o,t«) > 0. On the other hand the boundary condition (12.4)
implies that ug(6o,t.) < mo(te)u(6o,t.) = 0. Thus we have a contradiction
which shows that u > 0 on Q7.

Q.E.D.

13. Containment.

In this section we shall prove the inclusion theorem 3.3 of Section 3, and
also describe the counterexample that was mentioned there.

Let ;2 : [0,T) — D*° be two admissible classical solutions of (1.1)
which have convez corners, for which £,(0) C Int(£22(0)), and assume that
there is some t. > 0 for which the boundaries of Q,;(t) and Q2(t) meet. We
may assume that t, is the smallest t > 0 for which this happens. Let P be
some point in the intersection 82, (¢.) N 8Q2(¢.). By the strong maximum
principle P must be a common corner point of 02; (t.) and 8§;(%.). Denote
the angles corresponding to this corner by a < 8, and let p; 2(6,t) be the
support functions of 80, 2(t) near (P,t.).

Since curvatures at convex corners of admissible solutions never vanish
(see section 10) the angle 6 will be a good coordinate on both curves 85 (1)
in a neighborhood of P and for ¢ close to t.. Thus, if we chose € > 0 small
enough, then the p; 2(6,t) are well defined on Q = J x [t. — ¢,1.), where
J=(a-¢a)U(B,B+e¢).

The support functions satisfy p; = —(pes + p)~?, as well as the jump

condition ( ;:((ﬂ;é,tt))) =R(f-a)- ( ;:((t,tt))) |

11 November, 1991 33




Sigurd B. Angenent & Morton E. Gurtin

Figure 13.1

Moreover, it is geometrically evident that p;(6,t) > p;(6,t) on Q, except
at (a,t.) and (B,t.) (see figure 13.1).

The difference w(6,t) = p2(6,t)— p1(6,t) then satisfies a linear parabo-
lic equation, wy = a(6,t)(wes + w), for some smooth a(f,t) > 0. Since
Q,(t.) and 2(t.) are tangent at the corner point P we have w(a,t.) =0
and w(B,t.) = 0. On the other hand we have just observed that w(6,t) > 0
at all other points in @, so that the maximum principle of the previous
section tells us that both w(a,t.) > 0 and w(B,t.) > 0, which is a contra-
diction. Therefore the closed domain §2, (t) must be contained in the open
domain §2,(t) for all times ¢ at which both are defined.

The counterexample. Assume the Frank diagram is as in figure
13.2: it has two inflection points, and only one bitangent. This bitangent
meets the Frank diagram at the angles {6;,6.}, and these angles correspond
to the only allowable corner which any € ©*“ may have.

We let §; € D** be a convex domain whose boundary has strictly
negative curvature; this domain must have exactly one corner, P.

For Q; € D% we choose a domain which contains ;, and whose
boundary also contains the point P. However, we assume that P is a
smooth point of 82, which we can do since we allow the tangent angle
6qa,(P) to be stable, but not strictly stable. The reader can easily verify
that we can choose §; so that the curvature of 82, at P is any prescribed
value. These means that we can prescribe the normal velocity of 992, at P,
and in particular that we can choose §2; so that the corner P(t) of Q;(t)
will pierce through 8Q,(t) as both domains evolve according to (1.1) (see
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Figure 13.2, 13.3

figure 13.3.)

14. Proof of theorem 3.2.

Let © : [0,T) — D% be 2 maximal classical solution of (1.1) with T <
oo, and assume that neither of the two conditions E2 or Es of our main
existence theorem 3.1 occur. Assume in addition that §2(t) only has convex
corners. Then theorem 3.2 asserts that for any 6 > 0 thereis a 75 > 0 such
that at ¢ = 75 one has as(0(7s) > 7 — 6.

In this section we shall prove this, arguing by contradiction; thus we
shall assume that there is some é§ > 0 such that as(0(t) < 7 — 6, for any
0 <t < T. Using a blow up argument we shall show that this is impossible.

Choose sequences ¢, T T and P, € 05(t,) such that |K(P,t)] <
|k(Pn,tn)| for all 0 < t < t, and P, € 95(t,), and define the following

“blow ups” of (2):
Qn(t) = én(tn + e:zzt))’
where 2P,
€

Then Qn : [~ta/€%,(T — ta)/€2) — D> is a solution of

€n = 'k(Pmtn)l-ls ¢"(z) =

BO)V = g(O)K — enF, aay

while the capillary force € is still continuous on 8§,(t). Moreover, the
curvatures of 8§2,(t) for t < 0 are uniformly bounded by |Ksq, ()] < 1;
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the arguments of section nine then show that the Kpq, (1)’s are uniformly
Lipschitz, and in fact that all derivatives of the curvature (with respect
to arclength ) are uniformly bounded for ¢t < 0. After passing to a sub-
sequence, if necessary, we may assume that the 8Q,(t) converge to some
limit family Qoo(t) (—o0 < t < 0) of domains (the “convergence” here is to
be understood as follows: for any ¢y, R > 0 the curve 82,(t) N Br(0) con-
verges in the Hausdorff metric on compact sets in the plane to 8QoNBR(0),
uniformly on the bounded time interval -ty <t < 0.)
The limit family is a classical solution of

BV = g()K,

it satisfies :
|Ksqn. (P,t)] <1 for all P € 0Q(t),t < 0;

moreover the origin lies on 02,(0), and
|Ksa.,(0,0) = 1.

Since 0S(t) does not shrink to a point (by assumption-otherwise Eg would
occur), the blow up domain Q2(t) can never be a bounded domain.

Lemma 14.1. () s convez.

Proof. We shall show that 8(t) contains no inflection points, and that
all its corners are convex; the lemma follows easily from these two facts.

Let Q(to) € O20(to) be an inflection point. Since inflection points are
always nondegenerate, except at a discrete set of times, by theorem 10.3
we may assume that Q(fo) is nondegenerate; in particular, 0Q.(t) has a
nondegenerate inflection point Q(t) near Q(¢o) for t close to ¢o, and the
motion of this point is smooth in time. Let a(t) be the normal angle of
the tangent to 0Q(t) at Q(¢t). By lemma 10.4 it is a strictly monotone
function of time.

Our original domain §2(t) has a finite number of inflection points in
its boundary, and this number does not increase with time, so there must
be a t; < T such that this number is constant when ¢; < ¢t < T. Let
Q:1(%),...,Qm(t) be the inflection points of 8(t), and denote their normal
angles by @1(t),...,am(t). These angles are bounded monotone functions
of time (lemma 10.4 again), so they have limits lim17 ;(t) = o(T).

After passing to a subsequence once more, if necessary, the inflec-
tion point Q(t) of the blown up domain can be written as the limit of
#a(Q;(tn + €t))’s, for some fixed j € {1,...,m}. Since the curves 8Q4(t)
have bounded curvatures, their tangents will also converge, and hence we
find that a(t) = a;(T) for all ¢ near ¢,. But we have just observed that
a(t) cannot be constant, so we have a contradiction; therefore there cannot
be any inflection points in 0Qc(2).
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Next we consider the corner points of Qc(t); let Q(t) be one of them,
and denote the corner points of §(t) by Pi(t),...,Px(t). After taking yet
another subsequence we may assume that Q(t) is the limit of Qa(t) =
én(Pj(tn + €4t)) for some fixed j.

Consider the tangent cone I'n(t) to Qa(t) at Qn(t):

=N { 4=
= () { {2 le € 3@ 20 |

Since any bounded part of any smooth component of 92,(t) converges in
C® to the corresponding component of 8o(t), the tangent cones I'n(t)
will converge to the tangent cone I'eo(t) of Qoo(t) at Q(t); since each I'n(t)
is convex, I'o(2) is also convex.

If both components of 8. (t) which meet at Q(t) are facets, then near
Q(t) the domain ..(t) coincides with its tangent cone, and hence it must
be convex.

Assume therefore that at least one of the two arcs which meet at Q(to),
say (o), is not a facet, and denote its curvature at Q(to) by «(2o). Clearly
we have x(tp) < 0, for if x(to) > 0, then the curvature at Qna(to) of the
corresponding arc in 82,(%o) would also be positive, and Qn(to) would not
be a convex corner of $2,(%o).

Suppose that x(tp) = 0. By lemma 10.2 the number of points on
00 (t) whose normal angle 6 equals g must drop as t increases beyond
to (here 6g is the normal angle of 4(t) at Q(t).) In particular, for t < to
there must have been at least one other point on +(t), besides Q(t), at
which § = 6, and between this point and Q(t) there must have been an
inflection point. This cannot be, however, since we have just shown that
00 (t) doesn’t have inflection points.

Thus «(tp) < 0 and Q(?o) must be a convex corner point.

Q. E.D.

So we see that the blown up domain is convex, and its boundary con-
sists of a finite number of smooth arcs vo(t),...,7n(t). We may order these
arcs so that the end point of 7(t) is the begin point of 7;+1(t). If one of
these arcs, say 7;(t), is a facet, then it cannot contain more than one corner
point; should both of its end points be corner points of Qc(t), then both
arcs adjacent to 9;(t) would have the same normal angles at the corner
points of 4;(t), and one of these two corner points would not be convex.

Thus if O(t) contains a facet, this facet must be either yo(t) or
Tn(t). :

Just as in section 10, the range of the normal angle 6 : 8Q.,(t) = R is
the disjoint union of intervals J* = (8o(t), 61)U(62,63)V...U(624,62n41(2)).
In the present situation we can also prove the following. -

Lemma 14.2. 6p(t) and 62n41(t) are independent of t, while 63,41 — 6, <
w—6. : .
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Proof. Our hypothesis as(92(t)) < 7 — § implies that the rescaled do-
mains satisfy ag/, (02a(t) < 7 — 6, and after taking the limit this be-
comes ap(0Qoo(t) < 7 — &6 for any R > 0,t < 0. In particular we get
O2n41 —6p < - 6.

If 4o(2) is a facet, then 6, and 6; coincide, and 6,(¢) is constant.

If 70(t) is not a facet, then it is an unbounded convex curve whose
asymptotic direction has normal angle 6y(t). The curvature of 0Qc(t) is
bounded by |K| < 1, so the normal velocity of 8Qc(t) is also bounded:

90) gl < gup | L&)
ZO)

This prevents the asymptotic direction 6o (t) to change, since such a change
would require 7o(%) to “rotate.”

In either case 6,(t) does not depend on t, while the same arguments
can be used to show that 62,41(t) doesn’t change either.

Vi=

|}<oo.

Q.E.D.

As we observed in section 11, the normal velocity v(6,t) of 0Q(t)
satisfies 86) ,

v = 70 v? (ves + v) (14.1)
for 6 € J, and t < 0 (see (11.2).) Across the gaps in the domain J, the
velocity v satisfies the boundary conditions (11.4). If the arc 4¢(2) is a
facet, then 6, and 6; coincide, so that the open interval (6,6;) is empty,
and vy is only defined on J = (62,63) U...U (620,62n+1); in this case the
first boundary condition of the form (11.4) must be replaced by (11.5), i.e.
by

vo(ez,t) = cot(Og - 01) . U(OZ,t). (14.2)

If 4n(t) is a facet, then 63, and 62n41 coincide, and we get the following
boundary condition for v at § = 024-3:

vo(ng-l,t) = cot(ez,. - 02,;_2) - v(02n-1,1). (14.3)

If one of the end arcs of O00() is not & facet, then the following lemma
gives us the boundary behaviour of v at § = 6 or 6 = 6244..

Lemma 14.3. If 90(t) is not_a facet, then limg;p, v(6,t) = 0, uni-
formly on bounded time intervals. Likewise, if vn(t) is not a facet, then
limg1s,,4, v(6,t) = 0, uniformly on bounded time intervals.

Proof. Without loss of generality we may assume that 6, = —Z, and that
70(t) is not & facet; the other case is proved in the same way.

Given any ¢, < 0, we can find & { < 0 such that for t, < ¢t < 0 the
part of 7o(t) in the half plane {z < £} is given by the graph y = h(z,t) of
a smooth function h. Our assumptions imply that
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t hze > 0 (Roo(t) is convex),
# hz(z,t) = 0 as z | —oo, (since 6 = —F), and hence k.(z,t) > 0.
Moreover, h is a classical solutxon of a parabohc PDE of the form

he = a(hs)hz:.

By choosing ¢ larger negative, we can ensure that h; < 1 for z < §,t €
[to,0]; the boundedness of the curvature then implies that h;; = K(1 +
h2)*/2 is also bounded uniformly. Together with classical parabolic esti-
mates this then implies that all derivatives of h are uniformly bounded,
and hence, by interpolation, that k;.(z,t) — 0 as z | 0, uniformly in
t € [to,0].

. Now let € > 0 be given. We shall find a 6 > 0 such that |K| < €
whenever 6 < §, and t € [to, 1], which is what is claimed in the lemma.

First choose £ < £ such that k. (z,t) < eif z < € and tp <t < 0;

then choose § as follows:

tané = loISr%fSO he(£eyt).

If Q € 70(2) is any point with 6(Q) < &, then the z coordinate of Q must
satisfy z < £, and hence the curvature of 0S2.(t) at Q is bounded by

hzz

k= | amyn

< |hzz| < e

Q.E.D.

To complete the proof of theorem 3.2 we shall construct a supersolution
of (11.2), and use the maximum principle of section 12 to conclude that our
blown up solution v(6,t) must vanish. This furnishes us with a contradic-
tion, since we have, by construction, |v| = |g(8)/B(6)k| = ¢(8)/8(6) # 0,
at t = 0, at the origin. The contradiction shows that blow up cannot occur
under the hypotheses of theorem 3.2.

We must consider three (slightly) different cases, depending on whether
the ends of 8Q.(t) are curved or flat.

First we deal with the case in which neither vo(t) nor v,(t) are facets.

Assume that J C [6/2,7—6/2], and let W(8) = W(), 6) be the solution

on J of

w'(6)+WwW(6) = W (';) eV (14.4)

W(6p) = sin by, W'(6o) = cos by, (14.5)
W(62;) \ _ o N [ W(625-

(wigp) =mem-a (W) s
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For A = 0 the solution is given by W(6) = sin 6, and by continuous depen-
dence on parameters W (), 6) is defined and strictly positive on J for small
enough A > 0; we fix such a .

If we choose u > 0 large enough, then
W(A 6)
TVt
is a super solution of (14.1). Indeed, if u > sup, 1/9(6)/22B() then we

w(b,t) = w(A, p;6,t) =

have:
B(6) B(6) 1\ uW(6)
= e+ = (W - 3) S

2 0.

Now compare w(6,t+7) and v(6,t) for some given 7 > 0 on the time interval
-7 <t<0. Ast | —7 we certainly have w(6,t +7) > v(6,t),and as 6 | 6,
or 6 T 62n41 lemma 14.3 tells us that we also have w(6,t + 7) > v(6,1);
the difference w(6,t + 7) — v(6,t) satisfies a linear parabolic inequality like
(12.1), as well as the boundary conditions (12.2), so that our maximum
principle of theorem 12.1 implies w(f,t + 7) > v(6,t) for all § € J and
t € (—7,0]. By fixing ¢ and letting 7 T 0o we get v(6,t) = 0 for all 6, ¢.

Next we consider the case in which 7o(t) is a facet, but y,(¢) isn’t. In
this case §, = 6;, and we define W to be the solution of (14.4) and (14.6),
but now with the inital conditions

W(6y) = sin(6; — 6,), W'(6o) = cos(62 — 6,). (14.7)

Just as before we define w = uWt~1/2, and one verifies that for large
enough u and small enough A w is a super solution of (14.1). Moreover,
w satisfies the same linear boundary condition (14.2) as v, so that we may
apply the maximum principle contained in the addendum 12.2, to conclude
that w(6,t + 7) > v(6,t) for 6 € J and t € (—7,0]; letting 7 T 0o we again
find that v must vanish for all 6,t.

The case in which v,(t) is a facet, but 4¢(2) isn’t can be dealt with in
the same way.
~ The last case which we have to consider occurs when both () and
7n(t) are facets, so that 6 = 6, and 62, = 62n4+1. In this case we define
w(6,t) to be the same as above, in the case of one facet, and we observe
that at 6 = 6,1 we have for small enough A > 0:

wp(b2n-1,%) 2 cot(b2n — O2n-1)w(b2n-1,1);
indeed, recall that as A | 0 we have
we _ Wa - cos(f2n—1 — 6,)
w W sin(63n—3 — 6,)
= —cot(m + 6; — 62n-1)
> —cot(62n — 620-1),
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since 87y, — 01 = 93,,4.1 -6y <.
Therefore we may apply the maximum principle of addendum 12.2

again, and conclude that v vanishes.
Q.E. D.

15. The four node theorem.

In this section we consider the unique steady state which exists if F' < 0,
and we study the linearised flow near this steady state. In particular we
prove that any initial value o which lies on the stable ma.mfold of Q. has
at least four nodes.

From here on we shall assume that the free energy is strictly
stable, i.e. that f""(6) + f(8) > O for all angles 6 € R/27Z.

As in section 11, we can represent any C? convex region up to a trans-
lation by its curvature k as a function of the angle 6, or by the equivalent
quantity v = V(6,k) = (g(6)k — F)/B(6). We recall from (11.2) that the
evolution of convex domains is then described by the following initial value
problem -

ov - (B(6)v + F)? [621) +v]
ot 9(6)B(6) 1066

v(6 + 27,t) = v(6,1) (v6,1)
v(6,0) =v(6)  (V6)

(15.1)

Since the curvature of the boundary of a convex domain is negative (in
our conventions), we shall only consider solutions of (15.1) which satisfy
v(6,t) < —F/B(6) (this condition is equivalent to k < 0). Moreover, we
shall only consider those v’s which correspond to closed curves; recall that
a function k(f) determines a closed curve if and only if the first Fourier
coefficient f:" e°k(6)~2df of 1/k(6) vanishes. This prompts us to define
the following spaces:

o« {veh"(R/21rZ) v(f) < = B foraeR/27rZ}
a_ o 0 £'(6) + f(6)
xe={veo /o g rors LELIE

for a € (0,1), and
O = O° A R¥(R/27Z),  X*° = X® N hP*(R/27Z).

The reader can easily verify that X is an analytic submanifold of O of
codimension two.
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Theorem 15.1. The initial value problem (15.1) generates an analytic
local semifiow on O%, which leaves X invariant.

Proof. The initial value problem (15.1) is quasilinear, of the form u'(t) =
A(u(t))u(t), where the operator A(u) : h2#(R/27Z) — hP(R/27Z) (with

0 < f < a) is given by
o)) = BOWO +FP

For any u € O° this operator with domain dom(A4) = h?#(R/27Z) gen-
erates an analytic semigroup on A#(R/27Z). This allows us to apply the-
orems 2.11 and 2.12 of [A3], and conclude that (15.1) generates a local
analytic semifiow on O°. .
To show that the submanifold X© is invariant under ¢!, one observes
that along any solution of (15.1) one has k; = k?(vgg + v), and hence
d 2" eif

2
— — —_ 6 =0. .
&), ®eD dé -/o e (ves +v)df =0

Q.E.D.

One can determine all the fixed points of the local semifiow ¢!; they
are exactly the solutions v() of v"(6) + v(6) = 0, i.e. they are given by
v(6) = V cos(6—a) for some a € R/27Z and V 2 0. Clearly these functions
can only belong to the space O if F' < 0; conversely, if F' < 0, then there
exist Vx(a) > 0 for every a such that v(6) = V cos(6 — a) belongs to O if
and only if =V_(a) <V < Vi(a).

Therefore we shall assume throughout this section that F < 0.

Lemma 15.2. If F <0, then v =0 is the only fized point of the semifiow
which lies in X°. ‘

Proof. (cf. [AG, section 6.3]) First we note that v = 0 satisfies the closing
condition, since

2r
H / (5 (6) + £())db = 0.

Thus v = 0 does indeed belong to X®. To show that v = 0 is the only
candidate solution which corresponds to a closed curve, we consider

2 cos(f -«
DO = [ s "6) + O

If v = Acos(f — a) satisfies the closing condition, then D(A) must vanish.
By differentiating under the integral one easily verifies that D'(A) < 0,
which shows that D()) can only vanish for one value of ); we have just
seen that this value is A = 0.

Q.E.D.
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This lemma tells us that there is exactly one domain 2 (up to trans-
lation) which does not change under the evolution prescribed by (1.1). We
can remove the ambiguity in the definition of by requiring the origin to
be the center of mass of this domain; we shall denote the resulting domain
by (..

Lemma 15.3. The fized point v = 0 is a hyperbolic fized point for the
restricted semiflow, ¢* |xe« . Its unstable manifold is one dimensional.

Proof. To begin with, v = 0 is a fixed point of the semiflow ¢* on O°,
so that the linearization of the semiflow at 0 is a one parameter semigroup
d¢'(0) = e'“ on the Banach space h*(R/27Z); this semigroup is analytic,
and its generator is obtained by linearizing (15.1) at 0. The operator one
gets is of Sturm-Liouville type:

4= ﬂ(;;gz(e) {dd; “}’

with dom(A) = h?*(R/27nZ). The spectrum of A consists of eigenvalues
which may be ordered as A\g > A1 2> A2 > A3 2 A¢ > As---, and the
eigenfunctions corresponding to the pair of eigenvalues {Azj-1,A2;} have
exactly 27 simple zeroes in R/27Z; the eigenfunction corresponding to the
first eigenvalue, Ag is positive.

By inspection one finds that 0 is a double elgenvalue of A, with eigen-
functions sin # and cos §. Since these eigenfunctions have two zeroes, their
eigenvalues must be A; and A;. In other words, we have found that \; =
Ay=0,s0that Ag > 0> A3 2 A >---.

To see whether 0 is a hyperbolic fixed point of ¢! |x« , we must consider
the linearization of the semiflow on X @, i.e. the restriction of e'4 = d¢*(0)
to the tangent space Tp(X ) of X at 0. Since X is invariant under ¢,
the tangent space Tp(X ®) is invariant under e'4, so that the restriction of
€' does indeed define a one parameter semigroup on Tp(X ).

By linearizing the defining equations of X one finds that the tangent

space To(X?) is gi\_ren by
/ 0 306 6 a5 = o}
0 B(6)?

This space does not contain any of the eigenfunctions of A which have
eigenvalue 0, i.e. it does not contain sin(6 —a) for any @ € R. Since Tp(X*)
has codimension two in A*(R/27Z), we can write h*(R/27Z) as the direct
sum h®(R/27Z) = To(X®) & Z, where Z is the subspace of h*(R/27Z)
spanned by sin 8 and cos . This splitting is invariant under e*4, and Z is
exactly kern(A), so that the spectrum of A restricted to Tp(X®) consists
of all eigenvalues of A, except 0. Hence v = 0 is indeed a hyperbolic fixed
point of ¢, with a one-dimensional unstable manifold.

To(X*) = { € h(R/2rZ)

Q.E.D.
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Recall that we had defined a node on the boundary 89 of a domain
© € D¥° to be a point P at which the normal velocity V vanishes, i.e. a
point where g(6)K — F = 0. In [Al, part 2] it was shown that the number
of nodes of a family of domains §(t) which evolves according to (1.1) does
not increase with time.

Theorem 15.4. Consider a domain Sy € D> whose corresponding solu-
tion Q(t) to (1.1) ezists for all positive times, and for which (t) converges
to Q. ast — co. Then Qo has at least four nodes.

Proof. We assume that Q(t) converges in C? to Q2,. The convexity of
1. then implies that §(¢) is convex for sufficiently large ¢. We shall show
that if ¢ is large enough, then Q(t) has four nodes, and since the number
of nodes is nondecreasing this will establish that 2 also has at least four
nodes. _

For large t the domain (t) is convex, and we may represent it by its
normal velocity function v(6,t), which is a solution of the linear parabolic
PDE

ve = a(6,t)(ves + v),

where a(6,t) = (B(6)v(6,t) + F)*/B(6)g(6).

Since §2(t) — $., the velocity v decays to zero, and since v = 0
is a hyperbolic fixed point of our semiflow ¢!, the velocity will decay at
" an exponential rate. It follows from the results in [He2] that v(6,t) =
Ce*i'w(8)(1+0(1)) as t — oo, where w(6) is some eigenfunction of 4, with
eigenvalue )\;, and C is some non-zero constant. Since v tends to zero, the
eigenvalue \; must be negative, so that j > 3 and so that w(6) has at least
four simple zeroes. Thus, for large enough ¢, the velocity v(6,t) will have

at least four zeroes.
Q. E.D.

16. Large time asymptotics.

In this section we consider a solution §2(t) which encloses the steady state
., and which will fill up the whole plane R? as ¢ — co. We show that
the domain (), rescaled so that its diameter becomes O(1), converges to
a fixed shape, namely, the Wulff region of 1/5().

In the previous section we have seen that v = 0 is a hyperbolic fixed
point of the semiflow ¢' of X®, and that its unstable manifold is one di-
mensional. This unstable manifold consists of two trajectories; we shall
denote the corresponding solutions to the PDE (15.1) by v*(6,t). These
solutions are only well defined up to a time translation, i.e. for any ¥ the
functions v*(6,t + ¥) would have been acceptable solutions representing
the trajectories on the unstable manifold. We shall assume that we have
chosen a particular pair of solutions from these time translates.
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The solutions v*(6,t) are in principle only defined for ¢ sufficiently
small, i.e. for —oo < t < t4+. Ast — —oo the vy will decay exponentially:

v(6,t) = £Cae™*wy (6)(1 + o(1)),

as t | —oo for certain positive constants C4 and C—; A; and w;(6) are
the principal eigenvalue and function of the linear operator A which we
encountered in the previous paragraph. In particular, we may assume that
w;(6) > 0 for all 6. This implies that both v*(6,t) and v (6,t) are positive
for all 6,t. Likewise v~ and v, are negative for all § and t. In what follows
we shall study the behaviour of the positive solution.

We leave the precise behaviour of the negative solution as & (par-
tially) open problem. The negative solution corresponds to a solution
of (1.1) which is convex, which shrinks, and which does not exist for all
time. . Indeed, if m(t) = maxgv(6,t), then it follows from (15.1) that
m'(t) < Cm(t)?, where C = ming 8(6)/9(6); by integrating this differ-
ential inequality one sees that m(t) | —oo in finite time if m(t) < 0 for
some t € R. Thus the solution to (1.1) corresponding to v~ becomes sin-
gular in finite time. It is not clear whether it will shrink to a point, and
what its asymptotic shape will be. However, under an extra condition on
the coeficient () M. Gage has shown that the solution is approximately
self similar ([Ga]).

Concerning the positive solution v4 we shall prove the following.

Lemma 16.1. v4(6,t) is defined for all positive times, and as t tends to
infinity, v4(6,t) converges monotonically to v>°(6), where v™ is defined by

v2(6) = sup {3-9(6) |Vaers - N(@) <h()},  h(a)= —x.

3€R? B(e)
Moreover v®°(8) is the support function of |F|2T(B~?), where T(B~1) is the -
Wulff region for B~ defined by (3.1) with f = 572,

Proof. We first show that v*(6) is the support function of |FI2D(71).
Let A(6) = {3 € R? |3-9%(6) < h(6) }. Then I'(h) is the closure of the
intersection over all 6 of the halfspaces A(6), and

v>(6) = sup {3-9(6 |3 € T(R)° };
3eRr?

thus, since I'(h) is convex, v™°(f) represents the support function of I'(h).

Next, for as long as v*(6,t) is defined it represents a solution of (1.1)
which is convex, and whose curvature is bounded by F/g(6) < k(6,t) < 0.
By our main existence theorem 3.1 this solution cannot become singular in
finite time, so that v*(6,t) is defined for all t € R.
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The velocity v(#6,1) is an increasing function of time, and it is bounded
from above by 0 < v(6,t) < —F/B(6); therefore it must converge to some
limit function ©(6), which is also bounded by 0 < () < —F/B(6).

It also follows from v; > 0 and (15.1) that vgy > —M, where M =
supgcr —F/F(6). From this we may conclude that |vs| < 27 M. Indeed,
for any given t € R there must exist a 6 € [0,27] at which vg(6o,t) = 0;
for any other 6 € (6,6, + 27) we then have

6
ve(6,t) = ves(9,t)dY 2> -2 M
6o

6o+2~7
= —/ vee(U,t)d¥ < 27 M.
é

So the v(6,t)’s are uniformly Lipschitz continuous, and they must converge
uniformly to ¥; this limit must also be Lipschitz continuous, with constant
27 M. Moreover, in the sense of distributions we have

7' +92>0.

To complete the proof we must show that ¥ = v®°.

Clearly we have t(6) < —F/B(6) for all § € R. Assume that for some
6, this inequality is strict. Then, by continuity, there is an € > 0 such that
9(6) < —F/B(6) — e for |§ — 65| < ¢, and hence also v(6,t) < —F/B(6) — ¢
for | — 6y < eand all t € R. On the strip S = (6o — €,60 + €¢) x R we
then have a bounded increasing solution of the uniformly parabolic PDE
ve = (Bv + F)?/Bg(ves + v), and it follows from the Schauder estimates
for such solutions that all derivatives 83 v(6,t) are bounded, and uniformly
convergent on any subinterval (6, — €',60 + €') with € <€, ast T oco. The
limit of ©(6,t) must be a smooth equilibrium of the PDE, i.e. it must satisfy
"+9=0.

So far we have found that the limit ¢ satisfies 0 < ©(6) < —F/B(6), is
Lipschitz continuous, and on the set of 6’s where () < —F/S(6) holds, &
is a smooth solution of " 4+ ¥ = 0; i.e. it is of the form Asin(f — a). Since
9 is positive, 5(8) < —F/B(6) cannot hold on any interval of length = or
more; on such an interval ¥ would coincide with Asin(é — a), which has a
zero in any interval of length > .

The following two lemmas imply that v*™° and ¥ coincide, and hence
they complete the proof of Lemma (16.1).

Lemma 16.2. ¥ <v*™.

Proof. Choose A, a such that Asin(f) — a) = v*°(6;) and sin(f — a) <
—F/B(6) for all 6 € (o, + 7). We claim that there exist 6;,6; € (a,a+7)
such that

(i) 01 < §p < 02, and
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(i#) Asin(f; — @) = 5k for j=1,2.

To find 6,, we choose P and Q such that Asin(f — o) = w(f — 6,), where
w(6) = Psin6+Q cos 6. Suppose that w(6—6y) < —F/p(f) foralla < 6 <
6o; then, for any P > P sufficiently close to P, we have w(6—6o) < —F/B(6)
for all 6 € (a,a + 7), while w(6y) = w(6o) (here w(6) = Psinb + Qcosb.)
Thus for sufficiently small ¢ > 0 we also have (1 + e)w(6) < —F/B(6). But
1+ e)w(e) is of the form Asin(6 — &), so that

v®(60) > (1 + €)5(60) > w(6o) = v™(6o)-

The contradiction shows that 6; must exist after all; a similar argument
shows that §; exists as well.

Define w(6) = Asin(6 — a). Comparing w with our solution v*(6,t) of
(15.1), we find that v*(6),t) < w(6o),v*(8',t) < w(6') for all t € R, and,
since v*(6,t) | 0 uniformly as t | —co, we also find that v*(6,t) < w(6) for
all 6y < 6 < @, if t is small enough. By the maximum principle we then get
vt(6,t) < w(h) for all 6, < 6 < 6' and all t € R. Taking the limit ¢ T oo
this shows that ©(6p) < w(6y) = v™(6p). Since 6, was arbitrary, we have
proved that ¢ < v®™°.

Q.E.D.

Lemma 16.3. v* <o

Proof. Let Asin(6—a) < —F/B(6) for a < 6§ < a+n. We shall show that
Asin(f — a) < U on the same interval; since v™° is defined as the supremum
of all such Asin(6 — a)’s the Lemma follows from this.

Let A < A be the largest A for which A sin(6—a) < 5(6) on (a, a+7),
and essume that 4 < A.

For some 6, € (a,a + 7) one will have Asin(6, — a) = 5(f). At
this value of 6 one will also have #(6;) = Asin(6, — a) = Asin(f, — @) <
—F/B(6y). Let (6;,62) be the maximal interval containing 6, on which
9(6) < —F/B(6); then ¥ is a smooth solution of v" + v = 0 throughout this
interval which satisfies both ©(6p) = Asm(Go — ), and Asin(6 - a) < 5(6)
on (61, 62), so that it must coincide with A sin(6—a) on [6;, 62]. In particular
it follows from the positivity of ¥ that [6;,6;] C (a,a + 7).

All this leads us to the following contradiction: at the end points of
the interval (6;,6;) we have

-F
= 5(6;) = Asin(6; — —_—,
B = °6) = Asints ~) < g
which is absurd. Thus A = 4, i.e. Asin(f —a) < 5() on (a, o + 7).

Q.E.D.
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Lemma 16.4. v™ is ¢ C? function.

Proof. In the sense of distributions we already know that v§5 > —v™ >
—M, so that v§°® is of bounded variation; in particular, v™ has left and
right hand limits, v>°(6 £ 0), at each § € R/27Z.

Fix any 6, € [0,27). If v™°(6,) < —F/B(60), then v>>(6) is of the
form Asin(6 — a) near 6, and its derivative is clearly continuous at 6. So
assume that v*®°(6y) = —F/B(6,).

Suppose that the left and right hand limits of v§® at 6, are different.
Since vy > —M, we must have v°(6p — 0) < v3°(fo +0). Choose p € R
and é > 0 such that _

vg (6o —0)<p—6<p+6<vg(bo +0).
Then there is an € > 0 for which v§°(6) < p — § holds when 6 € (6 — ¢,6,),
while vg°(6) > p + 6 when 6 € (6o, 6o + €). This implies that
v>(6) 2 v™=(60) + p(6 — 60) + 6|6 — 60|

on the interval (6p — ¢, + €). On the other hand v>°(6) < —F/B(6), with
equality at § = 6p, which is impossible since —F/B(6) is a smooth function.
Q. E.D.

Lemma 16.5. v} (6,t) converges uniformly to v3°(6), as t 1 oo.

Proof. Let § > 0 be given. We have just shown that v is C?, so there
exists an € = €(6) > 0 for which

v°°(0) < v°°(00) + v‘f’(ao)(e - 90) + 5!9 - eol

holds for any 6,60 € R/27Z with |6 — 6y| < €(6). We can choose ¢(6) in

such a way that it is a continuous function of §, which vanishes when § = 0.
Now choose t5 so that v*(6,t) > v*°(8) — €2 for all §, and all t > 5.
Since v;"a > —vt > =M, we have the following inequalities for ¢t > t5:

2
vH(@ e t) > vH(6) vt (6)e - %f-
: 2
> v>(0) £ vH(6)e - Me _a
On the other hand we also have

vH(6 % ¢,t) S v™°(6 % €) < v™°(6) £ v§°(6)e + be.
Subtracting these inequalities we find:
[vg>(6) - vy (6,t)| <6+ (% + 1) €(8).

for all 6 and all large enough ¢.
Q.E.D.
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These lemmas allow us to prove the main result of this gection. Recall
that we had denoted the domain corresponding to vt(6,t) by Q.4 (t), and
let p*(6,t) be its support function. Then we have pt = vt, so that

pt(6,t) =p"(6,0) + /ot vt(6,7)dr.

By dividing the equation by t on both sides, and letting ¢ tend to infinity
we find the following: :

: p+(9,t) SR --)
‘ILI‘EO 1 =v (0)"

where the convergence is in C!(R/27Z). Since the boundary of Q4(t) is
parametrized by .

x(6,t) = pt(6,t)N(6) - pi(6,1)%(6),

we also get convergence of the parametrization:

. x(6,t) _
o=y < =),
where £°(6) = v®=(6)0(6) - v3°(8)T(6); the convergence is uniform in 6.
Now consider any solution Q(t) of (1.1) which exists for all time, and
whose initial value ©(0) encloses the steady state .. Then if 1o is suffi-
ciently large, §2(0) must be contained in Q4(to), while (0) must contain
Q4 (—ty) for sufficiently large t1 > 0. By the containment property we
get 4(t —t) C Q(t) © Q4(t + o) for all ¢t > 0. The velocity of the
boundary of 4(t) is given by vt(6,t), so that it is uniformly bounded.
Therefore Q4+(t+1o) is contained in an R neighborhood of 2+ (t—t1), where
R = (to+t1)sup vt (6,t). Since Q. (t+1o) certainly contains Q4+ (t—11), the
Hausdorff distance between Q(t) and Q4(t) is bounded by R. If we shrink
the domains by dilating them by a factor -1, their Hausdorff distance
becomes at most R/, and the convergence of .4 (t) implies the following
theorem.

Theorem 16.6. Let Q:[0,00) = D> be a solution of (1.1) for which
. C Q(0). Then the domain §)(t) obtained from Q(t) by shrinking it by ¢
factor +=1 converges to the domain ™ whose support function is v>°(6).
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