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Smoothness and Duality in Lp(E,u)

I. E. Leonard and K. Sundaresan

Abstract. Let (T,%,u) be a measure space, E a Banach space,
and LP(E,u) the Lebesgue-Bochner function spaces, 1 < p < ®.
It is shown that Lp(E,u) is smooth if and only if E 1is smooth.
From this result a Radon-Nikodym theorem for conjugates of smooth
Banach spaces is established, and thus a general geometric
condition on E sufficient to ensure that Lp(E,u)* = Lq(E*,u)
for all p, 1< p < oo. Alternate proofs of certain known
results concerning the duals of Lp(E,u) spaces are provided.
After the manuscript was finalized, Diestel and Faires
.mailed a copy of their paper, "Vector Measures". Theorem 4.3
in their paper provides a sufficient condition in order that
a conjugate Banach space may possess the R. N. property. However

their theorem is a corollary of Theorem 4.2 presented in this

paper.



1. | nt roducti on.

The problem of concretely representing the dual of the
Lebesgue- Bochner function spaces LP(E|JO, 1 <p<oo, has
been di scussed by several authors, Bochner and Taylor [2],
E>®Y [5], Dieudonné [7], Dinculeanu [8], Fortet and Mourier [10],
Gretsky and Uhl [11], and Mourier [14]. In spite of the fact
that a representation of the dual as a certain Banach space
of E -valued measures is known, Dinculeanu [8], the fundanental
problem obtaining necessary and sufficient geometric conditions
on E which ensure that L (E, MO is congruent to L (E ,ji) under
“the canoni cal mapping, is still open for arbitrary measure spaces
(T,2,|Jb). The purpose of the present paper is to provide a

sufficient condition on E so that
(a) Lo(E, MO* = Lg(E*,n)

for any arbitrary measure |i.

The result appears to be all the nore interesting in that
this sufficient condition can be described in terms of a purely
geometric property of E. The theorems in [5], [7], [8], [10],
[11], and [14], providing conditions under which the assertion
(a) is true, can be deduced as corollaries of the representation
t heorem obtai ned here, as is shown in the last section of this

not e.

2. Definiti ons and Notati on.

In the foll ow ng, E denotes a real Banach space and E

the dual of E. The unit ball of E is U= {XGE| ||4| £ 1}



and its boundary S = {xeE|||x|| = 1} is the unit sphere of E.

The unit ball and unit sphere of E' are defined analogously,
and are denoted by U"  and S*, respectively.

A Banach space E 1is said to be smooth at =xeS if and
only if there exists a unique hyperplane of support at x, that
is, there exists only one continuous linear functional Ger*
with HGXH = 1 such that Gx(x) = 1. Such a linear functional

Ger* is called the support functional of U at x, and

G;l([l}) is called the hyperplane of support of U at x.

A Banach space E 1is said to be a smooth Banach space if it

is smooth at every xeS.

The norm ||-|| : E —R"' is said to be Giteaux differentiable

at xcE ~ {0} if and only if there exists a functional Ger*, with

Lren] el _
t

lim

G_(h)| =0
t—>0 x

for every heE. The functional G, is called the Gateaux

derivative of the norm at xeE. The norm ||-|| : E RV is

said to be differentiable (Fréchet differentiable) at xcE ~ {0}

if and only if there exists a functional GXeE* such that

| et -6, (0 |
TR

im = 0.
Injl— o
The norm ||-|| : E— R’ is said to be of class ct or

continuously differentiable if and only if the mapping

* : . :
G: E~{0}—E ~ {0}, given by G(x) = G,, is continuous.



Remark: It should be mentioned that the norm in E 1is:

(i) Gateaux differentiable at xeE if and only if

Hx+th“r
t

lim lell G, (h)

t—0
exists for all heE.
(ii) Smooth at xeE if and only if it is Gateaux differentiable
at XxeE.
(iii) Fréchet differentiable if and only if it is of class ct.

Statement (i) is Mazur!'s theorem, and can be found in Mazur [13],

while (ii) and (iii) can be found in Day [6].

*
If E 1is a smooth Banach space, then the mapping Vv : E— E ,

defined by

”XHGX’ x#0

V(x) = {
0, Xx =20

for each xeE, is called the extended spherical image map.

From the results in Cudia [4], it follows that if E 1is a
smooth Banach space, then the extended spherical image map
* * . .
v : (E,||'|) — (E",w ) is continuous. If the norm
-1l : E —> R is Fréchet differentiable, then the extended

spherical image map v : (E,|-|) — (E ,||*]]) is continuous.

Let E be a real Banach space and (T,%,W) a measure space,
that is, T 1is a non-empty set, X 1is a o0-algebra of subsets
of T, and p : & — R is a countably additive measure.

(Here W 1is assumed to be non-trivial, that is, u 1is not

supported by finitely many atoms and the range of u contains




at | east one non-zero real nunber.) If f : T— E, then f

is said to be “-neasurable if f~l(G)eZ for every open set

GcE and there exists a set Ne2, with p{N =0, and a
countable set Hc E, such that f(T~N c¢cH if 1€£p¢€£oo,

t he Lebesgue-Bochner function spaces L (Ew) 2'°¢ defined as
P

follows:

LP(E,M») = {f|f : T E is measurable, and J IIf (t) ||IPdp,(t) < @}
T

for 1<€£p< o0, and

L (E|i) = {f|f : T—vE is nmeasurable, and ess sup||f (t) || < ao0)
00 teT

(as usual, identifying functions which agree p,-a.e.). When T

is the set of positive integers and |i is the counting measure,

L n. is usuall denoted b [ .
P(E,) y y p(E)

Let m: 2 —=* E be a countably additive measure, and
1<£qg<o0, if AeS, then the _Quvariation of m is defined
by

_ n Hot A" || 1/q
m(A) =sup( Au(Ai)q-l‘)

where the suprenumis taken over all finite fanmlies {A]'.}l?—-’.l.
of disjoint sets from 2 contained in A

The dual of LP(E,M<), l<p<oo, is isonetrically

i sonorphic to the Banach space of all countably additive nmeasures
* —
m: 2 —VE for which mdq¢T) <oo. ([8, p. 261, Corollary 1].)
It is known, [9] that for a a-finite neasure |i, if E

is reflexive or if E is separable, then Lp(E|jb i's



*
isometrically isomorphic to Lq(E ,W) for 1 < p< ®. The
*
correspondence is given as follows: For each FeLp(E,u) s

there exists a unique geLq(E*,M) such that

F(£) = | <g(t),£(t)>du(t)
T
for all feLp(E,u) and such that
1/q
el = flgll = (JTHg<t)quu(t))

The fact that this result does not hold in general can be seen
from the example in [11], where it is shown that LZ(Ll) is not

isometrically isomorphic to Lz(ébo).

3. Smoothness of Lp(E,u).

Theorem 3.1. Let (T,Z,u) be a measure space, and let E be a

real Banach space. If 1 < p < @, then Lp(E,u) is smooth if
and only if E 1is smooth.

Proof: Let f,heLp(E,u), with

lell = (anf(t>uPau<t>>l/P .

In order to show that Lp(E,u) is smooth at £, it suffices

(by Mazur!s theorem) to show that

lim

[£+an |- €]l
A— O A

exists for all heLp(E,u); and in order to show this, it suffices

(by the chain rule) to show that



. |€+2n|P-lE|P .
1 . = 1im L. f f(t).Ah(t - f(t dn(t
im A x b ([1f(t)An(t)]p [1f(t)]p)dn(t)

exists for all heLP(E,|i). Let TO:{teT|f(t) = 0), since
p > 1,‘ it follows that

lim -f o 3 ([IF()+A(E) [P - [1F(t) LR dx(t)
A—0 T

o]
= (3 [Th(t)[[Pd™(t))- 1im (sgn A) | AM"1 =0 (*)
T A-0
0
for all heL (E,M,) .

b
| f teT ~T0, since E is smooth at f(t), then

Lim AULLADE = LR - 51l (P (nee)),

wher e G_QE* is the Gaf'eaux derivative of the norm [l« || : E —s>» H*

at x~ O Define ij), : H —> TR by
B (A) = [£(E) + Ah(t)]|"
for all AeOR'. Then

SO0 = il () + e P leg oy on g B,

and fromthe nean-val ue theorem Cartan [ 3],

A - ¢ (0) A O () | -
| 9, ( Ve lslloégg?\lftwl




Thus,
I£(e) +an(e) P - [£(0) [P < |%lqz;2X{P”f(t)+¢h(t)”p_lIGf(t)+¢h(t)(h(t))l}

< || sup {pllE(t) +oh(t) [P nce) |3
0PN
< eI e e || + |a]lnce) DR

Therefore, for 0 < A< 1,

np_ b -
Hewan@ Ple@ %) ¢ e | + Inee P Hne |

for all teT ~ T . The mappings t — |E(t) || and t > lln(t)]|
are in LP(I{,u), and hence the mapping t« (||£(t)| + Hh(t)“)p—th(t)H

is in Ll(IR,u). From Lebesgue! s dominated convergence theorem,

P P
Lim J‘ Hf(t)+7\h(;) P-E@ 1P 4, (1)
AN—0 T~TO

p P
- | lim +(Hf(t)+Xh(§)H IEO I g4t
T~To A— 0

and therefore,

Lim | Hf(t)+xh(§)Hp—Hf(t)Hp du(t)
AN—0 T~To
_ p-1
=p JT~T IECEY ™76 ) (R(E)) Au(t). (%)

(0]

A similar argument shows that



p P
lim _ | HOELIGIHOTLp
AN—0 “T~T_
=P ITJT Hf(t)Hp'le(t)(h(t))du(t). (*%%)

o]

Combining (%), (%%), and (**x),

b b
vim AEBIZIEE o i L0 [ (lege) omce [P-llece) [Py au (o)
AN—0 A—0O To
+ vim £ [ (e ane P-leo Prap(e
AN—0 T~T

o]

-1
=p [l P ey, (h(0)au(o),
T~T
o)
exists for all heLp(E,p). Therefore, Mazur'!s theorem implies
that Lp(E,u) is smooth at f£.

Conversely, if Lp(E,u) is smooth, since E 1is isometrically
isomorphic to a closed subspace of Lp(E,u), then E is smooth.

Q.E.D.

4, Representation Theorem.

Suppose that E 1is a smooth Banach space and 1 < p < .

Let feL,(E,u), with el = (I ll£(t) deu(t))l/p = 1, and define
T
ef : Lp(E,u) — IR by
8em = [ llEe) [P Yeg gy (h(8)) an(t)

T»JI‘O

for each heLp(E,u), where T = {teT| £(t) = 0}. Then,
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G e
v(x) =J ~*
| 0, X =0
is continuous, then the mapping p : T—=*« E given by

ey 1P 1ig

i e teT ~To
P(t) = {

i §
Ly =7

teTo

Is a) -neasurable.

| Suppose rav that the mapping P : T —" E given above

is “-measurable, then

[ 1ece) 1%ty = [ lecey 19D ye 1193, ()
- o
=J  |f(®lpdn(t) = J [If(H)|pdn(t) = [[flp < oo,
- -5 -
that is, PeLq(E*,(j<). Therefore, for each feLP(E,’\i),_ [Ifl] = 1,

Gh) = J <j3(t),h(t)>dn(t)
T

for all helL gE,\}>) , where p€|_q(E', |XK). Hence, all the support
functionals in Lp(55|i) bel ong to the closed subspace
MC:(LE)(E?,(\D ) whichis isonetrically isonorphic to LéEgp).

Now let A be the set of all continuous |inear functionals
on LP(Ej|i) which attain their supremumon the unit sphere of

Lp( E, [j,) ; so that
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A cMc Lp('E,n)*.

Since A is normdense in L (E/|i)*, Bishop and Phelps [1],

P
and since M is a closed subspace of L (Efi)?*,
- P

q
M= L,(E M) *.  Therefore, L (E , n) is isonetricall® isonorphic
P

P g
to L (E|j/) , and the linear isonetry a : L (E|J) *~L (B, fjb)

P
is given as follows: For each~ FeL (E,m)*, a(F) =g, where g

|
Is the unique elenent of L (E ,|]i) such that
F(f) = §_<o(t),f(t)>dn(t)
T

for all feL (En)/ and [|g] = lld] = (3_|lg(t) ||%n(t)) "', Hence

the followi ng theorems are true:

Theorem4,1, Let E be a snooth Banach space, (T,2,p<) a

measure space, and let 1 < p < oo. | f, for each feLp(E,lJL),

|| f1] =1, the mapping 3 : T— E given by

o) IHO PGy f(D) 20
|

o, f(t) =o0

is |i-neasurable, then L}SE,M) =1 (CF ,*\x).

Theorem4,2. Let E be a snmooth Banach space, (T,2,M) a measure

space, and let 1 <p<oo. |If, for each feLP(E,|i), [|fH = 1,
the mapping 3 : T E gi ven by

p-1
5t {|u(un Gty f(t) ft o
0, f(t) =0

is |l—easurable, and F 1is a Banach space which is isonorphic
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* ~ *
to E, then Lp(F,u) = Lq(F s4) , and hence F has the Radon-

Nikodym property [11].

In the case when the norm in E is Frechet differentiable,

|) given by

the extended spherical image map V : (E,H'H)——»(E*,H'

is continuous. Thus, B : T — E* as defined above, being the
composition of a p-measurable function and a continuous function,
is p-measurable. In this case then, the following theorem is

true:

Theorem 4. 3. Let E be a real Banach space, (T,Z,u) a measure

space, and 1< p < . If the norm ||*|| : E— R¥ is Fréchet

~

differentiable, then Lp(E,u)* = Lq(E*,u).

The following two corollaries are immediate consequences of

Theorem 4. 3;

Corollary 4.4. Let E be a reflexive Banach space and (T,Z,u)

an arbitrary measure space, then Lp(E,u)* = L (E*,p) for all p,

a
1<p< .
Proof: Since every reflexive Banach space has an equivalent

Frechet differentiable norm (Troyanski [16]), the result follows

immediately from Theorem 4.2 and Theorem 4.3. Q.E.D.

Corollary 4.5. Let E Dbe a Banach space such that E  is

separable, and let (T,Z,u) be an arbitrary measure space, then
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ot

L__(E,u<)* = Lr_(E*, p) for all p, 1<p<oo.
JP TL

Proof: Since E is separable, then E has an equival ent

Frechet differentiable norm (Restrepo [15]), and again, the

result follows inmmediately from Theorem 4.2 and Theorem4.3. QE D.I
In conclusion, it mght be noted that if E is isonorphic

to a Banach space whose normis Frechet differentiable, Theorem

4.3 inplies that E has the Radon-Ni kodym property [11].
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&.ml < lleo P Hnw lawe)
T~T

(o]

1/q 1/p
S.(IT“f(t)deu(t)) (ITHh(t)HPdu(t)) ,
that is,
18.m) | < [l£]P 9|

for all heL (E,4). Hence 18Il < €I®/% = |jgfP~t = 1. also,

_ -1 _ p
8een = [ llee P oy eenauce) - J e Pas,

T~T
O O

so that 8.(f) = [|£|® = 1. Thus, 8. =1 ana &,(p) =1,
and éfeLp(E,u)* is the support functional at feLp(E,u),
I£]l = 1; and

8em) = [ lee) [P ey ) (h(e) Au(y)

TNTO

for all heLp(E,u).

Define the mapping Yy : T — R by

p-1
Y(t) = { lecerl Gf(t)(h(t)), teT ~ T
o, teTo.

Then vy 1is a measurable function, being the limit of a sequence

of measurable functions. Also, since the mapping
* *
v i (E,|I'|h — (E",w")

given by



