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Abstract

The purpose of the present note is to obtain
a conplete characterization of inner product spaces
in terns of snoothness and to show that the theorem
in [5] is the best possible in the sense that the
I sonor phi sm cannot be replaced by an isonmetric iso-
nmor phism  This al so solves the follow ng problem
posed by Phelps in the affirmative: Are there Banach
spaces B not isonetric with inner product spaces
such that the norms of B and B* are twice Fréchet

differentiable away from the origin.



A Note on Smooth Banach Spaces
by

E. Leonard and K. Sundaresan

Let B be a real Banach space and B* its dual. Let the
norms on B and B be denoted by ||-|| and |-|° respectively.
If B 1is a smooth Banach space then the map © ;B-——rB* de-
fined by 0(x) = HxUGx if x# 0, and 0(0) = 0, G_ denoting

Il
the GQteaux gradient of the norm at x, is known as the extended

spherical image map. It is known that the extended spherical

and |.|" are

- |

Fréchet differentiable away from the origin, Cudia [2]. It is

image map is a homeomorphism if and only if

also known that if the norms of B and B* are twice Fréchet
differentiable away from the origin (in particular if the ex-
tended spherical image map is a cl- diffeomorphism) then B
is isomorphic to a Hilbert space, Sundaresan [5; theorem 5].
The purpose of the present note is to obtain a complete
characterization of inner product spaces in terms of smoothness
and to show that the theorem in [5] cited above is the best
possible in the sense that the isomorphism cannot be replaced
by an isometric isomorphism. This also solves the following
problem posed by Phelps in the affirmative: Are there Banach
spaces B not isometric with inner product spaces such that
the norms of B and B are twice Fréchet differentiable
away from the origin. Before proceeding to the main results

of the paper, a few definitions and known facts are stated.



B denotes a real Banach space and

first and second duals of B. B(B) £(B

B, B are the

B ) denote, respec-

tively, the Banach space of bounded bilinear functionals on

B and the Banach space of bounded |inear operators on B

into B wth the usual suprenmum norns.
B* are denoted respectively by ||q| and

of ti*(B) and «£(B,B*) w |l be denoted by

The norns of B and
11| * while the norms

[|.]|] itself as there

wi Il be no occasion for confusion. Since the mapping

m: £(B,B*) —» & B) defined by m(T) (X,y)
Xx,yeB is a linear isonmetry we identify

S(S ) denote respectively the unit ball

= T(x) (y) for
t hese spaces. U(U ),

and unit sphere of B(B ).

Definitions; Let (B||.|]|]) be a Banach space. The normis said

to be differentiable at x ~ 0 if there

f €B such t hat

lim 1 [x+hH HI - ()]
IM -0 Il

exists a functiona

=0

The functi onal f is the first derivative of the normat x

and wi || be denoted by G._, I f the norm

is once differentiable

in a neighborhood of x ~ 0 and if there exists a l|inear opera-

tor T..efE(B,B*) such that

lim Sx,h - S - Tx(M =
hl]

o

then the normis said to be twice differentiable at x and Tx

Is the second derivative of the norm at
t hat Tx is a symetric bilinear formon

Let Bl , B, be two Banach spaces and

X. it is well known
B, e.g. Cartan [1].

U be an open subset

of B.,. Let f: U—=2B, be adifferentiable (twice differenti-

L

2

able) functionwith Df (D f) as the first (second) derivative



3
of f. Then f is said to be of class C (C) if Df (D)
is continuous on U—=*£(B;,B,) (U=Z*£(B."(6-"62))). If
f. u—B-~ i s a homeonor phi sm such that f,f~ are of class ct

then f is said to be a Cl-diffeom)rnhism For npre on

di f f eonor phisns we refer to Cartan [1].

If the functional ||. || on B is directionally differentiable
at all xeBH*"O} then B is said to be spooth. If it is twce
directionally differentiable on B~{0} it is said to be
2-snooth, [5].

The first two directional derivatives of t he norm |[|.]] (||*||*)

if they exist at x(f) wll be denoted respectively by G, T
X X

(G, Tr).

Sone properties of the first two directional derivatives
of the normof B are stated in lemma 1 below and are known [5].
Lemma 1; Let the first two directional derivatives of the norm

of B exist at sone x ™ 0. Then

(D Gc* exists for all A~o0 g% :sgnAGx and

-1 =11 = 1. Indeed G
J|GAX|I = PGS || 1. Indeed % _is the support
unpgd 1 onal gf the unit ball atx”m
(2) T. exists for all A A0, T. =TT ¢ T 54
AX A PAX X

symmetric bilinear form, T_(y,y) ~ 0 for all yeB
X

and range T-<= {,} , the submanifold of B annihila-

ting x.
Let g(g ) be the real valued function on B(B ) defined

2
by a(x) =-HINI°  (g* (f) =%IflI¥ ). Ve denote the second order
directional derivatives at x(f) by T (Tﬁ) respectively.



Further if xeB then O0(x) denotes the functional ||x|c x in
1]l

*
B whenever G exists. It is easily verified that if the
x|l

norm is twice directionally differentiable at a point x # O

1 1.
then T\, = Ty if A # O.

The main theorem provides a characterization of Hilbert

spaces up to isometric isomorphisms in terms of differentiability

. *
properties of the norm in B and B .

Theorem 1. The following properties of a Banach space are

equivalent.

(1) B 1is isometrically isomorphic to a Hilbert space.

(2) The norms in B and B* are once differentiable
away from zero and there exists an x # O such
that |.|| and |.|° are twice differentiable at
x and 0(x) respectively, with HTiH < 1 and
75 I < 1.

(3) The extended spherical image map ¢ on B~{O0}
into B ~{0} is a c'-diffeomorphism and HTiH <1
for all =xe S.

(4) The norm in B 1is of class C2 away from O and

HTiH‘g 1 for all xeS.

Proof: (l)&=(2). It is easily verified that the norm in a

Hilbert space is of class C2. Further for all x # O
Ti(h,h) = (h,h). Hence HTiH = 1. Thus (1)= (2). We proceed
to show that (2) =» (1). Since the norm in B* is Fréchet

differentiable, it follows from the results on pages 113-114 in



Day [3] that B is reflexive. Let xe¢ S be such that (2)

* N *
holds. Let © be the extended spherical image map on B .

*
Since o© is differentiable at o(x) it follows that

0" (0(x)) + T2 [o(x + £y) - 0(x)] + 6, (¢)

n

o (o(x + ty))

= 0 (0(0) + To g [ETL(¥) + o (£)] + 8, (£)
o, (t) 6 (t)
where xt —» 0, Xt ~» 0 as t —»O0.
So o' (alx + ty)) - 0" (0(X) _y Tou (Th(y)

t
as t —» 0. On the other hand it is easily verified that
*
o (o(y)) = ¢(y) for all ye B, where Q is the canonical

*
embedding of B onto B ", Thus

2
2 ) (Th(x)) = aly)
Hence if vye S
HTO(X)T (yN | < UTO(X)H HT (" < HTG(X)H HTiH <1

Since HTi(X)H <1, HTiHAg 1. It follows that HTi(y)H* = 1.

Further, since B 1is reflexive there exists ze¢ S such that

1/2 1/2
sl = thv,2) < (thizay)) (T2 < 1.

Hence Ti(y,y) = 1 for all ye S, and therefore Ti(y,y) = Hy”2
for all ye¢ B. Hence the norm on B is determined by an inner
product. Thus (2) => (1).

If B 1is a Hilbert space, then since o(x)(h) = (x,h), o 1is

a Cl—diffeomorphism on B~{O0]}.



Further,,HTiH = 1 for all x # 0. Hence (2) => (3).

Next, if B 1is a Banach space such that o is a Cl—diffeqw

|-

morphism, then it is easily verified that | on B is of
class C2 away from O. Hence (3) => (4).

We now verify that (4) = (1). Let x # O. By the mean
value theorem, for he B, there exist 6 = 6(x,h), el = el(x,h),

0 <L 6, 91‘3 1, such that

1

I+ ml% = fdl® + 2lixle (m) + T o (hyn)

and |x - n|® = [xI® - 2|x[lc (n) + Tg‘{_elh(h,h)

Hence

x + nl® + lx - nl|® = 2||x|% + [T}l(_'eh(h,h) + Ti_elh(h,h)] <

< 2)x)? + 2|n|?
Since ||T§];_” = \!T;\'y\i <1 if y#0 and A # O.
Thus
Ix + nl® + fx - n|® <4 if |x| = ||n|| = 1.

is determined

‘|

Hence by a known theorem, Schoenberg [4],
by an inner product.

g.e.d.

Remark: In connection with the above it might be mentioned
that if B is a Banach space such that |||l is of class c?
away from zero and there exists an L > O such that

Ti(y,y) > LHyH2 for all ye B and for all xe¢ S, then B is

uniformly convex. To see this, if xe B~{0} and he B, by

the mean value theorem there exists 68 = 6(x,h), el = el(x,h)



0 6, 8 < 1, such that

2
e + wl|% = (x| + 2fxle, (h) + T, (b,
I = nll® =l - 2l )+ T g (5.
Hence [x + [ + [lx - nl? = 2x? & (1), (b)) + T (B,

1

Therefore,

Ix + Bl% + ||Ix -n[%2 > 2|xl®+2|nll?, for all xeB~(0), he B,

and if |lp|| = |lgll = 1 and |lp - g/l > € where € > O then

2 = [pli® + llali® > 2% + 2n)B5-9* » 2|RE9)? 4 L2

and [BEay? ¢ 1 - L2
2 4
Therefore B is uniformly convex with modulus of convexity
1
8(e) =1 - (1 —'%ez}z.

Example: Now we provide an example to show that theorem 1

is the best possible.

Consider the two dimensional space CR% I|+]l) where for
X = (xl,xz) we let

2 2 2.2 x2

llx||© = X, + @ x5 (1 + exp(n_%)) if x, # 0
X
2

ll® = if x, = o

1 2

with O < o < 1. Then CR%\LH) is a Banach space and the

extended spherical image map is given by
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o(x)

o(x)

2 x2 2 2(x2 + x2) x2

= (x,(1 -« exp(i_%n, a“x, + a __L__E_Z_ exp(ﬁ_%)) x, # 0
%2 X2 Xy

= (xl,O) X, = 0

The Jacobian of o is positive at all x # O. Hence the

spherical image map is a Cl—diffeomorphism. However, the

\

(1]

[2]

[3]

[4]

(5]

is not determined by an inner product.
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