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1. Introduction

Theorem proving is difficult and deals with complex phenomena. The difficulties seem to be compounded
when one works with higher-order logic, but the rich expressive power of Church’s formulation [18] of this
language makes research on theorem proving in this realm very worthwhile. In order to make significant
progress on this problem, we need to try many approaches and ideas, and explore many questions. The
purpose of this paper is to provide an informal and expository introduction to an approach based on
establishing appropriate connections between subformulas of an expanded form of the theorem to be proved.
We hope to create an awareness of the many problems and questions which await investigation in this
research area.

A question which is highly relevant to theorem proving is "What makes a logical formula valid?". Of
course, there can be many ways of answering this question, and each can be the basis for a method of proof.

One approach to the above question is semantic. Theorems express essential truths and thus are true in all
models of the language in which they are expressed. Truth can be perceived from many perspectives, so there

“‘This is an extended version of a lecture presented to the 8th International Conference on Automated Deduction in Oxford, England
on July 27, 1986. - This material is based upon work supported by the National Science Foundation under grants DCR-8402532 and
CCR-8702699.



may be many essentially different proofs of theorems. This point of view is very appealing, but it does not
shed much light on the basic question of what makes certain sentences true in all models, while others are not.
It’s certainly a good idea to take advantage of semantical insights wherever these can be used to guide the
theorem-proving process, but thus far significant progress in this direction has been made only in a few
special contexts, such as geometry theorem proving.

Of course, theorems are formulas which have proofs, and every proof in any logical system may provide
some insight. This suggests seeing what one can learn by studying the forms proofs can take. While this may
be helpful, many of the most prominent features of proofs seem to be influenced as much by the logical
system in which the proof is given as by the theorem that is being proved.

Let’s focus on trying to understand what there is about the syntactic structures of theorems that makes them
valid.

2. The structure of tautologies of propositional calculus

In the case of formulas of propositional calculus, we can certainly make good use of semantical insights,
since in classical two-valued propositional calculus (to which we restrict attention here) the theorems are
precisely the tautologies, and we can test a formula for being a tautology in an explicit syntactic way.
However, simply checking each line of a truth table is not really very enlightening, and we may still find
ourselves asking ""What is there about the structure of this formula which makes it a tautology?".

Clearly the pattern of occurrences of positive and negative literals in a tautology is very important. One can
gain much insight into the structure of a wff by putting it into negation normal form (anf). A wff is in
negation normal form, and is called a negation normal formula (nnf), iff it contains no propositional
connectives other than v, A, and ~, and the scope of each occurrence of ~ is atomic. In order to examine a
nnf, it’s helpful to arrange it in a two-dimensional diagram which we call a vpform (vertical path form). We
display disjunctions horizontally, and conjunctions vertically.

For example, consider the wff below, which we call THMS2:
[[P = Q] = R] O [P =.Q = R]

(A dot in a wff stands for a left bracket whose mate is as far to the right as possible without changing the

‘pairing of brackets already present.)
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A negation normal form of THMS2 is:
[[~PVQA[~QVP]A~R]
VIRA.[PA~QV .QA~P]

\Y; J~PV . [~QVR]A.~RVQ]
A.JOA~RJVI[RA~Q]VP

The vpform of this is:

[ [~°V '
~Pv R ~Pv
~RvQ
~Q Vv Plv P Q v
LB ey
~ R ~Q ~ P v[ v P
ALY B

)

In this form the structure of the wff is much easier to comprehend. Let us also look at the negation of this

wff. A negation normal form of ~THMS?2 is:
[[PA~Q]VIQA~P]VR]
A[~RV .[~PVQ]A.~QVP]
A [PA.[QA~R]JV .RA~Q]
V. [~-QVRIA[~RVQQ]IA~P

The vpform of this is:

- p 0 A
L)
~ ~ P
~PvaQ
~R v
~QvP

P ~Q Vv R
Q R v|~RvQ
[tl~ R ~ ~ P 1]

There is an obvious relationship between the two vpforms above.

A disjunctive (horizontal) path through a nnf W is a set of literal-occurrences in W corresponding to a
disjunction of literals obtained from W by repeatedly replacing subformulas of W of the form [A1 A..AAY
by one of the Al until no conjunctions remain. Similarly, a conjunctive (vertical) path is a set of literal-
occurrences corresponding to a conjunction of literals obtained by repéatedly replacing subformulas of the
form [Al V ...V A"] by one of the Al until no disjunctions remain. (For example, one vertical path consists of
the left-most literals in the vpform above.) A conjunctive normal form of a wff is the conjunction of the



disjunctions of literals in its horizontal paths, and a disjunctive normal form of a wff is the disjunction of the
conjunctions of literals in its vertical paths. (See [7].)

A connection is a pair of literal-occurrences, and a mating is a set of connections, i.e., a relation between
occurrences of literals. The terminology mating was used by Martin Davis [19]. In propositional calculus we
require that connected (or mated) literals be complementary, and when these ideas are lifted to first- or
higher-order logic we require that there be some substitution which simultaneously makes the pairs in each
connection complementary. When speaking about wffs of propositional calculus we usually tacitly assume
that literals are connected iff they are complementary.

We say that a mating spans a path iff there is a connection in the mating between two literals on the path.
This means that two literals on the path are complementary. A wff is a tautology if and only if all the
disjunctions in its conjunctive normal form are tautologies, which is equivalent to saying that all its horizontal
paths are spanned. Similarly, a wff is a contradiction if and only if all the conjunctions in its disjunctive
normal form are contradictions, which is equivalent to saying that all its vertical paths are spanned.
Depending on whether we are looking for a tautology or a contradiction, we say that a mating spans a nnf iff it
spans all its horizontal paths or all its vertical paths. Of course, when checking whether a mating spans a nnf,
it’s not always necessary to examine each path completely and individually. (By examining the paths in the
vpforms above it is easy to see that THMS2 is a tautology and that ~THMS52 is a contradiction.)

For many purposes it doesn’t matter whether one proves that a wff is a tautology, or proves that its negation
is a contradiction. In general, one should be able to display the work in whichever format one prefers, and
translate easily between them.

When lifted to first-order logic, these ideas are the foundation of the method of theorem proving which has
been called the connection method [12] and the mating method [S]. Bibel’s book [12] contains a wealth of
information and ideas, many of which appeared earlier in his many papers on this subject. Of course, one can
see the antecedents of this approach to theorem proving in certain early papers in this field, most notably [31].

A mating which spans a nnf is also called p-acceptable (path-acceptable). We may also use the word
acceptable in a more general sense and say that a mating is acceptable if it satisfies some criterion which
guarantees that the formula is a tautology (or a contradiction). For wffs in conjunctive normal form, another
example of a criterion which guarantees that a wff is contradictory is that every cycle must contain a merge
(see [3] and [32]). It would be valuable to develop additional criteria for acceptability. Of course, such criteria
are most useful if they lift to higher levels of logic, as with resolution.

Note that if we have a number of conditions which must be satisfied by an acceptable mating, we may be
able to apply them simultaneously to limit our search, or we may be able to use different criteria in different
situations to motivate mating certain literal-occurrences. Perhaps much more can be said on this subject.



3. The structure of valid formulas of higher-order logic

We turn our attention to higher-order logic, which is synonymous with type theory, and was developed by
Bertrand Russell. We shall use a very elegant and useful formulation of type theory due to Alonzo Church
[18] which is known as the typed A-calculus. A description of this can be found in [7], but we give a brief
introduction to some basic features of the notation before proceeding.

All entities have types, and variables and constants are letters with subscripts which indicate their types.
However, we often omit the subscript from a symbol after its first occurrence in a wff. If a and B are types,
then (af) is the type of functions from elements of type 8 to elements of type a. The type of truth values is o,
and we may regard entities of type (oa) as sets whose elements are of type a or as properties of objects of type
a. In higher-order logic, all types of variables can be quantified. Of course, propositional calculus and
first-order logic are parts of type theory.

One view is that in higher-order logic as well as in first-order logic, formulas are valid because they can be
expanded into tautologies. (Of course, this is the fundamental idea underlying various forms of Herbrand’s -
Theorem.) The simple tautological structure of a valid wff can be hidden in various ways. Valid formulas
may be regarded as tautologies which have been abbreviated by existential generalization, disjunctive
simplification, A-expansion, and the introduction of definitions. Their basically tautological structure has
been disguised, and to prove them we must unmask the disguises.

Let us consider an example of how one can start with a tautology and disguise it by using these four
operations to obtain a meaningful theorem of type theory. Start with a tautology:

(1) [Q, A ~ S,1]
vV [N, A~R]
v [M, A~ Q]
V. [~-MVS]IA~NVR

Substitute to get another tautology:

(2) [P, [H, XJ A ~ P .G, .H X]
VIPY A~P .GY]
VIPXA~FP.HX]

V .[~PXVPGHX]A.~PYVPGY

Existentially genera'lize' on [H, X‘]:

(3) 3X, [P, XA~ P.G, X]
VIPY A~P .GY]
VIPXA~P.H X
V. [~PXVPGHXIA~PYVPGY

Existentially generalize again:



(4) ax, [P, X A ~ P.G, X]
v IX [P XA~ P.G X]
VIPXA~P.H X]
V .[~PXVP.GHXIA~PYVPGY

Apply Vv simplification:

(5) 3x, [P, X A ~ P.G, X]
VIPXA~P.H X]
V .[~PXVPGHXIA~PY VPGY

Existentially generalize:

(6) 3x, [P, X A ~ P.G, X]
V3X[PXA~P.H X]
V .[~PXVP.GHX]IA~PY VP.GY

Next we perform two trivial changes of the wff which we don’t really regard as disguising its structure in any
significant way. Introduce V:
(7) VG, VH,. 3X [P, X A ~ P.G X]

V 3X [P X A ~ P.H X]
V WX [~PXVP.GHXIAVW.~PYVPGY

Rewrite 3 as ~V~ and apply De Morgan’'s Laws:

(8) V6, VH,. ~ VX [~ P XV P.GX]
V ~VX[~PXVP.HX]
V. .VX[~PXVPGHXIAW.~PYVPEY

A-expand:

(9) V6, VH,. ~ [AG .¥X.~ P_ XV P.6 X] G
V ~ [AG .VX.~ P X v P.G X] H
V. .[A6 .VX.~ P X V P.G XJ[AZ, .6.H ZJ A W,.~ P Y V P.G Y

Existentially generalize on [AG, .VX .~ P X v P.G X]:

(10) 3M, V6, VH,. ~ MGV ~ MH
V .M [AZ .G.HIJAW,.~P YVPGY

A-expand:

(11) HMo(u) VG, VH,. ~MGV ~MH
vV .M [[AG AH AZ‘ .G.HZ] GH] AV .~P YVPGY

Introduce the definition o for [AG“ AH“ AZ .G.H Z], writing [G o H] (the composition of G and H) as an
abbreviation for [o G HJ:

(12)  3My, V6, VH,. ~MGV ~MH



V .M [Go H] A VY‘.~ Po‘ YV P.GY
Introduce V:

(13) WP, 3M_ VG VH . ~MGV ~ MH
V M[GoH]AW,. ~PYVPGY

Again we make a trivial notational change, introducing D:

(14) VP, M, VG, VH,. [M G A MH]
D M[GoH]AVY.PYDP.GY

We have thus arrived at the
THEOREM.: For any set P, there is a set M of functions on P which is closed under composition.

We shall call this theorem THM112. It’s a trivial theorem, but it provides a nice simple example of many
basic phenomena, so it will be used to illustrate a number of points.

Of course, the process leading to THM112 above provides one form of a proof of the theorem, and this
suggests an approach to the problem of searching for proofs of theorems of higher-order logic. Starting with
the theorem to be proved, apply the inverses of the operations used above to find the tautology hidden in the
theorem.

4. Expansion trees and expansion proofs

The tautology hidden in a theorem reminds us of a Herbrand expansion, and indeed, it essentially is one in
the context of higher-order logic, and it sheds a lot of light on the essential syntactic structure of the theorem.
However, it’s a little hard to regard the tautology as a form of proof of the theorem, because we can’t recover
the theorem from the tautology; indeed, the tautology could be used to prove many theorems, including the
ultimately weak theorem Bpo p, which is an immediate consequence of every theorcm.

To understand in this sense why a formula is valid one needs more than the tautology hidden within it; one
needs to know how to expand the formula into the tautology. If you haven’t thought much about how to
extend various methods of automated theorem proving to higher-order logic, you may not have worried much
about the fact that it can be rather awkward to deal with a situation in which new quantifiers and
propositional connectives are continuously introduced into the formula you’re working on. To deal with such
a situation efficiently, and to make rigorous arguments about the processes involved, it’s important to have a
nice clean representation of the relevant logn:a] structures.

A very elegant, concise, agd nonredundant way of representing the theorem, the tautology, and the
relationship between them is an expansion tree proof, otherwise known as an E7-proof or an expatision proof.
This concept, which grew out of ideas in [6], was developed by Dale Miller in his thesis [25], and the details of



the definition can also be found in [27].

We need not repeat these details here, but let us give an informal disussion of this concept which should
convey the main ideas involved in it. A familiar way of representing a wff of first-order logic is to regard it as
a tree (i.e., a connected graph with no cycles) growing downward from a topmost node which is called its root.
With each node of the tree is associated a propositional connective, quantifier, or atom, and if the node is not
associated with an atom, there are subtrees below the node which represent the scopes of the connective or
quantifier. Starting from this idea, let us enrich it to obtain what Miller calls an expansion tree for a wff of
first- or higher-order logic.

Let us call the wif represented by a tree Q as described above the shallow formula Sh(Q) of the tree (and of
the node which is its root). With each expansion tree Q is also associated a deep formula Dp(Q) which
represents the result of instantiating the quantifier-occurrences in Q with terms which are attached as labels to
the arcs descending from their nodes.

Let us call a node of a tree an expansion node if it corresponds to an essentially existential (see p. 123 of [7])
quantifier, and a selection node if it corresponds to an essentially universal quantifier. (In dual expansion trees,
the roles of universal and existential quantifiers are interchanged.) Let finitely many arcs labeled with terms
descend from each expansion node, so that if the expansion node has shallow formula 3x B, and if t is the
term labeling an arc descending from that node, then the type of t is the same as that of x, and the node at the
lower end of that arc has as shallow formula the A-normal form of [[Ax B] t}, i.e., the result of instantiating the
quantifier with the term t. The term t is called an expansion term. Selection nodes satisfy a similar condition,
except that only one arc may descend from a selection node, and the term labeling it must be a suitably
chosen parameter called a selected parameter.

In an expansion tree, if Q is an expansion node and Ql, - Q , are the nodes immediately below Q, then

Dp(Q) is [Dp(Ql) V.V Dp(Qn)]. (In a dual expansion tree, however, Dp(Q) is [Dp(Ql) A A Dp(Qn)].)

The deep and shallow formulas are the same for the leaves of these trees.

In order to deal effectively with definitions, it is useful to add one more condition to the inductive definition
of an expansion tree. If Q is a node whose shallow formula contains an abbreviation (such as the wff [c G H]
of the example above), then one may call Q a definition node and create a node Q1 below Q whose shallow
formula is the result of replacing the abbreviation by the wif for which it stands ([AG AH AZ GH Z]GH]
in the example above) and putting the result into A-normal form. Q1 and Q have the same deep formulas.

An example of an expansion tree which represents the proof of THM112 given above may be seen in Figure
4-1. The shallow formula for each node is written to the right of the node. The deep formulas are not
displayed, but it is not hard to see that the decp formula for the whole expansion tree is formula (2) of the
previous section.



Figure 4-1: EXPANSION TREE PROOF OF THM112

sel VPIMVGVH.[~MG vV ~MH] vV .M[GoH] A VY.~PY Vv P.GY
P
def IMYGVH.[~MG V ~MH] v .M[GoH] A VY.~PY Vv P.GY
o
exp 3MYGVH.[~MG V ~MH] v .M[AZ.G.HZ] A VY.~PY v P.GY
[AGVX.~PX Vv P.GX]
sel’ VGVH.[IX[PX A ~P.6X] V 3X[PX A ~P.HX]]
V .VX[~PX v P.G.HX] A VY.~PY Vv P.GY
G .
sel VH.[BX[PX A ~P.GX] v 3X[PX A ~P.HX]]
V .VX[~PX vV P.G.HX] A V¥Y.~PY v P.GY
H
v [3X[PX A ~P.GX] v 3X[PX A ~P.HX]]
V .VX[~PX v P.G.HX] A VY.~PY v P.GY
A VX[~PX Vv P.G.HX] A VY.~PY v P.GY
sel VY.~PY v P.GY
Y
\"2p ~PY.v P.GY
~PY P.GY
sel VX[~PX v P.G6.HX]
x .
Y [~PX v P.G.HX]
~PX > P.G.HX
v 3X[PX A ~P.GX] Vv 3X[PX A ~P.HX]
exp 3X[PX A ~P.HX]
X
A _A_ PX A ~P.HX
PX ~P .HX
exp 3X[PX A ~P.BX]
HX | ~ e - s
A A4 _P[HX] A ~P.6.HX A PY A ~P.GY

P[HX] . ~P.6G.HX PY ~P.6GY
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It may be helpful to visualize expansion trees as being laid out in three dimensions. Go downward along
the z-axis to do sclections, expansions, and definition instantiations, display conjunctions parallel to the y-axis,
and display disjunctions parallel to the x-axis. Note how appropriate the words deep and shallow are from this
point of view.

An expansion tree which satisfies certain conditions is called an expansion proof. In such a tree, the shallow
formula is the wff being proved, and the deep formula is the underlying tautology. The conditions are:

1. The deep formula must be a tautology.

2. Selections must be done right. (We discuss this more thoroughly below.)

If one uses dual expansion trees instead of expansion trees, an expansion proof (which might also be called
an expansion refutation) must have for its deep formula a contradiction instead of a tautology. In an
expansion tree, which represents a proof which works its way up from the bottom of the tree to the top node,
expansion corresponds to inverse existential generalization, whereas in a dual tree, which represents a
refutation which starts at the top node and works down to a contradiction, expansion corresponds to universal
instantiation. Actually, from now on we’ll mainly be concerned with dual trees. A dual expansion tree for a
wif equivalent to ~THM112 is in Figure 4-2, which should be compared with Figure 4-1. Note that its deep
formula is the contradiction

[~ P, [H, X1V P[6.HXITA[~PY VP[GYI]A[~PXVPI[HX]]
A PXA~PGHX]IV.PYA~P.GY.

One can make the condition that “selections must be done right" precise in a variety of ways, and the
technical details need not concern us much right now. If one generates the expansion tree in a step-by-step
process starting from the formula to be proved, then it suffices to choose a new parameter which occurs
nowhere in the tree each time a selection is made.

Of course, if one is just presented with an expansion tree, and asked whether it is an expansion proof, one
needs a criterion to check. One such criterion, which is in Miller’s thesis and is similar to one in Bibel’s book,
is that the imbedding relation on selected parameters be irreflexive. The imbedding relation is the transitive
closure of the relation <¥ such that a <° b iff there is an expansion term occurrence t such that a occurs in t and
b is selected below t in Q. '

‘When searching for an expansion proof, we generally won’t know just what expansion terms we should use,
so the expansion terms will contain free variables for which we will make substitutions later. Of course, when
we make a substitution, we must do it in a way that does not violate the imbedding condition. Just as in
first-order logic, we can do this by introducing Skolem terms in place of the selected parameters. In higher-
order logic, we may introduce new quantifiers in the expansion terms, so we can’t do all the Skolemization in
a preprocessing stage. This is why we need the selection operation even if we use Skolemization.
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Figure 4-2: DUAL EXPANSION TREE FOR ~THM112

sel ¢ 3IPYMIGIH.[MG A MH] A .~M[GoH] v 3IY.PY A ~P.GY

P

def ¢  VMIGIH.[MG A MH] A .~M[GoH] v 3Y.PY A ~P.GY

[+]

exp ¢ VM3G3H.[MG A MH] A .~M[AZ.G.HZ] v 3Y.PY A ~P.GY

[AGYX.~PX v P.GX]
sel ¢ 3G3H.[VX[~PX Vv P.GX] A VX[~PX v P.HX]]

- A .IX[PX A ~P.G.HX] V 3Y.PY A ~P.GY

sel ¢ ITH.[VX[~PX v P.GX] A VX[~PX Vv P.HX]]
A .3X[PX A ~P.G.HX] Vv 3Y.PY A ~P.GY

[VX[~PX Vv P.GX] A VX[~PX Vv P.HX]]
A .3X[PX A ~P.G.HX] v 3Y.PY A ~P.GY

3X[PX A ~P.G.HX] V 3Y.PY A ~P.GY

IY.PY A ~P.GY

PY A ~P.GY

~P.GY
sel IX[PX A ~P.G.HX]
[PX A ~P.G.HX]

~P.G.HX

A VX[~PX V P.6X] A VX[~PX Vv P.HX]
VX[~PX Vv P.HX]

~PX v P.HX
~PY v P.GY

~P[HX] . P.GY
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Each Skolem term consists of a new function symbol with arguments which are the expansion terms above
its selection node in the tree. Note that if a and b are selected parameters, a < b means that the Skolem term
for a is imbedded in the Skolem term for b. If one Skolemizes naively in higher-order logic, the Skolem
functions can serve as choice functions, and one can derive certain consequences of the Axiom of Choice even
if one did not intend to enrich one’s logic in this way. The right way to do Skolemization in higher-order logic
is discussed in Miller’s thesis. Skolem terms often get awkwardly long, but when we use Skolemization, we
can simplify the notation by just writing a single label for each Skolem term, and keeping track of what it
stands for. We will do this in examples below.

Of course, even if one wants to substitute for variables in the expansion tree, one can use selected
parameters instead of Skolem terms if one takes care not to violate the imbedding condition. In particular,
one can integrate the imbedding relation into the unification algorithm so that only appropriate substitutions
are produced. This is discussed for first-order logic in Bibel’s book, and the details for higher-order logic
should be fully worked out soon.

Note that an expansion proof can be used to provide an extremely economical representation of the
-essential information needed to prove a theorem. This information consists of the theorem itself, the general
structure of the expansion tree, the expansion terms at each expansion node, the selected parameter at each
selection node, and information about which occurrences of definitions are instantiated at definition nodes.
The wffs associated with the nodes of the tree other than the root can be calculated. Thus, the expansion tree
displayed in Figure 4-1 can also be displayed as in Figure 4-3.

The idea of an expansion tree is really very simple and natural. However, T want to emphasize its
importance as a conceptual advance. It provides a fundamental conceptual building block on which we can
base the extension of the connection or mating approach to theorem proving from first- to higher-order logic.

5. Translations between formats

As research on automated deduction progresses, we shall probably reach a point where we are less
concerned with what format is being used, and more with deeper issues. Nevertheless, certain ideas do occur
more naturally in one context than in another, and it’s well known in artificial intelligence, mathematics, and
other disciplines that the way one represents a problem can be very important, so it’s nice to be able to
translate easily from one proof format to another. The translation process may in principle be trivial in the
sense that no search need be involved, but it’s often highly nontrivial to design a good algorithm to do this
and to prove that it always works.

A familiar format for presenting proofs is natural deduction. An example of a natural deduction proof for
THM112 is in Figure 5-1. (See [4] or §30 of [7] for more details about this formulation of natural deduction.)
Note how a natural deduction proof differs from building up the wff from a single tautology. In natural
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Figure 4-3: EXPANSION TREE PROOF OF THM112

sel
P
def
(o]
exp
[AGVX.~PX v P.GX]
sel

G
sel

H
\%

[

<

g

VP3IMVGYH.[~MG vV ~MH] v .M[GoH] A VY.~PY Vv P.GY
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Figure 5-1: NATURAL DEDUCTION PROOF OF THM112

(11 VX‘ [Pm XD P.Gu X] AVX.P XD P.H“ X Hyp
(2)1 vX,.P, X D P.G“ X Conj: 1
(3)1 VX‘.PO‘ XD P.H“ X Conj: 1
(4)1 Pm [H“ X‘] -] P.Gu.H X UI: [H X] 2
(5)1 o X2 P.H, X Ur: x 3
(6)1 Pm X, D P.G“.H“ X RuleP: 4 5
(7)1 VX,.P,, XD P.G“.H“ X UGen: X 6
(8)1 Pm Y‘ D P.G“ Y UI: Y 2
(9)1 VY‘.PO‘ Y D P.Gu Y UGen: Y 8
(10)1 VX, [Po‘ XD P.Gu.H“ X] A vY,.P YDOP.GY Conj: 7 9
(11) + VX, [PO‘ XD P.G“ XJ] AVX [P XD P.H, X]
DVX [P XD P.G.HX] A vY,.P YDOPGY Deduct: 10
(12) + VH“. VX‘ [Pm XD P.G“ X] A VX [P X D P.H X]
D VX [P XDP.G.HX] A VY‘.P YDOPGY UGen: H 11
(13) + VG“ VH,, . VX, [Pm X DP.GX] AVX[PXDP.HX]
D VX[PXDP.G.HX] AVY.PYD P.GY UGen: G 12
(14) VGu VH,. [AG VX‘.PM X DP.GX] GA[AGVX.PXDP.GX]H
o] [AG VX.P X D P.G X][)\Z‘ G.H Z] A VY‘.P YDOPGY
Lambda: 13

(15) + M, V6, VH . MGAMH D M[AZ GHZJAVY,. P YDP.GY
EGen: [AG VX.P X D P.G X] 14

(16) K EMO(“)VG“VH“.MGAMH D M[GoH]/\VY‘. Po‘YDP.GY
Def: 15
(17) + VPMBMo(u)VG“VHu.MGAMH D M[GoH]/\VY‘. PYDP.GY
UGen: P 16

deduction proofs we may have hypotheses introduced and eliminated, conjunctions introduced and
eliminated, proofs by cases, indirect proofs, the transitive law of implication, etc. In general, a truly "natural”
deduction breaks up the proof and the theorem into parts on which we can focus.

As you can see, a natural deduction proof contains a great deal of redundancy, since certain formulas occur
as subformulas of many lines of the proof. Redundancy occurs naturally in human discourse, since our
short-term memories have limited capacity, and there are limitations on the ways we can restructure
information in our heads. It’s quite appropriate that proofs in natural deduction style also contain this
redundancy. However, in a computer system redundancy is often a nuisance or a problem. It wastes
memory, and may create the need for additional processing. When we see redundancy, we should ask
whether there is some good reason for it. What does it cost, and what does it achieve? Of course, redundancy
in the final proof format should be distinguished from redundancies and inefficiencies in the search for the
proof and associated data structures. The latter are much more serious.

When one is searching for a proof, it is desirable to work within a context where one can focus on the
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essential features of the problem as directly and economically as possible. Thus, it makes a lot of sense to
search for ways of proving theorems of higher-order logic by searching for expansion proofs.

Miller showed [25] [26] [27] that once an expansion proof has been found, it can be converted without
further search into a natural deduction proof. This extended related work for first-order logic in [4] and [12].
Of course, being able to make this translation justifies searching for a proof by looking for an expansion
proof.

Some choices have to be made to determine how the natural deduction proof is arranged, since different
natural deduction proofs may correspond to the same expansion proof, and heuristics can be used to make
these choices in ways that will tend to produce stylistically pleasing proofs. Miller has done some work
[25] under the name focusing on this problem too, but more needs to be done.

Of course, when we are trying to construct examples of proofs interactively for research purposes, it’s
usually easiest for us to construct them first in natural deduction style, so we’d like to be able to translate such
proofs automatically into expansion proofs. However, there are some pitfalls when one tries to translate in
this direction.

When Herbrand was proving the famous theorem which bears his name, he needed to show that every
theorem of first-order logic has what we now call a tautologous Herbrand expansion. He presented an
apparently straightforward inductive argument that every formula in any proof in a certain system of first-
order logic has such an expansion. However, he ran into trouble [20] when he tried to prove thatif A and [A D
B] both have tautologous Herbrand expansions, then B has one too. This error was not repaired [21] for thirty
years.

In higher-order logic, a purely syntactic proof that every natural deduction proof can be translated into an
expansion proof runs up against Gbdel’s Second Incompleteness Theorem, just as a purely syntactic proof of
cut-elimination in type theory does. To explain this, let us introduce an axiom of infinity (a sentence whose
models are all infinite) which we shall call Infin:

3R, VX VY, VZ. W RXW A ~RXX A .~RXYV~RYZVRXIZ

[]
"Analysis" is the name for the logical system of type theory with added axioms of extensionality, descriptions,
and Infin. Most of mathematics can be formalized in this system. Now let us suppose for a moment that
analysis is inconsistent. It can be shown by a purely syntactic argument [2] that if analysis is inconsistent, one
can prove ~Infin in type theory without axioms of extensionality and descriptions. Now for the sake of
simplicity, consider a stronger axiom of infinity which we shall call Sklnfin:

36, 3R, VX VY VZ. RX[6X] A~RXX A.~RXYV~RYZVRXIZ

Skinfin implies Infin, so if analysis is inconsistent, ~SkInfin can be proved in type theory. If every proof in
type theory can be translated into an expansion proof, there must be a dual expansion tree for Skinfin which



16

has a contradictory deep formula. Here is the vpform for SkiInfin:
3IGR
XYz
R X [G X]

~R XX

~RXYVv~RYZVRXIZ

Let’s write A(A) for the (essentially unique) A-normal form [1] of a wff A. It is not hard to see that the deep
formula must be a conjunction of formulas which will be true if we make the atom [R A B] true whenever the
number of occurrences of G in A(A) is less than the number of occurrences in A(B), so it cannot be
contradictory. Thus, we reach a contradiction.

If the proof that the translation process above always works could be formalized in analysis, we could
formalize the argument above to obtain a proof within analysis that analysis is consistent, contradicting
Godel's Second Theorem. Thus, the proof that the translation process always works cannot be formalized in
analysis, and the problem of proving that there is such a translation is intrinsically difficult.

Frank Pfenning showed in [28] how to translate a natural deduction proof in first-order logié into an
expansion proof, and .deals with the problem for higher-order logic in his thesis [29]. Pfenning can prove that
his translation for type theory works when applied to cut-free proofs, and it’s been known for a long time (by
a non-constructive argument) that natural deduction proofs in type theory can be made cut-free. Pfenning has
also defined a translation process for proofs which do contain cuts, but he has no proof that the translation
process terminates. (Of course, any such proof would have to use methods which could not be formalized in
analysis; for examples of such proofs, see references cited in [2].)

It is our thesis that proofs of formulas of first- and higher-order logic in virtually any format induce
expansion proofs, and can be constructed from expansion proofs. Frank Pfenning has amassed considerable
evidence for this in his thesis, and has shown how expansion trees can be extended to accommodate equality
and extensionality. Expansion trees are important tools for comparing proofs and methods of searching for
proofs. An expansion proof reveals how a tautology is hidden in its theorem, and provides a nice answer to
the question "What is the essential reason that this wff is valid?"

An expansion proof embodies essential ideas which can be expressed in many ways in different proofs; the
expansion proof is a key to translating between them. If we have a clumsy natural deduction proof, we can
transform it into the expansion proof which it induces and then (if we have sufficiently good translation
methods) translate that back into a well structured natural deduction proof.

Obviously, proofs which induce the same expansion proofs are equivalent in a very important and
fundamental sense. It’s conceivable that by looking even further in this direction of abstracting the essential
ideas out of theorems we can eventually devise a significant scheme for syntactically classifying theorems. At



17

present we have no sensible way to organize a universal library of theorems which have been proved, or
considered. Mathematicians discover from time to time that they have worked hard to prove theorems which
others proved earlier.

6. A challenge to this point of view

Of course, we mustn’t let our zeal in pursuit of truth blind us to the fact that truth is complicated and
elusive. Let me digress a moment to discuss a challenge to the point of view that expansion proofs provide
the essential reasons why wffs are valid.

Once one has a proof in virtually any format, one can almost always construct another proof of the same
theorem by adding certain redundancies and irrelevancies, and this is certainly true of expansion proofs.
However, quite aside from this, one cannot ignore the fact that certain theorems have several fundamentally
different expansion proofs, which express fundamentally different ideas.

Examples of two proofs of a theorem I call THM?76 are in Figures 6-1 and 6-2. Do we regard such a theorem
as two different theorems which happen to manifest themselves as the same wff, like multiple roots of an
equation? One can start with two different tautologies, disguise them in different ways, and somehow end up
with the same wff. This seems a remarkable coincidence.

Figure 6-1: First proof of THM76

(1) 1 = WP, .PY DPX Hyp
(2) 1 — [AZ, .~R,, Z] Y, D [AZ .~R 1] X, UI: [AZ.~R 2] 1
(3) 1 — ~R, Y D ~RX Lambda: 2
(4) 1 = R, X DRY, RuleP: 3
(5) 1 | o VRN .R X‘ DR Y‘ UGen: R 4
(6) - v [PYDPX]DOVWR, .RXDRY Deduct: 5
Figure 6-2: Second proof of THM76

(1) 1 = WP, .PY DPX Hyp
(2) b [AZ, .R, ZDRYJYDI[AZ .RZDRY]X

UI: [AZ.RZ DR Y] 1
(3) 1 ~ Ro‘ Y‘ DRYD.R X‘ DRY _ Lambda: 2
(4) 1 o Rm X‘ DR Y‘ RuleP: 3
(5) 1 - VRO‘ .R X‘ DR Y‘ UGen: R 4
(6) ol VPO‘ [p Y‘ P X‘] D VRN .RXDRY Deduct: 5

Maybe someday we will have a much deeper perspective which will allow us to approach automated
theorem proving on a more abstract conceptual level. At present, we really don’t have this, so let’s turn to the
question of how to prove theorems by searching for expansion proofs.
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7. Introduction to searching for expansion proofs

The fundamental concepts of expansion proofs and connections are important basic tools which we can use
in fashioning a general approach to automated theorem proving in higher-order logic. If one wants to
construct an expansion proof for a theorem by working down from‘ the theorem to a tautology, or from its
negation to a contradiction, one has certain operations which can be applied. Ideally, the process of applying
them should be guided not by blind search, but by an understanding of what makes a formula tautological or
contradictory. Let’s consider an example which will illustrate the general procedure of applying the
operations. We'll try to provide some motivation for applying the operations the way we do, but considerable
research is needed to devise a purely automatic procedure which would apply the operations this way
reasonably early in its search process. Our purpose here is simply to illustrate the kind of syntactic analysis
which is the basis for the kind of search procedure we have in mind.

We'll work with the dual tree, start with the negation of the theorem to be proven, and create an expansion
proof with a contradictory deep formula. We shall represent the process of gradually creating the expansion
proof by a sequence of vpforms, which show how the negation of the theorem can gradually be expanded into
the contradictory deep formula. The reader will easily see how this sequence can be regarded as representing
an expansion tree which evolves as we make expansions and selections, instantiate qqﬁnitions, and substitute
for variables which we introduced earlier.

Recall that THM112is VP aMo(u) VG, VH . MG AMHOS.M [GoHIAVY PYDPGY.
~ THM112 is;
3p : '
(VM 1
[IGH T
i MG N
M H

EA

~M[ G o H ] [ PY
v
LLL ~ P [6G Y]]..L




Select P:

M
[3GH .
r MG : '

- MH

3y

~M[ 6 o H ] [ PY
| 1 ) [-P[G Y]]..

Since the head letters are P and M, and P is a constant, we must use the expansion operator which
instantiates the quantifier YM. We need to span the vertical path on the right. If Y did not depend on M, we
could instantiate M with [AF W~ P, Y‘]. This would create connections on both paths. Since Y does
depend on M, we introduce a quantifier which we can instantiate after selecting Y by expanding on M olk0)
with [AF YW .~ P  W]. We thus obtain:

3GH -
i [AF VW.~ P W] 6 1
[AF VM.~ P W] H
3y
~[AFVW.~PW][ 6 o H ] [ PY
. v
| ~ P [6 Y]]
A-normalize an& select G, H, and Y. Note that these vaxiablesbdepend on M, but the term we substituted for
M contains no free variables.
. VW ;
~PW
W
~PW

ki PY
{1 PWYV
I [~P[G Y]]J.

lnanexpansionmeawnnecﬁonisapﬁrofnodesoflheme.mdthcshaﬂowﬁimuhsoﬁhesemdw
peed not be literals. We shall portray matings simply by drawing lines between formulas to represent the
connections between the corresponding nodes. Note that the mating indicated by the lines in the vpform
below spans both vertical paths through this wff.
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Now we instantiate the top quantifier as dictated by the mating, ie., by the substitution which makes mated

ww
~PW
YW
~P W
el PY
PWyv
~ P [G Y]
pausoomplemcntary
~PY
W
~PW
W PY
PWv
| ~ P [6 Y]]

‘We have reached a contradiction. Note that this is a correct proof, since in each case [AF“ VW‘.~ P“ W]is
a set of functions from P into P which is closed under composition. If P is empty, this is the set of all functions
of the appropriate type; if P is nonempty, it is the empty set of functions. . . '

Of course, the proof just given is somewhat trivial, so let’s look for another proof. We return to the stage
where we were ready to expand on VM. '

™
3GH

[

I 3

This time let’s try to mate the literal MG with the entire wif on the Jower right. Consigeration of the ..
Degation of this wif suggests that we instantiate VM with the term [AF,, YW .~ P_ W v P.G:W]. However, -
wemnotqtﬁtedomis.‘sinoeGdependsonM.loweuaethetem[AF VW--P W v PFW]. Ofcourse, :
this wif denotes the set of functions which map P into P; ﬂms.tlmconnecnonbetweenpmofthewﬂ'hsm
ledusuﬂ:erdmctlytomupansontu‘mwhnbconmmthekcyndummemostobvmproofoﬁhls
theorem. When we make this expansion and A-normalize we obtain:

oot SR R

¥

l

E

M6
M H

B

3y

~M[ 6 o H' ]
" [-P[sv

PY

|

;vfn?
]

% :
e s ala s ... e e
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3GH
. W .
[-PWvPI[GW]]
- }
[-PWv P [HW]
w 3v
P W | PY
el L
| I~P[[ 6 o H ] W] ~ P [G Y]J]

‘We rename some variables and select G, H, X, and Y:
3 vu .
[~PUVP[GU]]

W
[-PWv P [HW]

P X PY
[-P[[ G o H ]XJ]V[-P[GYJJ.I

Although our mtumon tells us that we have already incorporated the expansion term represenung the key
idea for our proof into the expansion tree, there is still some work to be done. We can clearly mate the literals
containing U thhthosecontmmngYmmch a way as to span the paths passing through the wiff on the lower
right. We might try to mate [P X] with [~ P W], but this leaves some paths unspanned. We note that the
Jower-left literal is not yet being used in this mating. To try to find a mate for it, we need to duplicate one of
the top two lines. We do this by quantifier duplication, which is really just the introduction of a new variable
as an expansion term for the node of the expansion tree which corresponds to the quantifier. At this point the
vpform we display will depart a little from the expansion tree it represents, since we'll display two quantifiers
where there’s feally only one in the expansion tree. However, it’s convenient to display quantifiers for the
variables to keep track of where and how the variables are quannﬁed. After duplmnng the quantifier VU and

mstannaungthedeﬁmuonweobtam
vu T
[~PUVvP[6U]]

w
[~-PVvP[EV]]

v
[~-PV¥vP[HW]

PX PY
L[' P [5-“."]] ) [- P [6 V]].




Now let’s try the following mating:
[ vu .
[~ PUVPI[6U]

[~ PV v P [6V]]

W
[~PWvP[HW]]

P X )
_[-P[G.HX]V[-P[GY]]

Instantiate the remaining universal quantifiers using the substitutions dictated by the mating:
[ ~PYVPI[GY] 1

~P[HX]vPI[GHX]

~PXvPI[HX]

P X PY
.[r P [6.H X;] ) [; PG Yi]

This wif is contradictory. :
‘We now have another example of a theorem with two proofs. This example illustrates a general method for
constructing such theorems: assert the existence of some sort of entity, where many examples exist. '

Of course, THM112 is fairly trivial, and we can’t expect to guess the right expansion terms so easily in
general. Nevertheless, this example illustrates the fact that the basic processes involved in constructing an
expansion proof are expanding the formula and searching for an acceptable mating. The formula can be
expanded by duplicating quantifiers and by instantiating quantifiers on higher-order variables. The
matingsearch process involves building up a spanning set of connections which is compatible, ie., a set for
which there is a substitution which simultaneously makes each connection a complementary pair.

Connections, or matings, arise naturally as one seeks to find the tautology buried in a theorem. One knows
that once one has a tautology, certain literals will be complementary. Once one has enough copies of all the
appropriate literals and one decides which literals should be complementary, one can systematically generate
the substitutions which will make them so by applying a unification algorithm. In working back to the
tautology, the connections generate the appropriate substitutions. '
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8. General considerations about the search process

Let us consider certain aspects of the problem of searching for expansion proofs, and make some general
suggestions about the design of a computer system for finding such proofs. Our purpose here is not to discuss
the details of any existing system, but to bring relevant problems and questions into focus. We start by
considering the kind of computer environment which will facilitate the process.

Since many difficult mathematical questions can be expressed as formulas of higher-order logic, it is clear
that a useful theorem proving system in this realm will allow for human input, so it should be able to operate
in a mixture of automatic and interactive modes. The system should be able to stop and restart gracefully,
permitting human intervention and interaction in the process. It should be possible to instantiate definitions
whenever this seems appropriate. To facilitate interaction, facilities should be available for displaying
information and partial proofs in a variety of formats, and translating from one to another. The user should
be able to control the level of detail that is displayed on the screen and recorded in various files.

A search procedure which is in principle complete will achieve early success only on relatively simple
problems, and should be augmented by general heuristic search processes. We will never finish searching for,
and experimenting with, heuristics to guide the decisions about what steps to take, so the system should be
able to accommodate 'a variety of heuristics, and readily incorporate new heuristics. We will have both
absolute and heuristic prescriptions and restrictions. The absolute ones are justified by metatheorems, the
heuristic ones by our experience and intuition. The heuristic ones may conflict with each other, and we will
need heuristic principles for resolving these conflicts.

The search for an expansion proof in higher-order logic may involve a number of simultaneous unbounded
searches, so it will be particularly appropriate to use multiprocessors as suitable ones become available. (Note
[15]) The search process should deal with data structures which are modified in systematic ways by
processors which can work independently and interact in controlled and fruitful ways under the direction of a
master processor. (For. example, we should be able to expand the wff at any time' and continue the
matingsearch.) '

We would really like to organize the search process so that we can imagine we are moving about in some
well defined infinite search space. Our motion can be generated by arbitrary heuristics, and we always know
what parts of the space we've already explored. We have methods for keeping track of parts of the space we
need not explore because of things we have learned from earlier explorations. Of course, we would like to
express all this information very concisely, and be able to access it very quickly and flexibly. Obviously, there
are problems in designing such a system.



24

9. Matingsearch
The matingsearch process, which attempts to find an acceptable mating of the current formula, can be
carried on- by several processors working simultaneously.

One processor maintains the connection graph for the current formula, which is the set of connections which
are candidates for inclusion in the mating. In order to be in the connection graph, a pair of nodes must share
some vertical path, and must have the potential of becoming complementary under some substitution.
Associated with each connection is the currently known information about its unification problem.
Connections may be removed from the connection graph if they are eventually discovered to be
incompatible.

Unification problems associated with sets of connections will be analyzed by processors which apply Huet’s
unification algorithm [23]. Ultimately the unification processors should accommodate any constraints on
unification terms which the user wishes to impose and recognize special cases and certain unification
problems where processing is guaranteed to terminate (such as those of first-order logic). There should be a
special processor to recognize when certain nodes in the unification search tree are subsumed by others.
(Such subsumptions actually occur with surprising frequency.)

Certain processors, which we call matingsearch processors, will build up sets of connections from the
connection graph in an,xéttempt to construct an acceptable mating. Unless an acceptable mating is quickly
found, most of the usefl.il‘infonnation acquired in this process concerns what will nof work, i.e., which sets of
connections are incompatible. A number of matingsearch processors can profitably operate simultaneously if
each contributes to, and makes use of, a collection of incompatible sets of connections which we shall call the
Jailure record. When the formula is expanded, the matingsearch processors may have to reexamine what must
be done to achieve an acceptable mating, but the information embodied in the failure record remains useful.

The failure record can be constantly augmented not only by incompatibilities discovered by the
matingsearch processors, but also by analyses of symmetries in the formula and other methods. Symmetries
may occur in the original theorem, and are always introduced when quantifiers are duplicated. They can
cause significant redundancy in the search process if they are ignored.

Ideally, one of the matingsearch processors will apply a search procedure which is in principle complete, but
others may apply heuristic procedures which are incomplete but likely to achieve success more quickly in
favorable cases. Matingsearch heuristics can be based on the need to establish connections between nodes in
such a way that an acceptable mating can eventually be achieved, and to discover incompatibilities quickly.
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10. Expansion

Let’s consider the problem of expanding a wff (i.e., introducing or changing expansioh terms in such a way
as to enlarge the deep formula of the expansion tree). In a multiprocessor environment, one or more
processors could work on this while others work on matingsearch.

One way of expanding a wff is by quantifier duplication. As mentioned above, this operation involves
adding an expansion term consisting of a new variable at an expansion node. (Of course, by a new variable we
mean one that does not already occur in any wff associated with the expansion tree.) In first-order logic this is
the only expansion operation that is necessary; once we have duplicated the quantifiers sufficiently, all we
need to do (in principle) is to make an exhaustive search of the possible matings, applying the unification
algorithm to generate the required substitution terms. In higher-order logic, however, quantifier duplication
does not suffice. Indeed, the need to expand the formula by instantiating quantifiers with terms which cannot
be generated by unification of existing subformulas is one of the vexing problems which distinguishes higher-
order logic from first-order logic.

Other methods of expanding a wff in higher-order logic involve making substitutions for higher-order
variables, so let’s take a moment to consider what we mean by applying a substitution to a variable in an
expansion tree. We shall assume that the shallow formula of the expénsion tree contains no free variables.
Also, since we wish to regard symbols as variables only if it is appropriate to substitute for them, we shall
regard selected parameters as constants, although Miller calls them selected variables. Thus, free variables
can be introduced in an expansion tree only in expansion terms, and if we compute all deep and shallow
formulas of nodes (except for the shallow formula of the root) from the expansion terms and selected
parameters, we can substitute for a free variable simply by substituting for its free occurrences in expansion
terms.

Of course, we shall always wish to work with expansion trees in which selections are done right, so we
assume without further discussion that new expansion terms will be introduced and substitutions will be
applied in such a way as to guarantee this. If Skolemization is used this is generally automatic, but if it is not
one may need to rename certain selected parameters and forbid certain substitutions so that the imbedding

relation remains irreflexive.

Naturally, one can generate expansion terms incrementally by using substitutions which introduce single
connectives and quantifiers in a general way, thus achieving the effects of Huet’s splitting rules [22]. It turns
out that in the context of the search process we envision, projections such as those used in [23] are also
needed. We shall refer to such substitutions for a single variable as primitive substitutions. Examples of
primitive substitutions for certain variables may be seen in Figures 10-1, 10-2, 10-3, and 10-4, where the terms
to be substituted for the variable are given. Note that they are determined by the types of the variables for
which the substitution is to be made. A substitution term has the form }\xl...Ax“Bo; we shall refer to the wff
B, asits body.
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* Figure 10-1: Primitive substitutions for Rm(o B)oa &)

Moge AYop AZy-~ Rl (ovoag) X Y 2

Moy Mo AZyo REovoat) XY 2 A R opxoat) X ¥ 2
Moge Ao Ao R pvoaty X Y 2V R opyoaty X ¥ Z
Mg Mog ALy Mo R pyoaty X Y Z W

}\xm€ Ao AZy VM R7 o pxoagy X Y Z W

Moge AYop AZy YR ovngy X Y 2

Mg AYp AZ, x. .[Rgfa(oﬁ)(oaﬁ) XY 23.R1°aa(opXoa9 XvY1Z
Mooe AYop XRM oriagy X Y

Before discussing primitive substitutions further, let'’s see how THM112 can be proved quite systematically
by using them. We shall ignore all the incorrect choices which a real search procedure would probably make
before finding the correct ones.

Recall that THM112 is:

VP aMo(u)VG“VH“. MGAMHODM[GoH]A VY PYDPGY
THM112 after negating and selecting P:

VM
[IGH 7

- MG -
M H

3y

~M[ 6 o H ] [PY
v
L L ~P[GY]]_A
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Figure 10-2: Primitive substitutions for M o)
F

AF, .~ M ofes)
AF M2 FAN F
AF, MY r~v Mo F
AF, 30, M, F W

1
RF“ VW, H“(“) Fw

Special case of the above:

1
AF, VM, M“(“) F W

Expand on M olw) with the primitive substitution term AF A m! o) FW:

3GH , .
I [AF VW M1 F W]G )

[A\F VW M1 F W]H

’ 3y - .
~[\F W ML F W][ 6 o H ] lpv
v.
| ~P[GY]].
A-normalize:
3GH
- W ] 1
Mi1 G W
ww
MILHW

3y

. |3 . PY
~M1[ 6 o H JW v { ]
i | -P L6 Y]
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Figure 10-3: Primitive substitutions for M, -

2
AF, AW,.~ M ou(t) FW

AF, AW M2 FWAM L FW

ou) oi(u)

FWwv M

AF, AW .MZ Fu

ou(us) e
2
AF, AW, 3U, M

oexis) FWU

2
XF“ AH‘ YU, M oexss) FWU

Expand the formula again by substituting for M! the primitive substitution term

ou(s)
2 3 N
PF AWM, FW vM’  FW]and A-pormalize:
3GH
[ W i
[M2GW v M3GW]
v i
[M2HW v M3 HW]
v 3y
[~NZ['G°H]V PY}
v
[ |~ M3[ 6 o H JW [~P[GY]_

Next we shall duplicate a quantiﬁcr, rename bound variables, and eliminate the definition.

3GH
i vU
[M26U v M3GU ]
"y .
[M2G6V v M3G6V ]
w
[(M2HW v M3HW ]
) 3Ix 3y
[- uz[us.uz]x] [ PY ]
v
| |~ M3 [AZ 6.H Z] X ~ P [6 Y]]



Now consider the following mating:
3GH )
i vu T

[M2GU v M3GU ]

. L A"
@"BGV ]

w 2 |
[M2HW v NM3HW ]

ax 3y
-~ \uz [AZ 6.H 2] X
i [- M3 [AZ G.H Z] X ] Y [-. PI6 Y]]_

Let us first make the substitutions for M2 and M3 dictated by the mating above.

3GH
T WU )
([AFAZ.~P2]6U v [AFAZP.FZ]JGU )
w
[[AF AZ.~PZJ 6V v [AFAZP.FZ]J6V ]
ww ".
[[AF AZ.~P ZJHW v [AFAZP.FZIHW ]
3x 3y
~ [AF AZ.~ P 2] [AZ 6.H 2] X PY
v
[ [ Ll

| {~ [AF AZ P.F Z]J [AZ G.B Z] X

'NotethatthetcrmssubstimwdforMZgndMBéomainednoﬁeevmiabls,sincePisaconstant. Normalize
and select G, H, X, and Y:

T W
[~-PU vP[EU J]

w
[-PV vP[EV J]

W
[~PW vP[HW I

P X PY
.[~ P [6.HX ]] ) L P L6 Y]].




.._ | o | ¥

Now we expand on the universally quantified variables as dictated by the mating.

i ~PYvPI[GY]

~P[HX JVPI[GHX ]

~PX VvP[HX ]

[ P X { PY
. v ,
|~ P [G.H X ]] ~ P [6 Y]],

This wfT is contradictory.

You might wonder why we list projections as primitive substitutions. Do we really need them? Let’s have
an example to show that projections are indeed needed.

THM104 is:
VU, VV_.UNITSET U = UNITSET VO U =V

The definition of UNITSET is AW _ AZ .Z = W]. Thus [UNITSET W ], which might be abbreviated as
{W_}, is [A\Z Z = W], which denotes the set of all Z such that Z = W. The definition of = is
AX, AY, ¥vQ QX D> Q Y]. The definition of UNITSET with the definition of = instantiated is
A\W_AZ vQ_ QZ>Q W]

Nnf of the negation of THM104:

Juv
[UNITSET U = UNITSET V]

~U=YV

Instantiate the definition of =:

uv
VP .
[~ P [UNITSET U] v P [UNITSET V]]

30

L
s ~ Q V] .
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Instantiate the definition of UNITSET:

3Juv
L 1
[~ P[AZ.Z =U] v P [Az.Z =V]]

3Q
QU
R A R

Instantiate the definition of =:

3uv
VP
[-P[AZVR.RZD>RUJvVPI[AZVS.SZ>SV]]

3Q
Select U, V, and Q:

o
...Qv]
VP

[-P[AVRRZSRU]vVvP[AZVS.SZ>S V]

Qu
~QV

-

SinceU.V.ananreqonstants,thereisnothingtogpbutexpandonl’.(“). Clearly, we cannot derive a
contradiction from the top line alone (since it just says that [UNITSET U] = [UNITSET V]), so we must
apply some operation @ to the top line which will create some useful interaction between the top line and the
two bottom literals. Note that modulo alphabetic changes of bound variables, the top line has the form [~LU
v LV]. Clearly ®~LU v LV] must contain the literals ~QU and QV. Since [~LU vLU]and [~LV VLV]
are useless tautologies, the result of applying @ to either of these cannot be the same as #{~LU v LV].
Therefore, the occurrences of U and V in the top line must actually contribute to the creation of at least one
of the literals ~QU and QV. This cannot be accomplished by applying the primitive substitutions in Figure
104 which introduce quantifiers and connectives (possibly with iterations) and then applying the substitution
induced by some mating. Thus, something else must be done. We apply the projection in Figure 104, and

[~ D, 5P, S [AZ, VRR Z DR U

v [AS S.P® S].AZ vS .S 2 DSV, A QU A~ Qv

which we can A-normalize to
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Figure 10-4: Primitive substitutions for P o

oa):

1

oa

2 3
AS e -Pooa) S A P S

4 5 )
ASpu-Ploon) S V Prony S

oa

6
KS“ x, e oc(oa) S X

7
AS“ vXx, P ot(oa) S X

This one is a projection:
8
As , S.P aloa) S

[ ~ VR, [R[P° A2, VR.R Z DR U] DR U]
8
VVS, .S[PP.AZVS.SZDSV,]DSVIA.Q UA~QV

To abbreviate this formula we give the names M and N to the arguments of P®. Note that these have no
free variables, since U and V are constants. We now write the formula as

[~ YRoq [R [P® ey Mgl D RUJV VS .STIPPN_1DSV,IA.Q UA~QV
The nnf of this wif can be displayed as:
3R T

R[PEMI] VS
[ ]v[~S[P8N]vSV]
~RU

QU
L ~QVv J
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Select R, and consider the following mating:

'[R [P8 M VS 7
[\ v [~S[P8N]vVSV]
~RU
Qu
R ~QV d

From here on the mating dictates what is to be done. Substitute AHM U, for P2

‘[R [[AHUJMTJ] VS 1
[ ]v[-S[[AHU]N]vSV_]

~RU
QU
| ~QV _
A-normalize:
[T R U VS y
v [~SUvsSYy]
~RU
QU
i ~QV i
Instantiate S:
‘TR U -
]v [~QuUuvQyV]
~RU
QU
L ~QV J

This wif is contradictory. Examination of the proof above shows that the expansion term finally substituted
for P o(oa) is [}\Soa.S Ua]. Thus, the idea underlying the proof can be expressed as follows: suppose
[UNITSET U] = [UNITSET V]; therefore [UNITSET U] U implies that [UNITSET V] U; the conclusion

that U = V follows easily using the definition of UNITSET.

In Huet’s paper [22] on constrained resolution, Huet introduces “splitting rules” which clearly introduce
connectives and quantifiers, but one might wonder how constrained resolution handles THM104, where a
projection must be introduced if one uses the method above. Actually, when using constrained resolution one
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generates a clause with the constraint that the literal Po(oa) [}\Za VSM.S ZDoS Va] must be unified with an
expression of the form VMM[H olo) M], and the unifying substitution provides the projection for P.

Of course, generating expansion terms incrementally by using primitive substitutions as illustrated above is
a rather primitive procedure, and additional methods are clearly needed. The most significant work on this
problem which has been published so far is Bledsoe’s work on set variables [16] [17]. His approach is based
on the very sensible idea that it is often possible to construct expansion terms in a systematic way from
expressions which are already present in the theorem to be proved. He gives specific basic rules and
combining rules for doing this in certain contexts. With the aid of these rules his theorem prover is able to
perform quite impressively on certain examples. However, much research remains to be done on this
problem.

Let’s think some more about how to use primitive substitutions.

Of course, one can choose the connectives and quantifiers to be introduced by primitive substitutions in a
variety of ways. If one uses a minimal complete set such as {~, A, ¥}, the process of generating expansion
terms incrementally may be unduly arduous, so it may be better to use {~, A, V, V, 3}. As Sunil Issar has
pointed out, in most contexts we may let the bodies of expansion terms be in nnf, so negations need be

_introduced only sparingly. Indeed, the matingsearch process can decide which literals require negations, so

negations which will have only atomic scope in the wff need not be introduced by primitive substitutions.
However, we cannot always assume that expansion terms can be in nnf; if a variable which will be replaced by
an expansion term in the deep formula occurs as an argument of some constant symbol, then that expansion
term may need to have whatever form will make the literal containing it complementary to some other literal.
In such cases we would hope to generate the expansion term by direct unification of the atoms rather than by
primitive substitutions.

In general, there will be infinitely many primitive substitutions for a variable, since some of the substitution
terms will contain expressions of the form anBo, where a is an arbitrary type symbol. The problem of how
to choose the type symbol « is deep and significant. Of course, a natural thing to do is to use type variables
for type symbols and determine what to substitute for these later. This is a problem which invites extensive
research. At the very least, it suggests the need for a unification algorithm for expressions of typed A-calculus
containing type variables. For now we shall simply assume that the infinitely many primitive substitutions,
and other expressions generated from them, will be represented in some finite way. In actual mathematical
practice it is rather rare to use quantifiers on variables whose types are much more complicated than those in
the theorem being proved, so until we are much more ambitious it should suffice to simply use a fairly small
set of simple types in place of the infinite set of all types.

of course; it is desirable to limit the use of primitive substitutions as much as possible. Actually, they may
usefully be applied only to certain variables in a wff, which we shall call eligible (for primitive substitutions).



35

We shall call the first proper symbol of the A-normal form of an atom the head of that atom, and call a
variable which is the head of some atom of a wff a head variable of that wff. Only head variables need be
eligible. Also, if a variable occurs only at the heads of atoms and these atoms are all positive or all negative,
we can make all these atoms reduce to tautologies or contradictions by a simple substitution, so there is no
need for such a variable to be eligible.

Usually an eligible variable will occur as head of both positively and negatively occurring atoms of the wff.
In this case both conjunctive and disjunctive primitive substitutions for that variable will enlarge the number
of paths through the wff, and an analysis of the costs and benefits to the matingsearch process of this
enlargement may be useful.

The fact that it may be appropriate to apply several different primitive substitutions to the same variable, at
least until the matingsearch process determines which substitutions are useful, makes it necessary to consider
how this should be done in an expansion tree. We may assume that the processors which expand the formula
work with a copy of the formula to which no substitutions are applied except those involved in the expansion
process, and that the substitutions generated by the matingsearch process are not actually applied until all
necessary expansions have been made. We may also assume that variables introduced as expansion terms, or
as free variables in substitution terms, are all new variables which are distinct from one another. Therefore, it
is easy to see that no variable will occur free in more than one expansion term. The result of applying the
primitive substitutions 6%, ... , 8™ to the eligible variable v in an expansion tree may be described as follows.
Let t be the expansion term in which v occurs free, and N be the expansion node from which the arc labeled
with t descends. Create n variants t}, ... , t* of t by substituting new and distinct variables for the free
variables of t other than v, so that these variants share no free variables except for v. Now add n new arcs
descending from node N labeled with expansion terms (Oltl), ..., and (8™t), respectively. Note that the
original arc labeled with t remains in the tree; we have no way of knowing whether it is appropriate to apply
primitive substitutions to v or not, so we keep one copy of v without change.

We visualize a search procedure in which variables are instantiated only by primitive substitutions for head
variables and by the unifier associated with a mating. It’s natural to ask whether such a procedure is complete
in an appropriate sense.

In principle, we don’t need to backtrack if we make inappropriate expansions of the wff, since this simply
enlarges the search space. This is similar to deriving redundant clauses in resolution, though perhaps more
costly. However, if the wif is repeatedly expanded in a blind and unmotivated way, one will quickly generate
an unmanageably large search space for the matingsearch process. Of course, such situations are well known
to researchers in this field. In general, we would like the matingsearch process to motivate the particular
expansions of the wff which are made. The development of heuristics to guide the process of expanding the
wiT is a major area for research. It is important to understand how appropriate expansions can be used to
create the literals needed for the connections of an acceptable mating. -
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One quite simple expansion procedure is based on the idea that one should search first for expansion proofs
in which the formula has not been expanded very much. Thus, the matingsearch processors should work on
copies of the expansion tree to which only one expansion option has been applied until all such options have
been explored, then on copies to which only two expansion options have been applied, etc. (More generally,
one could assign weights to combinations of expansion options, and minimize these weights.) The names of
the nodes in these copies can always be taken from the master expansion tree maintained by the expansion
processors, so consistent contributions to the failure record can be made by these processors working on
different fragments of the master tree.

11. Conclusion

Many problems arise in connection with the automation of higher-order logic. By formulating these
precisely and dealing with them systematically, we can hope to eventually make progress in this important
realm. There’s lots of room for good research here.
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