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1. introduction

‘We here present a theory of thermédymmical equilibrium for materials for which
the free-energy density y(x) depends not only on the concentration (or mass density) u(x)
and its gradient u’(x), but also on u"(x), the second gradient of u. We show that a broad
class of such materials can exhibit equilibrium states that are periodic in anonmvnlway

So as to be able to discuss periodic states, we drop the assumption of finite mass
and volume usually made in theories of equilibrium and consider unidimensional bodies of
infinite extens. Here, the set S of states will be a set of measurable functions u from IR to

IR for which the average value

2 x0+X
<u>:= jm f u(x)dx (1.1)
z,,-x

is finite and independent of x,* We refer to the value u(x), of a state u at a point x as the

*if u(-) is bounded and measurable, and if the limit in (1.1) exists for a value of Xo» then

that limit exists for all x, and is independeant of x,.

concentration at x and to <u> as the average concentration. We do not treat variations in

temperature. A state u determines a (Helmholtz) free-energy field y, and for the









free-energy density at a point x we write Wx), or w“(x) if we wish to-cmphasiu the
dependence of the function y on the function u. The material of which the body is
composed is characterized by the mapping u -y, . Here this mapping is determined b; a
continvously differentiable function y from D =IR¥*! into IR, where N is the order of the
material. For Gibbsian or zeroth-orde.r materials, D is IR, and y gives the free-energy

density at x in the state u as a function of the value of the concentration at x, i.c.,
v, (x)= wiu(x)), xelR. (1.2)

For an Nth order material, y gives y,(x) as a function of 4(x) and the first N derivatives

of u at x, namely u'(x),... ¥™(x)¥ Thus, for first-order materials, or materials of

¥ For simplicity of analysis we take the codomain of states u to be all of IR and the domain

of y 10 be RM*!, albeit concentration (i.c., mass density) is never negative. Without
great difficulty our results can be shown to hold when the set S of states u is restricted to
those which are everywhere positive, provided appropriate growth conditions be assumed

for the functions a Py(a,a,,...,a,) as a,—0+.

Van der Waals type,

v, (x) = ylu(x),u'(x)) , xeR, (1.3)



while for second-order materials, the mam subject -of this paper,
Y, (x) = Y(ux),u'(x),u"(x)) , xeRR. | (1.4)
We shall follow the general approach of Gibbs to thermostatics and say that a state u is one
of equilibrium if it minimizes, in a sense to be explained below, an average of the free
energy subject to appropriate constraints on the fields with which u is oompared..
For each material, depending on its order N and the function V., there is a set
W () of functions u in S, with u ™1 Jocally absolutely continuous (in the case N2 1),

for which y_ is in the class of locally Lebesgue-integrable functions from IR to IR, and for

which the mean vaiue,'

¥ We use the expressions "mean value" and "average value" to distinguish between [Vu]

and <y,> defined in equations (1.5) and (1.7).

xo+X

v, : = jim inf 55 I v, (x)dx , (L5)
Xo-X

is finite and independent of x,. We call [w,] the mean free energy of the state u. Whenever



u is in W(y) there is a state v for which”

# L emmata 2.1 and 2.2 give broad generalizations of this observation.

)] <v> = <>, (1.6)

(&) y, has an gverage value, i.c.,

xg+X '
<Vv>’=}i_‘£ %Y J v, (x)dx, (1.7)
xo-X
is a real number independent of x,, and
(iin) <y> = [vu] . (1.8)

Thus, for each state u in W(iy) there is another state v that has the same average
concentration as u and gives rise to an average free energy equal to the mean free energy of
u; if, however, the state u is such that y, does not have an average value in the sense of
(1.7), but only a mean value in the sense of (1.5), there is no guarantee that v can be

chosen so as to be also close to u in a natural metric on W(y).

For each a we write U(a) for the set of states for which [wu] is independent of x,

and the average value of the concentration is g, i.c.,
Ua):={ueWy) | <u>=a}, (1.9)

and we write ¥{a) for the infimum of [, ] for such states:



‘}’(a):=inf{'[l//u] lueUa) ) . o (1.10)

Assumptions to be made below® about  will imply that ¥{a) is finite. A function u* in

¥ The assumptions are growth conditions for y . For the important case of second-order
materials, the assumptions are stated at the beginning of Section 3. For zeroth-order and
first-order materials, the “standard assumption” (stated later in this Introduction) and
non-negativity of vin (1.24) insure that ¥{a) is finite for each a. A condition sufficient for

general materials of order N 2 1 is given in Lemma 2.3.

U(a) is called an eqia’librium stare (with average concentration @) if
[v,. 1= ¥a), (1.11)

i.e., if it minimizes the mean free energy subject to the constraint <u> = a.

The main problem of our subject is that of characterizing equilibrium states 4 and
the equilibrium response function V.

The theories of equilibrium for zeroth- and first-order materials are highly
developed subjects. The classical results for such materials are for bodies of finite extent,
but rest on methods that can be employed to describe equilibrium states of unbounded

bodies. To have a background against which one can view the corresponding theory of



second-order materials, in thi$ Jntroduction we shall discuss briefly thc equilibrium of
bodies of infinite extent composed of zeroth- and first-order materials. Later in the paper
we shall show that a principal difference between certain second-order materials and the
classical lower-order materials is that for the seoond-ordcr materials nontrivial periodic
equilibrium states play a central role in the relation between the functions y and ¥, Itis
possible that the theory of such second-order materials may supply insight into periodic
layering phenomena observed in various types of mixtures, such as concentrated soap
solutions and metallic alloys, but in this paper we prefer not to refer to applications. Before
applications can be éonsidcred, the mathematical implications of the theory must be
examined. We hope that this paper will convince the reader that the theory of second-order
materials is not just a perturbation of the more familiar theories of lower-order materials,
but is instead a rich subject that raises interesting mathematical issues.

For a general Nth order material, the function ,, defined in terms of ¥ by

ifo(u)si;'r(u,o,....O) , uelR, (1.12)

is called the homogeneous response function for free energy. For a zeroth-order material

¥, is the same as y, while for the first- and second-order materials y,(u) = y(1,0)



and y,(u) = ¥(1,0,0), respectively. As y is assumed to be continuously differentiable
onD=RN", '7’0 is continuously differentiable on IR. A point v in IR is a support poin:
for i;-lo if
V,(u) 2 Vo(V) + ¥, (V)(u-v), forallueIR; (1.13)
v is an exposed point for y,, if, in addition,
Vo(4) > ¥y(v) + ¥y (V)(u=v), whenu v . (1.14)
As is common practice in the thermodynamical literature, we assume here that A
obeys the following standard assumption.— Either (i) or (ii), below, holds:
(i) , is strictly convex on IR; i.c., Y, is strictly increasing on IR
(or, equivalently, every point in IR is an exposed point of f;'lo),
(ii) there are two numbers u,, u, with ¥, < u, such that l;'/o is strictly
convex on I, = (—eo, u, ) and I, = (u,, e) and is strictly concave on (u;, wy),

i.e., y, is strictly increasing on /, and /, and strictly decreasing on (u;, u,).

In case (i) there are precisely two numbers, ¥ , ¥ g with u <u 5 such that

= = V 0(“ﬁ) V‘O(uc)
u v, (u = , 1.
VO( a) 0( ﬂ) L 8 . ( 15)




and each point u with u <u_ or u > u, is an exposed point for ¥j; 4, and u, are support

points for /.

Zeroth-Order Materials

Consider now a Gibbsian material, so that ¥, = y. Suppose first thataisa
support point for V-Io. Then for each uin S,
V(u(x)) 2 y(a) + y'(a)(ux)-a) , forallxe R, (1.16)
and hence for each u in U(a),
[v,J2v(a) +¥'(a)<u-a> = y(a) . | (1.17)
Thus, for u in U(a), [y,] 2 ¥(a) = y,(a), and, of course, if u =a, [y,] = y(a) =
¥,(a). Hence, for a Gibbsian material, if a is a support point for ¥, the homogeneous
state u = g s a state of equilibrium.
For an exposed point a this last statement can be strengthened to the assertion that

each equilibrium state u* in U(a) is nearly the same as the constant field u = g in the sense

that

[lu*-al] =0. (1.18)



Infact,ifaisancxposedpoint,itiseasily.secnthatforeach &> 0 an equilibrium state u*

in U(a) must satisfy [ [u*~al ;] = 0, where I ; = IH if Irl > & and I ;= 0if I < &,

(%
and it then follows that [ [u* —a|] < 8forall §>0.
For Gibbsian materials obeying the standard assumption, when u = a is an

equilibrium state, a is a support point of . To see this (and much more), it suffices to

consider only case (ii) of the standard assumption with a between u_and u g because the

values of g obeying
as=s 9u0+(1—9)uﬂ (0<é6<1), (1.19)

are the only values that are not support points for l;o. In Gibbs’ classical theory of bodies

of finite extent [1873][1875], when a is as in (1.19), each equilibrium state &* with average

value a equals u_ on fraction 6 of the total mass and ugon the remaining fraction, 1 - 6. In

the present theory of bodies of infinite extent, the following assertions hold: For each

measurable subset A of IR whose characteristic function 7, obeys the relation

xo+X

6 = jm 57 J 2,(x)dx (1.20)

x-X
for some (and hence every) choice of x,, the function

u' = U X, +UgXp s (1.21)

10
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with B the complement of A, is an ethbnum state for which the average concentration is

a and the mean free energy [y, , ] obeys

[V,e] = <y,.> = ¥a) = 6y () + (1-6) ¥(ug) < ¥(a) . (1.22)
Moreover, every equilibrium state u, with <u, > =a is "nearly the same" as some state u*
obeying (1.21) with A as in (1.20), in the sense that,

[l -ul]l=0. (1.23)

This implies that if a is not a support point for '-‘;o , then u = g is not an equilibrium state.
From the observations just made, particularly the relations (1.22), we may conclude that,
for a Gibbsian material obeying the standard assumption, the equilibrium response function

¥ is conv y,* In fact, this conclusion holds under

# conv i;-lo , the "convex envelope" of '7’0 , 1s the largest convex function that nowhere

exceeds V.

hypotheses on lT/o that are far more general than the standard assumption.

It should be noted that when the average concentration a is not an exposed point or

a limit of exposed points for V¥, each equilibrium state &* of the Gibbsian material with

<u*> = g is nonuniform and, under the standard assumption or appropriate generalizations



thereof, is a state with two phases;” the thermodynamics of zeroth-order materials gives no

# Here u*(x) equals U, in one phase and u in the other.

information about the, in general many, boundaries between the regions of constant
concentration.

For materials of order N 2 1 we shall take S to be the set of functions 4 from IR to
IR for which u, u’, 4", ..., ™~V are in L=(IR) and are locally absolutely continuous and

for which u has a finite average value <u> given by (1.1). Once we assume « to be

essentially bounded, the limit (1.1) is independent of X,

12
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First-Order Materials
The commonly considered examples of first-order materials are those for which v

has the form

wiuu') = i}o(u) + %v(u)(u')z . (1.24)
where ¥, and » are continuously differentiable functions with ¥, obeying the standard

assumption and » everywhere positive.”

¥ir v(u) in (1.24) were negative for an interval of values of u, there would be no
equilibrium states for any specified value of the average concentration a. It is usual to

assume that v is a positive constant.

If we write ¥ for the equilibrium response function of the material defined by
(1.24) and ¥, for the equilibrium response function of the zeroth-order material with v
equal to the function ¥, in (1.24), then, clearly, for all a in IR,
¥y(a) < ¥,(a) . (1.25)
Let a be given, and let u belong to the set U(a) for a first-order material obeying (1.24); by

(1.25), if [wu] = ¥ (a), then u is an equilibrium state of the first-order material. Here, as

for zeroth-order materials, the constant function u = a is an equilibrium state if and only if 2

is a support point for lflo. Moreover, as v is positive and '7'0 obeys the standard
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assumption, one can again show that whc;l a is an exposed point (1._18) is a necessary (but
not sufficient) condition for a state ¥* in U(a) to be an equilibrium state. Consequently, if
a is an exposed point for V,, the first-order material .25 no nontrivial periodic equilibrium
fields with average value a. In fact, one can show that when ¥/, obeys the standard
assumption there are no nontrivial periodic equilibrium states, and in case (i) of the
standard assumption, for ain (u_, u 5 ), i.c., when a is not a support point for ;’.’0' there are
no periodic equilibrium states, not even constant ones.

We consider now case (ii) of the standard assumption and give some examples of

equilibrium states with average concentration @ in (u_, u 5 ).

When

a=3(u,+uy) , , (1.26)

so that 6 = % in (1.19), any non-constant function u* with

Low)u'P = yofu*) - ¥y (u)u* -u,) 1.27)
i.e., obeying )
u*(x

* J [—;Z,—,(F'o(u) - Vo (u,)(u -u,))]'mdu =x-1x, (1.28)

(u'+u’)/2



with x, arbitrary, gives an equilibrium state with <u®> = a. The function u7 , defined by
(1.28) with the choice of + on the left, is an increasing function that equals a at x, and

approaches ug asx —decand u_8sx ——ee. On the other hand, th. function u:obtained

by choosing — on the left in (1.28) is a decreasing function that approaches u_ as x —¥eo

anduﬁ asx —>—oo ¥

* 1 u(x) be identified with the stretch at axial location x in a long fiber, then the functions
uy and u, describe the equilibrium wnﬁgumﬁoﬁs called "fully developed draws” in a
theory [1983] [1985] [1988) of elastic materials susceptible to cold drawing. In that
theory the present y/(u) is equal to the tension (per unit of undeformed cross-sectional
area) the fiber would be bearing if it were homogeneously stretched by amount u, and (i)
is determined when \T/o'( u) is known, i.e., Wu) = §l-5D2 \T/(;( wu(u® - 1)}, with D the

diameter of the unstretched fiber.

If @in (1.19) is not 1/2, there are again equilibrium states with average

concentration a, but they are not monotonic in x; nor are they constant or periodic. To see

15



how one such class of equilibrium states can be constructed,” let/ = [a“‘ b ], with

# As will be clear from arguments given in Section 2, the equilibrium fields constructed

here can be replaced by others. The present construction uses the functions 17

and i, which are familiar in theories of the structure of interfaces between stable

homogeneous phases with densities u_, u g-

n=0,%1,£2,... , beclosed intervals whose length b ~a,_ grows without bound as
n — + o and as n — — e ; suppose that/_ precedes /, , with unit distance between the
two intervals, i.c., thata , = b +1; and let x,(n) be the point in /_such that

x.(n)—a
—9(——)7—" = @, forevenn,
a -

n n

b -x
—-”———9-(n—)=0, for odd n.

all-bll

Now, let u* be the continuous function on IR defined so that

(1) on]_ ,neven,u’ = u? with u? the increasing function given by (1.28) with

(1.29a)

(1.29b)

16



X, = xo(n);

@)onl ,n odd, u* =u; with u the decreasing function given by (1.28) with

x, = x(n);

(3) on the unit interval separating /_and I, , 4° is an affine function. .
Such a function u® is piecewise continuously differentiable on IR and possesses a bounded
first derivative. Moreover, 4* has average value a and is an equilibrium field. For a given
ain (ua, ug ), the class of equilibrium fields that can be constructed by this procedure is by
no means exhaustive.

The construction just given makes it easy to see that the equilibrium response

functions S"l , for a first-order material obeying (1.24), and ‘Po , for the zeroth-order
material with the same homogeneous response function ‘V-’o' are equal and given by:

¥, = ¥, =convy, . (1.30)

Preliminary Remarks on Second-Order Materials
For materials of order two, we have frequent occasion to consider functions @

related to y by an equation of the form,

17



P(uu'u”) = yuu'u") -iu, ‘ (1.31)
in which A is a constant. For each 4, the set W(@) is the same as W(y), and for every u

in W(p), [@,], given by (1.5) with

@.(x) = @(u(x),u'(x),u"x) . (1.32) .

isrelated o [y ] by
(o] =[y]-A<u>. (1.33)
Wc write @) for the infimum of [@,] as u varies over all W( V) without constraint on
the average value of u:
®(2) = inf { [p,] | ue W(y)} . (1.34)
Suppose now that this infimum is attained at a function u,, i.c., that
[%] =(2). (1.35)
Then, if we put @, = <u,>, u, certainly minimizes [@,] over the set of u in W( v)
with <u>=ag,, or, by (1.33),

[p,,] = inf { [v,]-2a, | ue W(y), <u>=gq,}, (1.36)

and hence u, minimizes [y, ] over U(a,):

lv,,1= inf { [y,] | ueU(a))} = ¥a,) . (1.37)

18



Although we have this expected relation between the problem of minimizing [@,] without

a constraint on <u> and that of minimizing [y, ] with <u> preassigned, even in cases

in which one can show that the former problem has a solution, it is not an elementary
matter to show that the latter problem has a solution for an arbitrarily preassigned value of
<u>. Nevertheless, it is convenient to study the former and apparently easier problem.
When y has the form,

v(uu',u”) = 'I-’o(“) - b’)? + c(u”)? (1.38)
with b a positive constant and /, a twice-differentiable function obeying the standard
assumption, existence of a minimizer for [@,] = [y, = Au] on the set W( y) requires that
¢ be positive. In such a case, one expects that, for a broad class of functions v7°, [¢pu]
will have a minimum on W(y) but this minimum will not be attained at a constant field u*
if c is sufficiently small or b sufficiently large. To discuss the implications of results of
Leizarowitz and Mizel [1989] that shed light on the matter, let us suppose that (1.38) holds
with

b>0, «¢>0, (1.39)

and that V—IO obeys the standard assumption as well as the growth condition

19



Vo) 2 Blul®-d, " (a>2, B>0,d>0). - (1.40)
Ai‘guments given by Leizarowitz and Mizel show that for a class of second-order mataials
that includes those obeying (1.38)-(1.40), the infimum (1.34) is finite and is attained at
periodic states u, whose free energy is not raised by perturbations on intervals of finite
length, i.e., for which

J [v, &)=V, (@] 20 (1.41)

for all continuously differentiable functions v of compact support in IR for which v’ is
absolutely continuous. Moreover, when b exceeds a critical value which depends on A, the

minimizers u, are not constant functions.

Note: as i’o is here twice-differentiable, once it is assumed that '/-’o obeys the
standard assumption it follows that y-;(; " s positive on a set that is everywhere dense
eitherin IR or in the complement in IR of a bounded interval [u, u,]. If this property of
i'i/o is slightly strengthened by assuming not only the standard assumption but also that
there is a bounded interval / such that for u outside of 7, " (1) > €lu | for some

€>0, §>0, then the growth condition (1.40) is automatically satisfied.

In this paper we shall show that, for a broad class of second-order materials® that



# fl'hc class is defined by the relations (3.1) - (3.4).

includes those that obey (1.38) - (1.40), the infimum, ¥,(a), of [y, ] over U(a) is finite
and is attained for each g in IR, and the resulting equilibrium response function ¥, is a
convex function from R into IR with

¥, < conv il-’o .

Furthermore, we shall show that, for each compact interval /, if (1.38) - (1.40) holds®

¥A generalization of (1.38) — (1.40) that suffices for (1.43) is given in the paragraph

containing (3.5).

with b sufficiently large, (1.42) becomes

¥,(a) < conv y,(a), forallael,

and this implies that there are no homogeneous equilibrium states with average

concentration g in /. However, for sufficiently large a, ¥,(a) = !7/0( a). We shall show

further that, for such second-order materials, when a is an exposed point or a limit of

exposed points of ¥, among the equilibrium states with average value a are states which

form periodic phases in the sense that for them u is a periodic function on IR ¥ whereas for

(1.42)

(1.43)
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# This is the principal content of Lemmata 3.1 and 3.2.

the other values of a,’ i.e., for values that are not extreme points of the function ¥, among

the equilibrium states in U(a) are states that can be regarded as asymptotically

twice-periodic mixtures of pairs of periodic states.’

* Lemma 3.3.

Before presenting our theory of second-order materials in Section 3, we derive, in
Section 2, some general properties of materials of order one or higher, such as the

convexity of ¥, and we develop a method for showing that ¥ is finite-valued. It is there

that we introduce the definition that renders precise the concept of a "mixture of states” ¥

and employ that definition to show that for each u in W(y) there is a v for

# Definition 2.2.

which (1.6) - (1.8) hold.

The main results for second-order materials are brought together in Theorems 3.1

and 3.2. Theorem 3.1 summarizes results proven in Lemmata 3.1 — 3.3 about the

existence of periodic and asymptotically-twice periodic equilibrium states with specified
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values of a. In Theorem 3.2, which is applicable to materials of order N 2 2, we give a
general condition on ' under which conv ¥/, exceeds .
The present theory suggests a procedure of homogenization which we discuss in a

preliminary way in Section 4. The procedure associates with bounded functions u on the

real line Young measures obtained as limits for small £ of the functions u, defined on

1, = [-1, 1] by the rescaling operation: u_(y) = u(y/). In some important cases, €.g.,
when the function u is periodic or represents an asymptotically twice-periodic mixture of
states, the limit of 4, as £ — 0 is fiber-constant, i.e., is 8 Young measure that is
independent of y in I - When this is the case, we say that u is pseudoperiodic. It can be
shown that the class of pseudoperiodic functions includes those that are almost periodic in
the sense of Besicovitch. Theorem 4.1, whose proof will be presented elsewhere,

provides conditions on the function y for materials of order N 2 2 sufficient to guarantee

that for each a in IR there is a pseudoperiodic equilibrium state 4, with <u > =a.
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2. General Observations

We here derive general properties of materials of order N 2 1. As mentioned in the
Introduction, we take the set S of states to be the set of functions u from IR to IR for which

u i, ..., ™Y are locally absolutely continuous and are in L™(IR), and for which u has
a finite average value <u>. Recall that y is a continuously differentiable function from

IR™! 0 IR and that we write W(y) for the set of u in § for which v, is locally
Lebesgue-integrable and [ wu] , defined in (1.5), 1s finite and independent of x,. We again
define U(a) and ¥(a) by (1.9) and (1.10). Throughout most of this section we shall
assume that, at least forone ain IR, say a,, ¥(a,) > — es. Lemma 2.3, presented at the
end of the section, implies that ¥ is real-valued on IR for N = 2 under hypotheses

weaker than (1.38) - (1.40).

The set Wo( v) of functions defined in Definition 2.1 below is a subset of S
containing W(y); W () need not equal W(y) because, even when the limit inferior seen
in (1.5) is finite for some value of x,, say x, = 0, it is not automatically independent of Xo-
The set W ( v), and the larger set W°( v) of Definition 2.3, supply natural settings for

demonstration of the observation summarized in equations (1.6) — (1.8).



Definition 2.1. (1) For each integer N, let W, () be the set of measurable functions
u:IR - IR for which

@) wu',...,u™YVarein L=(IR) and are locally absolutely continuous;
(iNy,: = V(u, u', ..., u"™) is locally Lebesgue-integrable;
X

(i) % J u(x)dx has a finite limit as X — oo, and hence, by (i), u is in § and
-X

has an average value <u> obeying (1.1) for every x,;

(iv) the number,
: X

[v,]o: = Jm inf ﬁ f v, (x)dx @2.1)
-X

is finite.
(2) Let W () be the set of u in W(y) for which

(i)’ there is a number <y, > such that
xo+X

<Vu>=}i_'t£. 517 Jy/u(x)d.x 2.2)

X o-x

for every x,; of course, <y, > =[y,], ¥

¥ Clearly, w,(v) cW(¥y) .
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We now state a technical definition to be employed in the proof of Lemma 2.1

* below. This definition renders precise the concept of a mixture of states.

Definition 22. Let {u,}, m 20, be a sequence of states in W(y), {4, ] a sequence of

positive real numbers, and {k_} a sequence of positive integers. Put

a,=A/2; a =kA +a  form20; (2.3)
J,=[-42 A [2]form20 ; (2.4)
I_,=[-A/2,A)2); I =(e, _, o ]Jform20. (2.5)

Form2 0, let Qm be the function on /_ defined by

4 () =u,(f, (-0, ). (2.6)

where*

# For a real number s, [s] is the largest integer not exceeding s .

f(x)=x-[x/A 1A - A /2, (2.7)
and hence f, maps IRinto J, . The mixture of the sequence {u,} (subjectto {4},
{k_}) is the function

o o=Mix ({u,), {4,), (k). (2.8)



defined on IR by
A A
u(x) = u (x)forxinl_, m20, (2.92)
U(x) = u(x)forxinl_, (2.9b)
U(x) = a(xm wyte,) forxin (o, - ], m21. (2.9¢)

It will be noticed that this construction of & does not require knowledge of the

functions u_ on all of IR, for it can be implemented whenever the domain of each 1

contains the associated interval .Im defined in (2.4).

Lemma 2.1. For each uin W(y) thereisa v in W (y) with

<v> = <u> , <y,>=[y],- (2.10)

Proof : Given u in Wo( V) let {Xm} be an unbounded increasing sequence of positive

numbers for which, as m — eo,
X

- j v (a5 [v,);. @.11)
-X

For each m 2 0, put
b ¢

Y, = J lv, (x)ldx (2.12)
-X
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and let {km] be an increasing sequence of positive integers such that, as' m — e,

m
xml/gok,x‘.-» 0, (2.;3a)
m
7"‘*‘/1}.::"“ - V. (2.13b)

Foreach m 20, lctmeeasin(2.4) with
Am=2(Xm+ 1), (2.14)

and construct as follows a sequence {v,} with v_ in C'N'I(Jm), m20:

v, (x) = u(x) forxe [—Xm, X1, ' (2.152)
v x)=v(x)=vix) =...=vV"Ux)=0 forx=2(X_+1), (2.15b)

v, is a polynomial of degree 2V~ 1 on [-X -1, =X ) andon (X_, X +1). (2.15¢)
Note that v is fully determined by these conditions. Because
sup { lux)l, lu'x)l, ..., ™ Yx)l } < o, (2.16)
zelR
as x varies over the sets O = (X, X +1JU (=X, =1, =X, ], the quantities v’:)(x)
have a (finite) bound that is independent of m, and hence the restrictions to O of the
functions v, are bounded, uniformly in m. It is not difficult to verify that the function
v=Mix ({v,}. {4}, (£ }) 2.17)

obeys (2.10). To this end one should note that, because v is bounded, (2.13a) implies that
X

the oscillations of le- Iv(x)dx vanish as X — e . On the other hand, (2.13b) implies
-X



x
not only that % J ¥, (x)dx has the same property but that this lin 1 is unaffected by
-x

shifts of the origin of the x-axis; q.e.d.

Definition 2.3. Let W°(y) be the set of measurable functions ¥ on IR obeying items (i)
and (ii) of Definition 2.1 and the following weakened form of items (iii) and (iv):
(w) There are two (finite) numbers, [u]° and [y, ]° and at least one sequence

{X?} for which, as n — e, X° — e and both

X x
X J“(x)“ = [u]’, 2—;— IV,(x)dx - [y)°. (2.18)
-X° n -x*

Clearly, W ( v) © W°(y), and the proof of Lemma 2.1 gives us also

Lemma 22. For each uin W°(y) thercisavin W,(y) with
<v> = [u]’, <y >= [y, 7. (2.19)

This generalization of Lemma 2.1 is employed in the proof of the following

theorem giving the extension to the present theory of Gibbs' observation that, for bodies of
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finite extent composed of zeroth order maicrials, the equilibrium response function ¥,

. defined in equation (1.10), is convex. The extension is not trivial, because, as we
mentioned in the Introduction, there are materials (of order greater than 1) for which ¥ is

not everywhere equal to conv ¥/, . The utility of Lemma 2.2 lies in the fact that it permits

us to replace (1.10) by

Wa)=inf { [y,)° | ue Wo(y), [u)°=a }. (2.20)

We shall use also the following corollary to Lemma 2.1:

¥a)=inf { <y,> | ue W(y), <w>=a }. (2.21)

Note: (2.20) and (2.21) hold whether or not ¥(a) is finite.

Theorem 2.1. ¥is a convex real-valued function on IR. In particular, ¥ is continuous.

Proof. We first note that as ,, is real-valued, for each ain IR, ¥(a) <e>. We have

assumed that there is a point g, at which ¥(a,) > — e ; clearly, at that point,¥{a,) is a

real number. Leta, and a, in R with a, <a, be given, and for a given 6in (0,1) put

a =6a,+(1-6)a, . (2.22)

We wish to show that



¥(a) S 6¥a,) + (1-6)¥(a,) .
To this end we let u, and u, be any two functions in W,(y) with <u, >= a,,

<u2>-= a, then,as X = oo,

X b ¢
'217 J'u‘.(x)dx - a,, % J‘vui(x)dx - <y, >, i=1,2.
-X <X

Let {KD} and {k®} be bounded increasing sequences of positive integers such that

(1

e

T8k

6 .
- -,
1-6
and use these sequences to define {k_]} by

ky=1, and k, =k, k, =k2, form21.

2m m
With

A,=2, and A, =A =2(m+l), formz21

2m-1
define J_ by (2.4), and construct {v_} with v_ in C‘N’I(Jm), m 20, as follows:
v,(x) = u,(x) (if mis odd) and = u,(x) (if m is even), forx e [ l-%A 1, -1],

m 2m

v (x)=vi(x)=...= VWD) =0, for x=%42,

v, is a polynomial of degree 2N — 1 on [—%Am. l--;—An) and on (%Am-l, %Am] .

These conditions determine a unique v, in Cw“(lm). Now, put
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(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28a)

(2.28b)

(2.28¢)



v=Mix({v,},{4,}. (£, }).

Itis clear that v satisfies items (i) and (ii) of Definition 2.1. Moreover, with

X, =23 kD + k)(141)
i=1

we have,asn — oo,

X

2;( I v(x)dx — 6<u,> +(1-6)<u,>,

n
-X

X

1

n
-X

and, hence, v satisfies item (w) of Definition 2.3 and is in W°(y) with

[vI°=a, v, ]° = 9<V“z> + (1—9)<w“2>.

In view of (2.21), ¥a) < [v/v]o , and we have

Ya)< 6<w“x> +( 1-6)<Vu2>

for each pair (u,, u,) of the functions in W (y) with <u >=a, <u,>= a,. The

relation (2.23) follows forthwith from (2.21) and (2.33), and hence ¥is convexon IR .

X J v, (x)dx — 9<Vul>+(l—6)<wu2> ,
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(2.2y)

(2.30)

(2.31a)

(2.31b)

(2.32)

(2.33)



As ¥is convex, is strictly less than o, and has a finite value ata,, ¥ is real-valued on IR ;

q.e.d.
Now, for each 4 in IRlet
d>(l):=inf{[y/u]-l<u> | ue w(y) }. (2.39)
and note that, by Lemma 2.1,
&) =inf { <y >-A<u> | ueW(y) }. (2.35)

When we interpret ¥{a) as the mean Helmholrz free energy for equilibrium at
average concentration @ , it is not inconsistent with the terminology of chemical
thermodynamics to then refer to @A) as the mean Gibbs free energy for equilibrium at

potential * A.

¥ Le., for equilibrium at value A of the chemical potential.

The convex conjugate ¥"* of the convex function ¥ is, by definition*

¥ Eg. [1970).

w'(2): =sup {aA-Wa) | ae R} . (2.36)
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Theorem 2.2. The Gibbs function @: IR — [ = s, e ] defined in (2.34) is concave on
IR; in fact
¢=-v. (2.37)
If® >-econIR,then ¥and @ are continuous real-valued functions and
Ya)/lal - e, as lal o e, (2.38)

D) - -, as AU = e, (2.39)

Proof. In view of (2.35) and (2.36),
--tb(l) =sup { A<u>-<y>|ueW(y)}
= sup sup{ Aa-<y>|ueW,(y), <u>=a}
oR
=sup { a~¥a)|ae R} =¥"(2), (2.40)
which proves (2.37) and the convexity of =@ on IR, i.c., the concavity of @ on IR.

Now, suppose @ > - o on IR. Then, as @ is concave, either @ = or @ is real-valued

and continuous on IR. Since for each g,
&(0) < ¥(a) S yfa), | (2.41)
@ is real-valued and continuous, and, by Theorem 2.1, ¥Wis real-valued onIR. As

(-0)'=¥"=v, (2.42)



(2.39) follows. As ¥* =—®, and —® is real-valued and convex on IR, the same type of

reasoning yields (2.38); q.e.d.

Remaﬂc. Our proofs that ¥ is convex and never +eo, and the imph’cation that @is concave
are independent of our assumption that there is a point g, at which¥{a,) > —e. To show
that ¥is real-valued for a particular class of materials, one may first show that for that
class of materials @ is real-valued and hence (2.41) yields not only ¥{a) < e, but also
¥(a) > — = for all a. Moreover, (2.41), convexity of ¥, and real-valuedness of @
suffice for proof of (-2.38) and (2.39). The function @ is real-valued under very general

conditions on y. Such a set of conditions is provided by the following lemma.

Lemma 2.3. Let y be a continuous function from IRY*! to IR obeying, for each triple
W, 8,2)in RxRVI xR,
elw|li-cls|B+c,)z|P+d < y(w, 8, 2) (2.43)
1 2 3 - 8,2), '
where d, ¢;» 7, arc constants and

1572<71, %< Y, l<73, and Cj>0 for j=1,2,3. (2.44)
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Then d&4), defined by (2.34), is finite for each real number A. In fact, there is then a

real-valued function M, of 4 which is bounded on each compact interval and is such that,

for every X 2 1 and every u in CV1([-X, X]) with ¥?"! absolutely continuous,

X 4
- c

Proof. As ®(A) s y(0,...,0), our goal is to show that ®(A) isnot —ee. Let/be a
closed interval with length |/ | obeying 1< |[/| < 2,andletpobey 1S p < .

According to the interpolation inequality for Sobolev spaccs," foreach £>0thereisa

# Eg., [1975), p. 70.

positive constant ¢(€) such that

f [u9Pdx < eJlu’”’lpdx + c(e)JIu Pax,  j=1,.N-1,
1 1 1

(N-1)

for every u in C¥(f) with u™) absolutely continuous. Hence,

a

j|u°7|7’dx < gl |““[ J ™| dx] +c(8) J |u |"dx
1 1 I

with @ = 7,/7, <1, and this implies

(2.45)

(2.46)

(2.47)

36



Jl"°’lr’dx < 2:J|u‘"’|”d£ + c(£)J’|u Bdx+2e,  j=l..N-1. (2.48)
/i
1 1

Now, for X21 let u be a function in CV1([-X, X]) with u®-1) absolutely continuous.

Choose an / so that 2X/1 = k is an integer. By applying (2.48) to the function u on each of

the intervals I=1_=[-X+(m-2)l, -X+ml], m=1,...,k, and summing over m, one

obtains, for j=1, ..., N-1,

X X X
o j|u0)|7’dx s §j|u‘”> |Pdx + f,%jp; |dx + 2¢ . (2.49)
=X =X -X

If we put £ = ¢,/(4Nc,), B, = (N-1)c(e), and B, = (N-1)e - d, then (2.49) and (2.43)

yield
X b ¢ b ¢

-, c
& Jw(u,u veees ™) 2 21X' I-%lu‘"’ |7’dx - IIX' f(ﬁllu |',’2 -c,|u |7‘)dx - B,. (2.50)
=X - =X

Let

M,;sup{ﬁlt?’-clty’-b |te R} +8,, (2.51)
and note that as %>N%2 1, we have M 2 <e°, and the relation (2.45) follows from

(2.50). As (2.45) yields (1) 2-M 2 the lemma is proven.
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3. Equilibrium of Second-Order Materials
In this section we discuss a class of second-order materials for which ifr, in the
equation
v=yluu',u”), (.1)
is m C%(IR?), is convex in its last variable, i.c.,
aziz(w,p,r)/ar’z 0, (3.2)
and satisfies
ewlli=clp|B+clr|®+d s W(w.p.r) S flw,p) +c,Ir|®, (3.3)
where fis a continuous function, d, ¢ j» %, are constants, and
1< 72.< 7%+ %SV, 1<y, and ¢;> 0 for j=1,.4. (3.4)
This class of materials includes those for which (1.38) — (1.40) hold. Each material
obeying (3.1) — (3.4) also obeys the hypotheses of Lemma 2.3 and hence the assumptions
of Section 2. In particular, Theorem 2.1 and Lemmata 2.1 and 2.2 can be employed here.
The results of Leizarowitz and Mizel [1989] described in Section 1 are also valid under the
present assumption of (3.1) — (3.4). |

We shall here present a method by which one can construct states u, that solve the

constrained minimization problem,

®,) Find ‘}’(a)--inf{[wu]luew(i/),<u>=a}, ae R,
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using states u, that solve the unconstrained problem
() Find @A) =inf { [y,]-Au [ueW(y)}, AeIR.

We shall observe that for certain values of a, namely those that are exposed points of the

function ¥, there are corresponding values of A such that every state u, that solves® (P*)

¥ we say that u “solves” (P*) or (P ) if the infimum in that problem is attained at u .

also solves (P a). However, in general there may be values of a for which

states that solve (P,) cannot be obtained in this manner. We shall show that, for each such

value of a, (P a) is solved by either a limit of a sequence {u 2 } of states, with u , solving
n n

(PA"), or by a mixture of two such limiting states. This will lead us to the following result
(Theorem 3.1): For every g, there is a state u, that solves (P_) and that is either periodic or
is a mixture of a pair of periodic states. We shall also observe (Theorem 3.2) that, for
materials obeying relations of the form

v(w.p,r) S h(w, r)-bg(p) (3.5)
in which b is a positive constant and 4 and g are non-negative continuous functions with

g2(p) =0 only when p =0, for each compact interval / there is a critical value



by =by(h, g, 1) of b such that if b exceeds b,and aisin/, (P ) is not solved by states for
which u_ is constant on IR . Materials obeying the relations (1.38) — (1.40) obey not only
(3.1) = (3.4), but also (3.5).

The concepts of support point and exposed point, mentioned in Section 1,* are here

¥ Cf. (1.13) and (1.14).

employed in a form that is meaningful for functions not necessarily differentiable
everywhere. We say that a point a in IR is a support point for a real-valued function g on IR
if there is a A in IR such that,

g(y)2g(a) +A(y-a), forall ye RR; (3.6)
a is an exposed point if, in addition, there is a 4 in IR for which,

g(y)>g(a)+ Ay-a),  when y=a. (3.7)
The set dg(a) of all A in IR for which (3.6) holds is the subdifferential of g at a.
As V¥ is convex, when ¥ is real-valued d¥/(a) is a nonempty bounded set for

eachainIR ¥ and YV is differentiable at a if and only if ¥ is a singleton, in which case

# vid., e.g., [1970].




M a)={¥'(a)}. If ¥ is not differentiable at g, then 9¥{a) is a cbmp'act interval
[A(a), A(a)] with A < A_,and in that case (3.7) must hold for each 4 in
( A(a), 4(a)). Thus, every point at which ¥ is nut differentiable is an exposed point for
Y.

Concemning exposed points for ¥, we have the following lemma, which holds for
general materials obeying the hypotheses of Section 2, once it is granted that &, and hence

¥, is real-valued.

Lemma 3.1. Let abe an exposed point for ¥, and let A obey (3.7) with g = ¥. Then
every function u, in W( v) at which the infimum in (P*) is attained, i.c., for which
[ V“).] — A<u,>= @(2), is one at which the infimum in (P,) is attained, i.¢., is in U(a)

and has [V“).] = Wa).

Proof. If u, minimizes the right side of (2.34), we have, by (2.37),

[v,,]-4A<u>=o(2) =inf { Hy)-Ay]ye R} . (3.8)

Our assumptions about a and 4 assert that

¥(y)-4y > ¥a)-Aa, for y#a, (3.9)

4]
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and hence the infimum in (3.8) is attaineci when, and only when, y =a. Thus,

Ya)-Aa = [Vu,']-;K“JP 2 W(<u,>)-A<u>, (3.1'0)
" . and on comparing this with (3.8) we deduce first that <. 2> =a and then that
¥a)= [V,,A]: qed

For materials obeying (3.1) - (3.4), the Lemma just proven and the results of
Leizarowitz and Mizel [1989] imply that when a is an exposed poin: for ¥ there is a
periodic state u , that solves the problem (P ).

We consider now points a which are not exposed points for ¥. As ¥ is convex,
for each such point there are numbers @, =a,(a) <a, = a,(a) and A=A (a) for which

¥y)=2(y-a)+¥a), foryin[a,a,]. (3.11)

By (2.38), the interval [a,, a,] is bounded; we take it to be the maximal interval containing
a on which (3.11) holds, i.e., on which ¥ is affine. Clearly, the infimum in (3.8) with
A=A (a) is anained if and only if y is in [a,.a,] . Therefore, if v is a solution of P)

then, as in the proof of the previous lemma, it follows that g, the average of v, is in
[4,,a,] and consequently v solves (P, ). Thus, given 4(a) for an g which is not
0

exposed, we can find a state v that solves a constrained problem (P ‘o) withain [a,a,],

but a need not equal the original a.



In our treatment of the problem (P;) for values of a that are noi exposed points for
¥, we confine our attention to sécond-ordcr materials obeying (3.2) — (3.4). For our next
lemma we employ the following result, recently obtzined by Leizarowitz [1990] usingl a
refinement of arguments given in [1989]: Ler/ be a bounded interval. As A varies over I,

Jor each A a periodic function u, that solves (P*) can be selected so that (i) the set
{T,|Ae I}, with T, the minimal period of u, , is bounded, and (ii) the functions u, and

u ,, Ael, are uniformly bounded.

Lemma32. Assume (3.1) - (3.4), and suppose that [a,, @,] is & maximal interval on

which Wis affine. Then there are periodic functions 4 and u s in W, () that solve the
1

problems (P, ) and (P 42).
1

Proof. We consider a, . The proof for a, is analogous. If ¥is not differentiable at a,,
then a, is an exposed point for ¥'and the required result follows from Lemma 3.1.
Mm’c. we suppose that ¥is differentiable at a, and note that ¥ ’is then continuous at
a,. We claim that, for every €> 0, the interval J = (‘12' a, + &) contains an exposed

point for ¥. As this is obvious if there is a point in J, at which ¥ is not differentiable,
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we suppose for the moment that there is an €> 0 such that ¥’ is continuous on J,.
Then, ¥'(J, ) is an interval and this interval is not degenerate, because, by the maximality
of [a), a,], ¥'(a)> ¥'(a,) foreach a inJ,, and ¥’ is continuous at..,. As the
maximal nonsingleton subsets of J_ on which ¥ is constant are disjoint intervals, they
form a countable set; if O is their union, ¥'(Q) cannot cover the interval ¥'(J ). Thus,
J‘\(Q) is not empty. Ifgisin J‘\(Q) then ¥'(a-6) < ¥'(a) < ¥'(a+6) for every
& >0, and hence a is an exposed point for V.

In view of the above, there is a strictly decfeasing sequence {a™) of exposed
points for ¥ with a™ — a, . Foreachn, let A® be a number in ¥(a™) such that
(3.7 holds with g =¥, a=a™, 1=2". Then ¥'(a,) < A™ < ¥'(a™+), and
hence A™ — A = ¥'(a,). As @ is finite-valued and concave, @ is continuous and

&(A™) > (4. I U, minimizes the right side of (2.34) with 4= 2™, by Lemma

3.1, <u,> = a™ and @A™) = [Vu( )] - A®g™ = Y(g™) - AMg™  Thus,

)
by the continuity of @ and ¥':

®(3y) = ¥(a,) - Aa, . (3.12)

Now, in view of the theory presented in [1989] and the previously mentioned result of

Leizarowitz [1990], we can choose the functions U that solve (P*m) so that they are
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periodic and their minimal periods T are bounded and, moreover, so that the functions
u,, and u(;) are uniformly bounded on IR and each function u, obeys (1.41). In view
of the coercivity relation (2.45), which is implied by (3.3), we conclude that the functions
4., are also uniformly bounded in the space W :ZZ’ formed from functions v on IR with
v and v’ absolutely continuous and with |v” | locally integrable. By extraction of a
subsequence, we obtain a new sequence of periodic functions u,, whose minimal periods
T™ converge while { U } converges weakly in W “;; 3 and uniformly in C}(R) toa
periodic function iy in W25 with period 7, = lim 7. Then

<uo> = E(u(u)> =a,, (3.13)
and, by Tonelli's theorem on lower semicontinuity,

lv,) < Eminfly, ). (3.14)

As [y, J="Ha®) and Em ¥(a®) = ¥(a,), (3.14) yields

(v, ] s ¥Ha). (3.15)

Hence u is a periodic function that solves problem (Paz), which completes our proof. It

is not difficult to see that i, describes a state of minimal free energy in the sense of (1.41)
and, by (3.11), is a state at which the infimum (2.34) is attained with =24, = ¥'(a,),

ie, ®1) = <V’uo>"10<“o>-



Definition 3.1. We say that a continuous real-valued function u on IR is an asymprorically
twice-periodic mixture of two periodic, continuous functions Uy uéon Rifuis

uniformly bounded and there is a sequence {K;} of disjoint intervals with | K | — e

such that:

@) OnK.., u=umifiisoddandu=umifiiscvcn.

o 1% .
(i) km -272|K.N| = 1, with 1=_[-x, x]

X=voe ]
2lk.ni|
i odd
(ili) With  as in (ii), ——————— converges to a positive number 7 as X —3es.

)Y oty

ieven

i=1

The number 6 = 7/(1+1) is called the fracrion of the mixture containing U,

Lemma 3.3. Assume (3.1)-(3.4). Let [al, a,] be as in Lemma 3.2, and let U, and

Uy, be periodic functions in W () that solve (P ‘1) and (P 02). If ais interior o [a,, a,],

ie,ifa=6a, + (I-G)cz2 with 0 < 6 < 1, then the problem (P‘) is solved by an

asympotically twice periodic mixture u* of u - and u 4 with @ the fraction of the mixture

containing u, .



Proof. Let T, be a (not necessarily minimal) period of ¥, , j= 1,2 If u, is constant
J

put T, =1, Let {v“} be an unbounded sequence of positive numbers for which as n = e

v, T V.
21, 6 and —=2&— 5 0.
v,,T, 1-6 a-1

szu

LetX = T ifmisoddandX = T, ifmiseven, andput J = [-X -1, X _+1].

Define v, on the interval J_, by the equations (2.15a)—(2.15¢) of the proof of Lemma 2.1

wit.hN=2andu=ual formoddandueuazformevcn. Finally, put

u* = Mix ({v,}.{4,]}, (£,})
with
A, =2X_-1), k =1.
Then u* isin W,(y) ,

<wut> = 9<“¢1> + (1—9)<uaz> = @, +(1-6)a, = a,

<y,> = 6< val> + (1-6)< Va2> = 0¥a,) + (1-6)Ha,) .

As Yisaffineon [a, a,], (3.20) yields

<y,> = Ha),

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



which completes the proof.

Let g be a real-valued convex function on IR. A number a is called an extreme
point for g if it is not interior to an interval on which g is affine, i.e., if there is no open
interval (a,,a,) with ae(al.az) andno 2in R, for which g(y) = g(a,) + A(y-a,)
for all y in ["1'42]'

Lemmata 3.1 — 3.3 and remarks made in their proofs yield the following two

theorems.

Theorem 3.1. If the material is of order 2 and ¥ obeys (3.2) — (3.4), then for each @ in

IR the convex function ¥ is finite-valued and there is an equilibrium state u, with

<u,>=a. K ais an extreme point for ¥, then u, can be chosen to be a periodic function

that describes a state of minimal free energy in the sense of (1.41). On the other hand, if a

is not an extreme point for ¥, and if u s, and ua2 are two periodic equilibrium states with

<u >=g and <u,>=a,, where a, and a, are the end points of the maximal interval
al 1 02 2 1

containing a on which ¥ is affine, then the state 4, can be chosen to be an asymptotically

twice-periodic mixture of the states u ” and u 4,
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The following theorem applies to a class of materials of order N 2 2 that includes
not only those of order 2 obeying (1.38) and (1.39), or their generalization (3.5), but also
those of order N 2 2 for which y is a continuous function on IRV obeying, for each
triple (w, §,2)in RxR¥!1x R,
viw, 8, 2)Sc(|wl+z]) -bls|2+ 7, (3.22)

where v, v,, b, ¢, and 1 are positive constants, and, as in (2.43), w = u,

s=.,u™ D) and z = u™.

Theorem 3.2. Suppose ¥ is a continuous function'on IRY*!, N 2 2, obeying
v u' u ™) < h(ui, u™) - bg',.... u™-V) (3.23)
with b a positive constant and with A and g continuous non-negative functions on IRV*!

and IRV}, respectively. Assume that g is positive definite in the sense that

3(51"“”N-1) =0 if 5,=0 for i=1,..,N-1, and g(sl,...,sN_l) > 0 otherwise. Define
¥ and l}'fo by (1.10) and (1.12). For each compact interval / in IR, there is a positive
number b= 0(h. g, 1) such thatif b> b, then for eachain/,

¥(a) < conv y,(a) , (3.24)
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and hence there is no spatially uniform (i.e., almost everywhere constant) equilibrium state

with average value a.

Proof. Let v = sin x, and put
K =sup { h(v(x)+a, V(®),...vM(x)) |xe R,ae 1}, (3.25a)
0 =min '{ gV @),.. VM) |xe R }. (3.25b)
As the set { (vV(D),.... v D(x)) |xe R} is compact in IRV! and does not contain

(0....,0), the number o is positive. By (3.23),
2x

| 1
<v,,> = Ewa(x)m.: < K-bo. (3.26)
0

Now, as V is continuous, for each compact interval /, the number,
p=min { convy,(a)|ael}, (3.27)
is finite. As 0> 0, there is a number b, such that for all b > b,
K-bo< p (3.28)
and, in view of (1.10) and (3.26),

¥a) < <y,, > < convy,(a) (3.29)

foreachain/;g.e.d.
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Of course, the hypothesis of Theorem 3.2 does not insure that ﬁe infimum in
(1.10) is attained or even that ¥{a) in (3.24) is > — e,

Arguments we have given in this section, particularly in the proof of Lemma 3.1,
and the paragraph containing equation (3.11), justify the following general remark about

materials with N2 1.

Remark. Consider a material of order one or higher, and suppose that ¥ is such that for

each A in IR there is a state that solves (P%), i.e., that for each A the infimum
(1) of { [y, - Au) | ue W(y) } is finite and is attained at a function in W(y) .
@) Ifa= <ﬁz> » Where u, solves (P*), then not only is u, an equilibrium state
with average concentration a, but
¥Y(a) = &A1) +4a. (3.30)
(i) Whenever a is an exposed point for the finite-valued convex functon ¥,
equilibrium states with average concentration a may be found as follows: Let 4 be
one of the numbers for which
Hy) > ¥(a) + A(y—a) when y#a; (3.31)

each state u, that solves (P*) is an equilibrium state with <u>=gif ¥is

differentiable at the exposed point g, then 4 is unique and A = ¥'(a).



4. Remarks on Homogenization
In the theory presented in this paper we have regarded bodies of infinite extent as
limits of bodies of finite extent. Indeed, we have defined averages of functions on IR to be
the limits of averages over intervals of finite length; e.g.,if ¥ on IR is such that <u> in

(1.1) exists, then

<u> = Jm <u> , 4.1)
where
X
<u>y: =3¢ J u dx 4.2)
-X

is the average value of the concentration for a body of length 2X whose state u is

obtained by restricting #: IR = IR to the interval I, = [-X, X] . Here, in a trivial sense,
the state u of an infinite body is the pointwise limit, as X — eo, of the states of finite
bodies.

There is, however, a way to start with one-parameter families of functions u]l and
X

build up a theory appropriate to the limit of large X in which <u> and [y, ] of the
present theory may be interpreted as quantities defined for states of a limiting body of finite
length. In this procedure, as X increases the x-axis is rescaled by the transformation

xby =&, €=1X, 4.3)
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and thus at each stage one deals with function u_ defined on the interval 7, = [-1, 1] by
ufy) = u(x) = u(yle). 4.4)
An expected feature of this procedure of homogenization is that as X — e the limit of u,
will be not a function, but a Young measure. We briefly examine the procedure below.
Let y be the Helmholtz fm-en&gy function for a material of the order N2 1,
and let W(y) be defined as in the first paragraph of Section 2. For each u in W(y),
the derivatives of the function u,_ on /, obtained from the restriction of u to Iy asin
(4.5) obey
u'(yle) = eul(y), w(yle) = €%ul(y), e 4.5)
We continue to write <->, for the average value of a function on Iy. Clcarly,-
<Udy: = <u> . (4.6)
With the notation,
Vi(y) = w(v(y), eV'(3), €V (3),.r €VP(y)) 4.7)

we have, by (1.4), (4.4), and (4.5),
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X

<y >, = 2—lx' J v (u(x), W'(x), U@, ... uM(x))dx

-X
1

. |
=3 IV,f‘(Y) dy =<y >,. S (R

-1

As u isin W(y), (4.6) and (4.8) yield,

l‘i_'na <u >, = <u>, 4.9)
l;iﬂinf<v;rlf£>l = [y/u]. (4.10)
Ascachu in W(y) isin L™(IR), the family {u_} is a bounded subset of

L™(1,), and it follows that each sequence {€_} with £ — 0 has subsequence {¢ )}

for which, in the sense of weak convergence of measures,
u‘n{ SV, 4.11)
where v = v(y; dA) is a Young measure. That is, for each Borel set E in IR, the
function y F v (y; E) is a Borel measurable function, while for almost every y in /,
E Py (y; E) is a probability measure on IR. Furthermore, given the subsequence

{u - } for which (4.11) holds, by an elaboration of the method of Lemma 2.1 one can

construct a state v in S that obeys (2.10) and is such that for a certain Young measure

y: (i) the analogue of (4.11) holds for every sequence (e,} converging to zero, i.e., s

=0,



v, 37, ‘ (4.12)
and (ii) y determines a Borel probability measure u that is independent of y, namely,
y(,E) = u(E) for all Borel sets E, for almost all yin/, . (4.13)

Consequently, the first moment of the probability measure u gives the average value of u:

Jadp(a)=<u>. 4.14)

States that correspond to such fiber-constant Young measures can be regarded as

possessing a generalized type of periodicity.

Definition 4.1. A function u in § is called pseudoperiodic if there is a Young measure ¥ on

1, that obeys (4.13) and is related to the functions {ug} by (4.12).

Remarks. (i) Itis no difficult to verify that if a continuous function u describes
a periodic state or an asymptotically twice-periodic mixture in the sense of Definition 3.1,

then u is pseudoperioidic.
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(ii) It can be shown that essentially bounded functions uon IR which
are almost periodic in the sense of Besicovitch are also pseudoperiodic. The connection

between these generalized notions of periodicity will be further developed elsewhere.

The construction mentioned above ensures that for each u in W(y) there is a

corresponding pseudoperiodic state u in W(y) satisfying the conditions
<u> = <u>, <y;> = [y].

By using the preceding observations, one can obtain an existence result for
functions solving the unconstrained problem (P*) for materials of arbitrary order N 2 2.
That existence result, together with the theory of Section 3, leads to the following theorem
for materials obeying the natural extension to higher-order materials of the hypotheses

(3.1) - (3.4).

Theorem 4.1. Suppose that for a material of order N 2 2 the function y is in CH(IRY) and

obeys, for each triple (w, 8, z)in RxRY! xR,

*y(w, s, 2)/z% 20

and

(4.15)

(4.16)
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W[l -cls|%+c,)z [P +d < Y(w.8.2) < fiw, 8) + c 2™, 4.17)
with f continuous, d, ¢;» 7; constant, and
1s9%,<%, %,s7, 1<y, and cj>0 for j=1,..4. | (4.18)
Then not only is ¥ a real-valued convex function in accord with Theorem 2.2 and Lemma
2.3, but for each a in IR there is a pseudoperiodic equilibrium state u_in W, () with

<ua> =a.

Proofs and applications of the above obserQaﬁons will be presented elsewhere.
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