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Abstract

This paper is concerned with the hyperbolic conservation

law

du db (u
(1.1) 'é—t‘+ _3—5{—)-=0
(1.2) u(x,0) = f£(x).

By means of the Crandall-lLiggett theory of nonlinear semigroups

([1]), it will be shown that the operator A : u ngb(u)

generates a semigroup S = [St; t > 0] of contraction operators
on Ll(IR). The function t 2 Stf may then be thought of as
a generalized solution of the initial value problem (1l.1-.2),
and it will be seen that for feL1 n Loo, this function is a
weak solution in the usual sense. Finally, semigroup methods

will be employed to derive the "ordering principle" for the

solutions of (1.1-.2), in a form due to Kruzkov [371.
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NONLINEAR SEMIGROUPS AND A HYPERBOLIC CONSERVATION LAW

by
H. Flaschk£e

§1. This paper is concerned with the hyperbolic conservation

law

du db (u
(1.1) E-F-B—}((_L:O
(1.2) u(x,0) = f(x).

By means of the Crandall-Liggett theory of nonlinear semigroups

([1]), it will be shown that the operator A : um —%;b(u)

d
generates a semigroup S = {St; t > O} of contraction operators
on Ll(IR). The function t — stf may then be thought of as
a generalized solution of the initial value problem (1.1-.2),

and it will be seen that for fe¢ Ll

n LOO, this function is a
weak solution in the usual sense. Finally, semigroup methods
will be employed to derive the "ordering principle" for the
solutions of (1l.1-.2), in a form due to Kruzkov [31.

The statement of the Crandall-Liggett theorem, and an
overview of the technical aspects of the paper, will be given
in §2. The remainder of this introductory section is devoted
to a general comparison of the present approach and the existing
theory of equation (1.1).

The conservation law (l.1l) has been studied quite thorough-

ly, both because of its mathematical interest, and because it

*
This work was supported by NSF Grant GU-2056.




is the prototype of some important hyperbolic systems des-
cribing physical phonomena. First of all, simple examples
show that solutions of (l.l) can develop discontinuities
("shocks") even for smooth data (1.2); consequently, a
solution can only be expected to satisfy the equation in

a weak sense:

(1.3) Definition. A bounded, measurable function u of

(x,t) is said to be a weak solution of (1l.1), (1.2), if

i) u(t,x) — f(x) for a.e. x, as t — O;

ii) J f {u@t + b(u)wx]dxdt = 0 for all twice con-
t>0 xeIR

tinuously differentiable functions ¢ with compact support in
the half-plane t > O.
The fundamental result in the theory, and the source of

most of the complications, is this: a weak solution exists for

any fe Loo, but it need not be unique. One now introduces an

additional constraint, which has the effect of choosing a unique
solution from all the possible weak solutions of (1.1-.2). This
restriction, called the "entropy condition", imposes a certain
behavior on the solution near a curve of discontinuity.* The
semigroup property (or "principle of causality") in the class

of weak solutions satisfying the entropy condition follows

*
There are several formulations of the entropy condition for

functions whose discontinuities have a less regular structure;
see [3], [4], [6], [9].




I mredi ately fromuni queness. Finally, argunents based, again,

on the entropy condition, can be used to denonstrate the

Ll-stability of piecewi se snooth solutions [7]:

(1.4) lu(.,t) - vAt ) !~ E Ju(.,0 - Vv(.,0)].1,

as well as the ordering principle [3],

(1.5) Ju(-,t) - v At ) A du(.,0) - V(L 0) L.
+ 1

(V¢ use the synbol || M to denote the L -normof the positive
L

part of h) . |

In the sem group approach, the entropy condition plays a
sonewhat different role. -Once the operator A is known to
generate a sem group, the existence of weak solutions and the
ordering property wll follow from purely global considerations
(884-6) . However, the proof that A 1ij3 a generator involves a
problem for an ordinary differential equation which exhibits many
of the "hyperbolic'" phenonena: discontinuous sol utions, possible

non- uni queness, and a one-di nensi onal version of the entropy con-

dition. The equation in questionis f + Ab(f)' =h (' =-r%)
1 19X
which is to have a solution f in L for each helL ; this
is the problem-- also encounteredlin the linear theory -- of
showi ng that the resolvent (I+AA"" is everywhere defined.

The treatnment by sem group theory has the drawback that
it makes a satisfactory uni queness theoremhard to fornul ate.
In a function space setting, where |ocal properties are sonewhat
out of place, there may be no way to deci de whet her a given

weak solution is the one generated by the sem group. It is



known from the work of Quinn [7], that the semigroup solutions
are precisely the entropy solutions, but we have not attempted
to include this result in the present study.

In summary, then, our approach offers something new insofar
as it shows the theory of the conservation law (l.1l) to be, to
a considerable extent, a part of the theory of abstract evolu-
tion equations; in §7, we will also point out certain differences
in the technical details. Finally, there may be some interest

in this study as an example in the theory of evolution equations,

since the problem (l.1-.2) is quite pathological in comparison
with parabolic, or even semi-linear hyperbolic equations: the
underlying Banach space almost certainly cannot be reflexive;

the éolution generated by the operator A is not strong; and,
because the operator A is not monotone, the usual problem of

the surjectivity of I + AA requires new techniques.

§2. We turn now to a preliminary description of the technical
aspects of the paper. The fundamental theorem of M. G. Crandall
and T. M. Liggett [l] was originally established for multi-
valued operators defined on non-dense subsets of a Banach

space; we require only a special case:

THEOREM O: Let X be a Banach space, A a (nonlinear)

operator in X with dense domain D(A). Suppose that

(C)l A is accretive, i.e., for all A > O and all

X,y € D(A),




(2.1) | (z+2a)x - (T B) vl > |x-y]l:

(C)2 for all 2 > O, the range of I + NA 1is al f X

Then the limit

(2.2) S.x = Lim (I + < a) N

t"  gef N-oo N

exists for all xe X, and defines a strongly continuous semi-

roup S = {St; t > 0} of contraction operators:

Isex - syl < llx=vll

The three steps: defining D(A), and verifying (C)1 and
(C)z, are closely interdependent, more so than in the linear
theory. We obtain the description of D(A), and the estimate
(2.1) , as consequences of the surjectivity of I + AA. The

latter property means, concretely, that
(2.3) f+ Ab(f)' =h

(where ' = -ad;{—) has a solution feD(A) for all he Ll(]R) .
By requiring that fe.Ll, we are in effect posing a two-point
boundary value problem for a first-order equation. Attempts
at a "direct" solution of (2.3) were unsuccessful, and so we
approach the problem via an approximate second order equation

over a finite interval,
(2.4) f + bN(f)' - &£f" = h, f(_tNl) = O.

(b is a cutoff version of D). (2.4) can be solved by the

N




Ler ay- Schauder degree theory; the necessary a-priori estinmates
of the solutions of (2.4) are obtained froma study of the

associ ated parabolic equation

up = Buyy m bN(U) x
(2.5) u(x, 09 = f(x)

u(xN..,t) = 0.
1

The reader will recognize the simlarity of this devel opnent

to the "nethod of vanishing viscosity", which provides sol u-
tions of (1.1-,2) as limts of solutions of the parabolic
equations u_ + b(u) = £u . It should be noted, however —
and this may be inportant for any extension of the present

met hod to systens -- that we require only the local solvability

of (2,5), whereas the viscosity nethod is based on the nore
difficult global solvability of the parabolic equation.

W arrive at a solution of (2.3), by letting N — oo
and £ — 0 in (2.4). To show that the limting function is
i ndependent of the manner in which £ — 0, we nust establish
that all such Iimts satisfy a one-dinensional "entropy condi-
tion", and that any two solutions obeying this restriction are,
in fact, identical. The details of this argunent are carried
out in 83

Once the operator A is known to generate a semgroup S,
one nust decide in what sense the function t i— SEf is a solu-.

tion of the Cauchy problem

(2.6) Yt ~+ Au(t) =0, u(0) =f.



If the problem were set in a reflexive space, the results of
[1] would yield the a.e.-differentiability of ¢t +— Stf, and
this function could be shown to be the unique "strong" solu-
tion of (2.6). But Ll is not reflexive, and the general
theory cannot assert such regularity. One can, in fact, argue
that the conservation law (l.1l) will fail to have a strong
solution for some data: as was mentioned earlier, the entropy
solution must be expected to develop discontinuities, even
when the initial value feD(A). In general, b(Stf) will also
become discontinuous, and as we shall see, this forces Stf
outside of D(A), so that (2.6) can no longer be satisfied --
by Stf -- in a pointwise sense.

In §4, we introduce generators in abstract divergence
form: A = LB (in the case of (l.1), L = ?%;, and B(f) =
b(f)), and show that t +> Stf can be interpreted as a weak
solution of (2.6), whenever feD(B). In §6, this abstract
result will be shown to apply to equation (1l.1); however, that
final verification depends also on the availability of the
ordering principle (1.5), which will be proved in §5 by means
of an adaptation of K. Sato's theory of positive (linear) semi-
groups on Banach lattices ([8]).

I wish to take this occasion to express my deep gratitude to
Professor V. J. Mizel, for his interest and encouragement. I al-
so thank Professors C. V. Coffman and Z. Nehari, and Dr. D. D. M.
Tong, for some helpful conversations. Finally, I want to ack-

nowledge the influence of B. K. Quinn's paper [7], which stimu-

lated my interest in this problem.



§3. As already stated, our object in this section is to
show that Theorem O is applicable to the operator

A : f+—>Db(f)!'. We assume that the function b is four-
times continuously differentiable, and (without any loss of

generality) that Db(0) = 0. First we solve the equation
(3.0) f+ b(f)' =h

by studying a fairly lengthy sequence of approximating equa-
tions; only after this has been accomplished, will we be able

to describe D(A) and verify accretiveness (condition (C)l)'

3.1 A two-point boundary value problem, with hezcgo.

Let he,Cg)(ﬂi) be fixed throughout this subsection,
and choose N > O so that supp h ¢ (-N,N). We want to

solve the problem (for fixed & > 0)

£+ [Cb(H)]T - E£" =h,

(3.1)

f(+N = O.

1)

Here Cy is a "cutoff" function with these properties:

. 00
(i) CNe CO (IR) ;

(ii) supp C,. C (—Nl,Nl):

N

(iii) CN =1 on [-N,N];

(iv) ICN(x)[ <1 for all x.

Furthermore, we require sup|C&l + sup|C;l to be small.

Y Taef
To be precise, define

R

max{ |h|,, 2|h'|, + 1},
(3.2) : !
K

I

sup{|b' (n) |5 [n| < RJ.



We wish to have
1 1
(3.3) YK < 35 vK|h[y < 35

The significance of these restrictions will become apparent
later; for the moment, we only observe that a choice of CN
consistent with (3.3) is possible, provided that Ny is

taken large enough. We do so, and now consider as fixed,

once and for all, the quantities entering into (3.1).

A. Conversion to an integral equation,

We want to look at (3.1) as an operator equation in the

space C([-Ny,N;]) =4 .Y, normed by the sup-norm l Let K

.‘O'

be the Green function for the operator I - €& d2 with zero
' ax

boundary conditions at x = iNl, and define an operator T by
th a \Nl
(3.4 (T9) (x) = | S KLY - opnblgy))dy + | Kix,y)h(y)dy.
-N -N
1 1

LEMMA 3.1. If feY satisfies f = Tf, then it i

a

twice-differentiable solution of (3.1).

The proof is straightforward: it can be seen from the ex-
plicit formula for K that 8%;5- is continuous, so that £ 1is
differentiable. One may then integrate by parts in the first
integral in (3.4); the fact that f satisfies (3.1) then fol-
lows from the definition of K.

We will use degree theory to establish the existence of

a fixed point for T. The first step in this direction is
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LEMMA 3.2. T is a completely continuous operator from

Y to Y.
The proof is again standard. The fact that T maps into
Y, and is continuous, follows from elementary estimates. The

compactness of T is a consequence of the Arzela-Ascoli

theorem.

B. A-priori estimates on solutions of f = uTf.

We will prove

LEMMA 3.3, If R is defined as in (3.2), and if

f = R, then f = uTf cannot hold for any e [0,1].
o K B

First observe that if f = uTf, then f is a twice-

differentiab%e solution of

£+ plCgd(H)! - ££ = ph
£(+N)) = O.

(3.5)

(cf. Lemma 3.1).

"We will estimate the sup-norm of a solution of (3.5) by getting

an Ll-estimate of its derivative. The following is the basic

step:

LEMMA 3.4. Let G(x,n) be C3 in both variables

X € [—Nl,Nl], neIR. Suppose that G(iNl,n) = 0 for all 7,
and that G(x,0) = 0 for all x. Let fe C3[-N1,Nl], and

assume that f satisfies one of the end conditions

(8) £(+N) = O

(B) 5 £! (_-_l-_Nl) = O.
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Define (Gef) (x) = G(x,f(x)). Then

(3. 6) (£ (Gen) ! - g "] 2[5l

Proof. We study the auxiliary parabolic problem

(3.7) u, = €\g0{— (Gou) x

u(x,0) = f(x)
with one of these two boundary conditions:
(PB)l u(iNl,t) =0, t>oO.

(PB) u (+N;,t) =0, t> o.

2

It is known (e.g., P. E. Sobolevskil, Dok.A.N.136,p.292) that
there exists a solution uc¢ C2([—N1,Nl]x[o,to)), for some
tO > O depending on f.

Suppose we could prove, for this solution u:

(3.8) ]u(.,t)llg [fll, 0 t< tys

1

(3.8), |t‘l[u(-,t)-f] - [Ef'-(G<H)']]; > 0 as t—> O.

Then we could estimate as follows:
£+ € L1 > e gl - 2 jue,n ], >
-1 -1
> (70 [ £], - 77 [£], = | £],.

Letting t — 0, and using (3.8)2:
[£4(Gof)t - S €|, > |£] 4,

as desired.
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Now (3.8)" i®° easy to verify: for each x,

t"fu(x, t)-f(x) ] =t " u(x,t)-u(x,0 ] = uc(x, 0 =
= efM(x) - (&f) t (X).

Thi s poi ntwi se convergence is dom nated, so that the Ll-

convergence asserted by (3.8), follows.
Lemma 3.4 will therefore be proved, once we establish

(3,8)1-. W do so first for a function f wth sinple zeros

at points |abelled zJ 'N’¢:20< .. < Zpi—.L: ISLl, for

condi tion (B’R ; -Nl <zZp<o. <% < NL- for condition (B_z_).
Now solve wu(x,t) =0 for x as a functionof t >0, wth
X =z, when t = 0. Therewill result a finite nunber of
clcurves x = x.(t) (Wth x =-N., x_- s N) all defined
for t £ sone t~. In case (B N hol ds, u(xj(t),t) =0 for

all j, 0O£) ~.p+ 1, we may assune that the function u

changes sign across the "interior" curves (since it does so

at t =0). |In case (B)™ holds, we again have curves x =

x.J (t) , 1.<1j <€ p* across which u changes sign; to these we
1

. . . X fC = —
adj oi n the boundary Iines 0(_) -=N,, X p'+.l(.t) N’i

W will show that
d
d"'t"'!u(':t) [1 g O;

(3.8)1-_ imedi ately follows fromthis inequality. First we
wite
P rx+1(t)
3.9 lu(«, t) {- = Ssgn(j): u( x, t)dx,
(3.9) («0) 17 = Ssoni);

xgt)
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where sgn(j) is the sign of wu(x,t) for xj(t) < x < xj+l(t).
Now we differentiate (3.9); the right side will be a sum of

"terms of the form
a xj+1(t)
(3.10) Sgn(j)?ﬂ? u(x,t)dx.
X5 (t)

Carrying out the differentiation, and omitting the sgn(j),

we get
. . pxj+l
{xj+lu(xj+l,t) - xju(xj,tn + Jx ut(x,t)dx
J
(x. abbreviates x.(t), and x. = d_ xX.). The bracketed
] J J dat 3
term vanishes, since either u(xj,t) =0 or kj = 0. On

using equation (3.7), we convert the second integral to

X.

j+1

(3.11) { Eu (x,t) - (Gou) (x,t) ]|
X=Xj

The term involving G wvanishes for all j, by virtue of the

assumptions on G. Hence, in (3.11) there only remains

(3.12) E{ux(xj+1,t) - ux(xj,t)};

this term is always opposite in sign to u on the interval

x. < x < X, Since (3.12) coincides with (3.10), less the

J j+1°

factor sgn(j), we conclude that (3.10) is nonpositive, and --

on summing over Jj -- that
d
e lut,e [y <o

Finally, let f¢ C3 be arbitrary. It can be approximated
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2
in C ([-Nt,Nt]) by functions fn wth sinple zeros (which

satisfy the appropriate end condition). For exanple: the
‘Bernstein polynomials of f converge to f in CZ; a small
correction termwi |l renmove any nmultiple roots. By dom nated
convergence, the approximating functions, and their first two
derivatives, converge also in Ll. Since (3.6) holds for each
fn, it will still be true for the limt function. This proves
Lemma 3. 4.

(I'he idea of studying the deconmposition (3.9) is taken
fromQuinn [7]).

Proof of Lemma 3. Let f be any solution of (3.5)s Ac--

cording to Lemma 3.4, with Qx,7)) =/zG(c) b(rj) , we have
(3.13) [hlx = [f+(Gb()) * - ef ' I~ |f]

Next, we differentiate (3.5 to get an equation for fT,

and find that g = f' is a solution of

(3.14) g + jx(cb(f))" + HC' (f)g) » - £4g" = h».
| he appropriate end conditions are

(3.15) gt (dY =0

to see this, observe that near x = +N,, Gy = h = 0, so that
"1 JN
equation (3.5 reduces to f - £f" =0. Since f(zxN1 =0,
we have (ff)T =0 at 4N, , which suggests (3.15).
Choosing Gx,rj) =/iG(x) b*(f(x))y), we again apply Lem
ma (3.4) (for notational sinplicity, we use the synbol ¢

instead of f') :
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|g+u(cp' (B - €9"[] > |g];.

From (3.14),

(3.16) ntly > lgly - ulepE .

Now

(3.17) | (cgb (D)) '] < legb(D) [ + [cyp' (£)g] -

In terms of the constants introduced in (3.2), we continue to

estimate in (3.17):
< YR £ + ¥K[g],
which, by (3.13) and (3.3) is
1 1
< Pl + 5 lg|1'
Inserting this into (3.16), we obtain,

when g = f':

B> £y - S]] >

N

1
£y -3

Hence,

(3.18) lf'}l<2|h']l+1=R.

X
Finally, using the fact that f(x) =

e

f' (y)dy we get from (3.18):
N
1

(3.19) |f;o< R.

Summarizing: the assumption that there is a solution f

of £ = uTf, for which [f[o = R,
(3.19). QED.

leads to the contradictory
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C, The existence proof.

The results of A and B show that T : Y =2 Y is
completely continuous, and that (I-uT)f = O has no solutions
on the sphere {ge Y; Iglo = R} = Q. By homotopy invariance
of lLeray-Schauder degree, we conclude that deg(I-T,Q,0) =
deg(I,Q0,0) # 0, and hence that (I-T)f = O has a solution f
with |f|o < R (see, for example [2,Ch.2]).

It is not hard to see that this solution is unique. If
there were two solutions, £ and g, then their difference

f - g =F would satisfy

F' + (CgBF)' - E£F" =0, F(4N;) = 0,
where
1
B(x) = I b!' (tf(x)+(1-t)g(x))dt.
6]
Another application of Lemma 3.4 then shows: |F|l < o,

In summary:

LEMMA 3.5. There exists a unique, twice-differentiable

solution of problem (3.1).

3.2. The second-order equation on the whole line.

As in §3.1, h and € remain fixed. We want to let

N 2 oo in (3.5) to arrive at

LEMMA 3.6. There exists a unique, twice-differentiable

solution f £

(3.20) f+Db(f)' - Ef" =h

which satisfies
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(3.21) [ £l < Inly
(3.22) €], < 2[h]y + 1.

Proof. For each integer N, starting with a sufficiently
large value, we choose a cutoff function CN’ and an integer

N, = Nl(N), as described in §3.1. The unique solution of (3.5)

1

will be denoted by £ Using the estimates (3.13) and (3.19),

No

we find

" l
|lel = -E—IfN + (O (£) " - h}l < B,
1
with B independent of N. Since fN(iNl) = 0, fN(xo) =0
for some X, € [-Nl,Nl]. Thus
1 x "
fox = [ fomay,

X
(o]

whence

1
(3.23) | gl < B, independently of N.

By differentiating (3.5) twice, and imitating the above

argument, we find: There is a constant B, independent of N,

such that Iféi)lo < B, i = 0y...,3. [The supremum is taken
over the domain [-Nl,Nl] of fN].

By a diagonal argument, and repeated application of the
Arzela-Ascoli theorem, we can assert the existence of a sequence
Nk — O, such that given any compact set T c IR, {fN } will
converge in Cz(T) to a function fe¢ CZ(IR). Furtherﬁore,

f+ Db(f)' - ££f" = h.

On any interval [-M,M], fN-—a f uniformly, hence in Ll; since
k

]kall < |hly, we have
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M

| let0 jax < In,,

M
~whence fe¢ Ll(Ii), with the estimate (3.21). (3.22) follows
in a similar way from (3.18).

This proves existence. To prove that the solution is
unique, we assume that (3.20), (3.21) and (3.22) are satisfied
by two functions, £ and g. On any given interval [+M,M]
containing the support of h, their difference f - g =F

satisfies an equation of the form (see §3.1,C)
(3.24) F+ (B.F)! - £F" =0
with non-homogeneous end conditions, say

F(-M) =a, F(M = 8.

One can now attempt to duplicate the argument which led to

M
Lemma 3.3, in order to obtain the estimate J |F| < 0. This
-M

will not quite succeed, because in general a,g # O. There
will be certain non-zero contributions from the endpoints in

the parabolic estimates of Lemma 3.4, and one will obtain

M

(3. 25) [ 1P |ax < x(w,

where k(M) = O(|a|+|B|] + |F'(M)| +|F'(-M)|). This, however,
~is enough: (3.21), (3.22), and the Ll—estimate on F" supplied

by (3.24) show that F(x) and F!'(x) tend to O as [x| — oo;

hence, k(M) - 0 as M — o, and so from (3.25),

¥], < o.
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Tiie details of this argunment could easily be supplied by

the interested reader.

3. 3. Exi stence and uni queness as £—0; he C°.
_____ Q

A. For each £ > 0, there is a unique solution f” of
(3’.20), satisfying (3.21-.22). The uniformestimte
£, #i" <LR inplies that the fanmily {f~} is of unifornly bound-
ed variation. By Helly's theorem there exists a subsequence
{f+ } which converges pointwise to a function f of bounded
variation. Let us wite f, =f

On any interval [-MM, fF'—>f boundedl y, since

| f«l o< R Hence, fic—f in L*'([-MM ), and from
M ' o
:I‘I\Lf)&(x)ld[xl| hl -
we concl ude (as above) that fel (JrR) , with | f] - < | hi 1
Now we verify that f is a pointwise solution of the

equati on

(3.0) f +Db(f) » = h,.

Fom the Ll -convergence of fk to f on compact sets

follows the wesk convergence as well; in particular if

cp€ (o“,°° @), then

jhopdx = K f + b(fe) ' - Efidcpdx =

= J{faé" - b(f,JC)qo’ - gkfk(p“}dx,
P r
K. k J K
and since &- jf,(p"dx —"0 . fggd'dx =0 as £ —> 0, we ob-

tain, in the limit:
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P

(3.26) Jh(pdx = J{f(,o - b(f) ! }ax, mecgo(]R).

Now observe that (3.26) remains valid even for functions

¢ which are approximated by @, € Cgo, in the sense that
]
o, - elg— 0, o, -o'[; — o

Fix an x € IR, and A > O, and define

o
1, x < Xy~ O
1
O, A(x) = Sa (X romx), |x-x | < 4
0’
0, X > X5 + A.
Then
1
' ~5x ,\x—xol <A
Ox AX) =
©, 0, otherwise.
The function ¢ can be approximated by Cgo func-

x
o’A

tions in the manner just described; inserting it into (3.26),

_ we get
X +A
(3.27) [teme, ax= 2] ° b ax
. X _,A 2A :
o X =A
o
1 @ .
Now let A — O, Because f - helL N L, the left side
tends to
ble
o
I f - hdx
- 00
for any choice of Xqe The right side converges to -b(f(xo))

for a.e. xo. Hence, redefining f on a set of measure zero,

if necessary, we find that
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X

"'t - nway = -b(£w),
oo

for all xe R. We have proved:

EXISTENCE RESULT. There exists at least one function

fe Ll with these properties:

i) f 4is of bounded variation, and bounded:

i) [£], < Inly;
(3.28) iii) Db(f) is absolutely continuous;

iv) Db(f)' e LL;

v) f + b(f)! = h, for a.e. Xx.

B. The argument of (A) shows that, for any choice of
Ex— O, a subsequence of the solutions f¢ of (3.20) con-
k
verges to a solution of (3.0), but it is not clear that two

different sequences {ﬁk} determine the same limit function.

Here we prove that this is in fact the case.

DEFINITION. For a,B ¢ IR, put

T(a,B) = sgn(a-8) (b(a)-b(B)).

UNIQUENESS RESULT. There exists exactly one fe.Ll

which satisfies (3.28 (i), (iii)-(v)), and the supplementary

condition
(3.29) T(£(x7),k) > T(£(x),k)

for all x, and all real k. (f(x ), f(x+) are the left, resp.

right, limits of f at x).
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Remark. (3.29) is simlar to, though not the same as,
the entropy condition on solutions of the conservation |aw
(1.1). As an exanple, take b to be convex. If f has a
di scontinuity at x, then (3.29) requires b(f(x+) = b(f(x~))
and f(x~) > f(x+). It is a famliar fact that for such a
function b, the entropy solution of (1.1) can also have de-
creasing junp-discontinuities only. This relationship is to
be expected, since the latter solution is a limt of solutions

of ordinary differential equations of the form (3.0).

Proof. Suppose that both 'f and g have the stated

properties. In particular,
(3.30) T(f(x"),k) ~T(f(x"), k)
(3.31) T(9(x"), k) ~T(g(x"), k),

for all x and k. Set k = g(x~) in (3.30), and Kk :g(x+)
in (3.31); using the symmetry of T, one finds

(3.32) T(F(x"), g(x")) "~ T(f (x7) ,g(x") ). :

Define T(x) = T(f(x) ,g(x)) . It is known that r is of bound-
ed variation, and that its distribution derivative 5r satis-
fies
(3.33) 3 &dx = T(P~) - r(a")

a
(see [9,equ. (5.22)]). Furthernore, the one-dinensional version

of (5.29) in [9] (an integration-by-parts formula) gives
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B B + _
(3.34) J ordx = j {(b(f)' - b(g)'}sgn(f-g)dx + T T1(x) - T7(X),
o} o

where the summation is taken over the points of discontinuity
of £f- g in (a,B). We transform (3.34) by substituting
b(f)! - b(g)! = -(f-g), and using the fact that T(x+) < (%)

(cf.(3.32)):

B rB
J ordx < - | f-g|ax,
o4 o
or, by (3.33)
B + -
(3.35) [ |f-glax < (o) - T(B7).
Q@ _
Since b(f),b(g)ele, it follows from the definition of T,
that the right side of (3.35) tends to zero as a —> -00,

B — +oo through suitably chosen subsequences. Thus

|f—gll { 0, whence f =g a.e. Q.E.D.

LEMMA 3.7. Suppose f is a limit of a sequence fg¢
k

of solutions of equation (3.20) (as described under (3)).

Then f satisfies (3.29).

Proof. Let ¢ be a convex, twice-differentiable function

on IR, and let ¢ q:)(ﬂl), P > 0. Multiply the equation
fe + b(£ )" - 2 fe - h =0 by &' (ff )y and integrate by
k k k k

parts:

£
Jreniee ) (g -mp - ([ bray)er(waylyt - £ 8(F )y lax =
k k k k

e, vo2
= -8 (£ ) (£, )y < .
k k
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As tk —> 0, this results in

. £
(3.36) [[8'(£) (£-h) y - {fkb' (v) &' (v)ay)y' ldx < o.

Now (3.36) is still valid for functions ¢ for which

1

¢' is approximable in L by Cga—functions; with the choice

¢(n) = |n-k[, we get
(3.37) jw(f—h)sgn(f—k)dx - Isgn(f-k)[b(f) - b(k))-y' dx < O.

Let X be fixed, and choose a sequence [¢n} of triangular

functions: wn(xo) =1, p (x) =0 for |x—xo| > %, and piece-

wise-linear for |x-x_ | < . (3.37) is still valid for these

¢n; as n —» oo, the first integral tends to zero, and the

second to T(£(x7),k) - T(f(x),k). (3.29) then follows. Q.E.D.
The proof of Lemma 3.7 is a one-dimensional version of

an argument given by KruZkov [3].

3.4. Extension to general h.

f be the (unique)

LEMMA 3.8. Let h,,h,eCy , and let f

1°°°2 1°7°2
solutions of f + b(f)!' = hi’ i=1,2, obtained in §3.3. Then
(3.38) £, - £517 < [hy - hyl;.

Proof. fi is a limit of solutions of approximate equations
' - 8 " — = * 1 i —
£+ (Cp (D)) 3 £ h,, £(N;) O; by virtue of the unique
ness result in §3.3, we may assume {CN}, {Nl(N)}, and [&k} to

be independent of i = 1,2. 1In a by now familiar manner,

Lemma 3.4 yields
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|f1,N,ek - f2,N,6k|1 < Ihy - h2‘1

for the solutions of the approximating equations, and (3.38)

follows by passage to the limit. Q.E.D.

Now let he;Ll, and let {hn} c ng hn-—+ h in Ll. Let

fn be the unique solution of £ + b(f)' = hn. From (3.38),
we infer the existence of fe¢ L', for which |fn - f]l——e o.
Hence, b(fn)' = hn - fn-—% h - f£f in Ll. We may assume that
{fn} and {hn] converge pointwise a.e.; then, for a.e. x,
x
b(£(x) = lim b(£_(x)) = lim | b(£_(v))'dy =
n- oo n->o oo

X X
lim [ h (y) - £ (May = | hly - £(nay.
n»>om oo -0

Thus, after changing f on a set of measure zero, if neces-

sary, we conclude: bDb(f) is absolutely continuous, and

f+ b(f)!' = h.

It is clear that this solution f is independent of the
sequence {hn]. Following Kruékov, we could characterize f as
the unique solution of (3.0) which satisfies (3.37) (equ. (3.29)
need no longer be meaningful), but this will not be necessary.

Of course, the results obtained in this paragraph

hold equally well for the equation
(3.39) f + Ab(f)' = h;
we summarize the above work in

THEOREM 1. Let AN > O, and hele. Then ecquation (3.39)

has a solution £ with these properties:
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i) fer', and £, < |h|;s

ii) b(f) is absolutely continuous;

iii) Db(f)' el

Furthermore, there is a unique solution which is either of

bounded variation and satisfies (3.29), or (if no such solution

Borrowing some terminology from hyperbolic equations,
we will call this uniquely determined solution of (3.39) the

entropy solution.

3.5. Concerning Theorem O.

It is now a simple matter to verify that the Crandall-

Liggett theorem is applicable. D(A) is defined to be the set

of entropy solutions of equation (3.0), a h ranges over Ll.

Now:

1) D(a) is dense in L'. Indeed, c®c D(a), for if
ge Cgo, then g satisfies the equation (in £f) £ + b(f)!' =
g + b(g)'. Also, g 1is continuous, so (3.29) holds trivially,
and g is an entropy solution.

2) (C)2 holds. Let hele, and let fl be the entropy
solution of f(x) + b(f(x))!' = h(Ax). Define f%(x) = fl(%).
Then f% is a solution of equation (3.39). It is easy to
verify that it is actually the entropy solution.

3) (c); holds. We know that ]fl\l < j|h(%x)|dx = %ﬁhll.
The scaling under (2) then makes If%jl g_lh]l, or

| (1+2R) £, |4 > |£,];. (2.1) follows in a similar way from (3.38).
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84. Weak Solutions, In this paragraph, X is a general Banach

space, and A a densely defined operator satisfying (Q 1 and
W as-

(Q2 of TheoremO; thus, A generates a semgroup S.

sume that A contains a factorization LB, neaning that

D(LB) ¢ D(A), where:

. L is a linear operator with non-enpty resolvent set;

1. (for sinplicity) D(B) is closed;
[11. B : D(B) — X is continuous fromthe strong topol ogy
to the weak (-X ) topology;
V. JA(D(A) fIDB ) ¢ (A) 0 D(B) (together with I, this
implies S D(B) cD(B)).
W have set
In = def(1+m)"l.

DEFINITION. A function u : IR-—2 D(B) i_s a. weak solution

of the Cauchy problem

(4.1) d-dgt-(-/\-+Au(t) = o1 U(O) = xe X,
if

J <u(t) ,cp (t)> + <Bu(t) ,L<p(t)>dt =0

0
for all

2 * 2
<p€6((0,00); DXL )), andif

(4.3) [|u(t)-x|]| >0 as t -2 0.
(V@ will use x,y to denote elenents of X this shoul d cause

no confusion with our earlier notation xe H. <e ¢> |s the

pairing between X and X, and |[[ ]l is the normin X)




28

THEOREM 2. Let A _have_the _structure described above.

Then if xeD(B), the function t t» S x is"]ji weak solution

(4.1) .

2.

Proof. It is enough to prove the theoremwhen

xeD(A) fl D(B). Assune this has been acconplished, and |et

X, € D(A) fl D(B) converge to xe D(B) . For each t ~> 0,

(strongly), so by IIrIyand IV, BS. x -" BS X

2 * =
(weakly). If <pe C*((0,00) ;D(L )), then

S X —» SXx
> N u

(4.4)  <Sixn Cp» (1)> + <BSoXp, L¥*<p(1)> " <S %, (£)> + <BS_X,L ¢ (t)>

for each t; since cp has conpact support in t, this conver-

gence is dom nated by an integrable function of t/ and we ob-

tain the desired conclusion by integrating (4.4).

Hence, let xeD(A) 0 D(B). Put J~ = (1+Ay Y. Wth this

not ati on,
St X =1lim J::X,
n=Cco —
and n
-1 -In 1 "~tt -1 iy
t" (Sx-x) = lim t" (A&-x) = lim = £ (8)" (Ju(Jhx)-J&" ~
Nn->co n n“co i=o0 n n n
. 1 "0t t -1 [
= M® = T D7 HI-T ) 0 'R,
n-= o0 i=c —

Since AJA = A"l (I-\;\\) , the last aam may be written

-1 a "t
(S x-x) = lim -= L AJ~x, XED(A).

(4.5) t =
n-> 00 17°CJ ﬁ
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Using (4.5), Crandall and Liggett show that if A is strong-

weak continuous, then

weak-limt"l(S.x-x) + Ax = 0.
C
t=>0

W want to reach a related conclusion, but must first renpve

t he unbounded factor L.
Let we<p(L), i.e., (L-wi)"* is bounded. Then, so is

‘w Tdef (tewi el = (Lowl )"

Now, observe that LWB s strong-weak continuous. Let U
be a weak convex nei ghborhood of O.
For yeD(A) ([1]),

(4.6) \y - JE W £ t|JAy|], O£i £n.
n

By weak continuity of L‘§, if t is small enough, then .

(4.7) LBy - L.B(jJy) eU, yeD(A) n D(B).
n
From (4.7), we get -- using convexity of U --
i - [
(4.8) LwBy - LwW-n iL:E(j;}Q} GU,
n

for t small enough, and all n.
Now by (4.5),
-1 .
(L-wi)-t-Y(s.y-y)] =-limL{£ EBUS)},

n->0 “" i=0 £
n

and so from (4.8)

(L-wi)-[t"(Sy-y) ] + LuByeU,
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for t small enough.

Hence

(4.9) weak-1lim (L_wI)’l[t"l(S y-y)] = -L By, ye D(A) n D(B).
t=>0 t w

We will use (4.9) to establish the connection with weak solu-

tions.

2 *2 .
Let @ezco((o,oo);D(L )). We wish to show

(0 o] (e o] %
(4.10) j <8 %,' (t)>dt = —j <BS X,L o (t)>dt
0 0

(condition (4.3) is guaranteed to hold by strong continuity of
St).
Write

(4.11) o' (t) = - E'l(cp(t)—q:(t— £))+o(g),

taking £ so small that o (7)

1l

0O for 0L T< & . O() is

independent of t, since ¢ has compact support. Inserting

(4.11) into the left side of (4.10), and making the substitution

t— &£ —= t in one of the resulting integrals, we get

(e o)

®©_ -1
(4.12) [ <sger (> = [ < g7Ms, x50 ,0(6)>dt + 0le).
0] 0)

We write the second integrand as

<wn ™t eTHs cn s x, (v Te(t)>,

and note that according to (4.9), it converges to

(4.13) -<L,BS. X, (L—WI)*¢(t)> = —<BStx,L*¢(t)>

as ¢ —>» O,
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If we let &€ — O in (4.12), and use (4.13), we obtain

the desired conclusion (4.10). Q.E.D.

REMARK. The hypothesis III is weaker than necessary for
our application; perhaps it will be appropriate for some other
problem. On the other hand, II and IV could probably be
weakened. Finally, D(L*Z) may be very small (unless L 1is

suitably restricted). The theorem would then be true, but

not very interesting.

§5. The Ordering Principle. 1In this section, we adapt a

characterization, due to K. Sato [8], of (linear) generators
of positive semigroups on a Banach lattice. It will actually
be more convenient to work in this general setting for a while,
but we will not try to find hypotheses which are either precise
or weak. The subject of nonlinear, order-preserving semigroups
seems to be of sufficient interest to warrant a more thorough,
separate study.

So, let X Dbe a Banach lattice (as defined, for example,

in [8]), with cone K of non-negative elements. We write

x|l = x|, and assume that Hxn-xH+—+ O whenever |x -x|| — ©
(this certainly holds in Ll). Following Sato, we define
T(x,y) = lim £ l(|xr eyl -lylD s
S+
£E->0
o(x,y) = inf 7(x, (y+z) V(-Bx)),

where xe¢ K, and the inf is taken over all 8 > 0O, and =z

satisfying |z| A x = O.
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THEOREM 3. Let A satisfy the hypotheses of Theorem O,

and suppose that

o((x-y) " ,Ax-2y) > O

for all x,yeD(A), N > O. Then

\\Stx - StYn+ < \\X—y\\+‘

Proof. We record the following properties of o0 (see

[8,Prop. 3.1]):

i) o(x,y) < v,
ii) o(x,ax+y) = a|x| + o(x,y) for all ae IR,
iii) if x A |z| = 0, then o(x,y) = o(x,y+z).

iv) for a > 0, 0(x,y) > 0 = g(x,ay) > O.
(Always, x > 0.)
Now let u,veD(A), and (I+MA)u = x, (I+MA)v = y. Then
lx-v[|" > o((u-v) Tyx-y) = 0((u-v) ¥, (u-v) +\ (Au-2av)) =
=o((u-v)", (u-v)* + A(au-av)) =
= Ju-v||" + o((u-v) "2 (au-Av)) >
> fu-v])".
Alternatively,

(5.1) o= - o vl™ < ll=-vll
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By iteration of (5.1),

lo%x - aRl* < M-yl

and so, in the limit n — oo,

s x - StyH+ < ==yl Q.E.D.

If X = Ll, we have the following explicit expression

for o (See [8]):

+
o(f ,q9) = [ g (x) dx.
{£>0]}
In order to apply Theorem 3 to the conservation law, we need

only verify that

(5.2) I b(f)!' - b(g)'dx > O,
{9}

whenever f,geD(A). If f£f,g are of bounded variation, then
the one-dimensional Green formula ([9, (5.22)]) shows that the
integral in (5.2) is actually zero, since b(f) - b(g) = 0O

on the boundary of the set {£>g}. It was established in §3.4
that every fe D(A) is the limit, in Ll, of functions fn.of

bounded variation, for which (5.2) is wvalid; because

1 !
b(fn) — b(f) in Ll, (5.2) follows easily for f.

(A somewhat longer proof, using approximation by smooth
solution of the second-order equation (3.20), but not requiring

Green's formula, would also be possible),
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86. We wish to apply Theorem 2, or nore precisely, the in-
equal ity

(5.1) [Jax - Jay1rt<a ||X-y]|IF

obt ai ned during the proof of Theorem 2, to connect the sem -
group solutions of (1.1-.2) with the usual weak sol utions.
To this end, we observe that A contains a factorization LB,

wher e L=-gdx—, Bf = b(f) ; the domain of B is taken as

D(B) =L*O[f; IfI"EM

for sone fixed M> 0, and D(L)- is the usual domai n of ﬁ:l*

O the conditions I - IV of 85 only IV requires a proof,

whi ch we now supply.

Recall 1V, FEor any A >0, JMDA HXB) ) c DA n D(B).

—
Proofo Certainly, J" (DA HXB) ) _cbD(A). Nowlet
feD(A) n DB), and let r\ >0 be given. Choose K so that

[ 110 I dx < 7). Nowdefine the function <p as follows:

|x|>x
M for |x] £K
Pp(x) = Mexp- (x-K)/AB, x > K
M exp(x+K)/ AB, x <-K,
where B=sup{|b"(y) | ; |yl <M.

"(bserve that <p€D(A : clearly, cp and b(g) " are inte-
grable, and b(g is absolutely continuous; noreover, <p is an

entropy sol ution because it has no junps (see 83.5).
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Define § = ¢ +Ab(p)'. For |x| < K, @ =¢ = M, and

since |f|_ < M, we have
+
(£-¢) = 0 on [-K,K].

For |x| > K,

b =@ + Ab(@)' > ¢ - NBlo'| = 0;
hence

(£-p) " < £5 for x| > k.

From (5.1) we now find

580" = I eault et o [ e fax < .
1 1 IXI>K

In particular, since ¢ = M on [-K,K],
K

f (3, £(x)-M) Tdx <

s g n-

We conclude that (fo)(x) < M for a.e. x.

In a similar fashion, one shows that (fo)(x) > -M, and
hence that lJ?\f|OO < M, so that J7\feD(B); Q.E.D.

By the results of §4, the function ¢t St is an ab-
stract weak solution for fe D(B):; given our choice of 1L,

it is clearly a weak solution in the sense of the definition

in §1.

§7. Concluding remarks. Although the semigroup approach to

the conservation law (1l.1) is rather different, conceptually,

from the other treatments, the technical details have proved
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to be less independent of the known theory; specifically, our
uniqueness argument in §3.4 makes use of some of the most im-
portant ideas in the definitive papers by Vol'pert and Kruzkov.
Nonetheless, there are some differences of degree, which I
want to point out again: (1) the present approach requires
only the local, not the global, solvability of a parabolic
initial value problem; (2) the study of entropy solutions takes
place in one dimension, not two.

Without much current justification, I entertain the hope
that these differences might facilitate the study of hyperbolic
systems. There are other difficulties in the way of an exten-
sion in that direction, and the first of these is the choice
of an appropriate function space. Once this step has been
taken, even for a specific class of systems, the other details
should be manageable. One might try to begin with a "simple"
nonlinear wave-equation, for which arbitrary Riemann problems
are known to be solvable. There are some problems which may
be more accessible, whose solution would be of interest (to
the author, at least):

It seems desirable to streamline some of our arguments.
For instance: in §3, p.d.e.'s were used to study an ordinary
differential equation. Can this methodological detour be
avoided?

Can the uniqueness proof of §3 be simplified? The tools
we used may be more powerful than necessary for the one-dimen-
sional problem.

Can the abstract weak-solution theorem (§4) be applied

to (1.1) without use of the ordering principle?
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Some possible generalizations also suggest themselves:

In §6, we showed (although this was not pointed out ex-
plicitly) that A generates a semigroup on the set
(fe1?; ]floog M}. Problem: find conditions on op-
erators I and B, supplementing those of §4, which guarantee
that A generates a semigroup on D(B).

In many concrete evolution equations, the operator A
is monotone and coercive, and surjectivity of I + AA follows
from a general theory. 1Is there a more abstract point of view,
of which our result of §3 is a particular example?

Define a functional ¢ on X to be invariant for the
semigroup S if @(Stx) = §(x) for all t > O. One expects
that if the semigroup generator A 1is restricted to the set
D(A) N Q-l(a), it should again generate a semigroup, one on
whose orbits & is constant = a. One can show that §&(f) =
dex on Ll has precisely that property, relative to the
semigroup generated by Db(*)'. There may be some interest in

a general study of such invariant functionals (see [5]).
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