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Abstract

This report concerns the behavior, at large times, of

solutions of two-dimensional wave equations in exterior regions.

This behavior is related to low frequency calculations for the

reduced wave equation. Both Dirichlet and Neumann boundary data

are considered, and it is shown that there are differences in

the two cases. The results also differ greatly from the

corresponding ones in three dimensions.
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1. Introduction

This paper concerns the large time behavior of solutions of

the two-dimensional wave equation in a region exterior to a

cylinder. The corresponding problem in three dimensions has

been extensively studied, [1], [2], and [4]. The basic result,

in three dimensions, is that if a solution of the wave equation

vanishes on a star-shaped obstacle, and has initial data of

compact support, then it decays exponentially in time.

It is known, by examples, that exponential decay does not

hold in two dimensions: Even the free space solutions decay

only like t . The difference between two and three dimensions

reflects differences in solutions of the reduced wave equation,

2
(1.1) Au + k u = 0,

in exterior domains. In three dimensions, solutions of (1.1) are

meromorphic functions of k while in two dimensions they have

branch points at k = 0, as observed in [1].



A detailed study of the behavior, near k = 0, of two-

dimensional solutions of (1.1) was provided in [5]. The purpose

of this paper is to indicate, in a partially heuristic manner,

the effects of this behavior on solutions of the wave equation.

In two dimensions, there is a significant difference between

Dirichlet and Neumann problems; this difference is not present

in three dimensions since everything decays so rapidly.

In order to illustrate our results, while minimizing technical

details, we confine ourselves to two simple, but representative,

situations:

(1) Initial data of compact support and zero boundary data;

(2) Zero initial data and time-independent boundary data.

With Dirichlet boundary data we obtain the following conclusions:

(i) In case (1) the scattered wave "cancels" the free space

solution so that the total solution decays more rapidly than it

would in free space.

(ii) In case (2) the solution tends to a steady state.

With Neumann boundary data the corresponding conclusions are:

(i) The scattered wave decays more rapidly than the free

space solution so that the latter is left as the dominant term.

(ii) The solution need not tend to steady state and may,

in fact, become infinite as t tends to infinity.



Our results require a use of the fine structure of solutions

of (1,1). The most effective tool for this seems to be the Laplace

transform and this is what we use. This yields very sharp

results but creates a technical difficulty which we have not

entirely overcome. We require the validity of certain high

frequency asymptotic series for solutions of (1.1), as indicated

in [6]. For the Dirichlet problems we provide a partial justi-

fication by using results of Ludwig and Morawetz [3]. For the

Neumann problems, no such justification has been obtained (see,

however, Remark 5.4). We observe that our work requires the

validity of the high frequency theory only in the special case

of boundary data which are independent of k.

In Section 2, we state our results precisely. In Section 3

we provide the necessary results for Laplace transforms and in

Section 4 we use these to prove the statements of Section 2.

Section 5 contains our partial justification of the high

frequency theory.

2. Statement of Results

Let Y denote a C closed, convex curve in the plane

and 0 denote its exterior. We assume y has non-vanishing

curvature. We consider the two problems:



D t t = AD in Cl,

(D) D(x,O) = f(x), Dt(x,O) = g(x) in fi

D(x,t) = F(x,t) on y;

N = AN in 0,

(N) N(x,0) = f(x), Nt(x,0) = g(x) in Cl,

Nv(x,t) = F(x,t) on Y.

We restrict ourselves to two special cases:

Case (1)*: f = 0, geC°° (0) , F = 0.
o

Case (2): f = g = 0, F(x,t) = F (x) •

We denote by U (x,t;g) the free space solution

(2.1) Ujx,t;g) = (2TT) J _ *"' dy.

't~-|x-y| 2

We will need to consider also the reduced problems:

= s & in Cl,

6 = cp(x) on Y;

= s h in 0,

n^ = cp on Y.

* oo _
The case fee (0), g = 0 can be obtained from this one by

differentiation with respect to t.



Here s is to be in Re s ̂> 0 and the solutions are subject

to a radiation condition. We denote the (unique) solutions by

$(x;<p;s) and ft(x;<p;s). Note that <p is independent of s.

Finally we need the functions & (x;<p) and ft (x;<p) which

are the respective (unique) solutions of the problems:

Aw = 0 in n,

($°) w = cp on y,

w = 0(1) as |x|—•* oo ;

Aw = 0 in 0,

(ft ) w = cp on Y,

-1 P
w - (2TT) (I <p)log|x| = o(l) as |x|—-^ cr> .

Y

The functions & and ft possess formal asymptotic expansions

of the form:

oo a (x)
(I) * ~ e

. x oo a
" S T ( x ) Z - *

n=0 s

oo b (x)
( I D n ~ e"ST(x) r -a

n=0 s

The construction of these series is indicated in Section 5.

We say such series are valid if the error after N terms is



0(s ) uniformly for x in compact subsets of Q and s ——^co

in Re s ]> 0. We will use the following hypotheses:

H (H ): The series I and II and those obtained by

termwise differentiations with respect to x

are valid.

H1 (H1 ): The series obtained from (I) and (II) by term-

wise differentiations with respect to s are

valid.

THEOREM 1. H a n d H imply t ha t the so lu t ions of (D)

and (N) e x i s t for cases (1) and (2) and t h a t the following

est imates hold;

Case (1) : D —-* 0 and N—-^0 as t-—* oo ;

Case (2) : D - $°(x;F ) •O as t—> oo ,

o

N - a log t - jia - ft (x;F ) •—*> 0 ajs t *—> oo ,

where \x ts^ â  constant and,

a = (2TT)
 1 f F d s .

THEOREM 2. H! and H! yield the following sharpenedI II

estimates:



1 - 2
Case (1): D = 0(t (log t) ) as t —^oo ,

N = U°(x,,t;g) + 0(t~ log t) as t — ^ oo ;

Case (2): D - &°(x;F ) = O((log t)" ) as t — * oo;
o

N - a log t - jLta - ft (x;F ) = 0(t ) as t
o

REMARK 2,1, In Section 5 we prove that H holds thus

validating part of the conclusions of Theorem 1.

REMARK 2,2. The solutions in case (2) will be piecewise

continuous. It is shown in the next sections that jumps occur

only on the surface t = T(X) and that their magnitudes can be

computed from the coefficients in series (I) and (II).

REMARK 2.3. It will become clear that the results can

be extended to the case in which F(x,t) merely tends to the

value F (x) as t tends to infinity. By linearity, the

general case of problems (D) and (N) can then be treated by

combinations of the two special cases.

REMARK 2.4. Another special case which can be studied is

iCCt
that in which F(x5t) = F (x)e . The methods here show that

for both Dirichlet and Neumann problems, the solutions tend to

limit periodic values (the limiting amplitude principle) but at

different rates.
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3. Laplace Transforms

We introduce the class of functions with which we will

have to work in the next section. Let R denote the region

(Re s > 0) U (0 < I si < 6, arg s < ir) . The class C, will

consist of functions x which are analytic in R , have

continuous derivatives of all orders on Re s ^ 0, s ^ 0 and

satisfy

oo
— s T — n

(A) sx(s) ~ e H a s , T > 0, as 6—> oo in Re s
n=0

(A) is to be a valid asymptotic approximation in the sense of

Section 2.

For X^C. we define a function U by
0 ,T

j3+ioo

(3.1) U(t;x) = (27ri)"1f e S t x ( s ) d s .
jS-ioo

LEMMA 3.1, U jus independent of j3 in $ > 0 and defines

ja piecewise smooth function of t with discontinuities only

at t = T. Moreover,

_ 0 k - 0 1 2

Proof; Define functions J (t,r), k = 0,1,2,..., by



(3.2) Jk(t,T) =
(t-T)
kl

for t < r

for t > T.

- s T - k-1
The transforms of these functions are e s . Thus (A)

yields

2
n=0

3+ico

(3.3) U(t;x) = 2 a J (t,T) + (27ri)J eS RN(s)ds,
0 j8 ioo8- ioo

-N- 1where R = 0(s ). The last term can be differentiated (N-l)

times with respect to t and these derivatives are all zero

at t = 0.

We want to relate the behavior of U(t;x) f o r large t

to that of X(s) near s = 0. We assume that XeC. satisfies
o 9 T

the condition

-1 -1 ^ ^ -1
(B) x - ocs" log s - j3s = M(s) , M(s) = o(s ) as s—-> 0

in Rc.
o

Define the function L(t) by,

(3.4) L(t) =
0 for 0 < t < 1,

-log t for t > 1,

and let £(s) denote the transform of L. It is not difficult

to verify that £ is analytic in R-, for any 5, and that,
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-s -2
(3.5) <£(s) = e s (1 + o(l)) as s — ^ oo in R.,

(3.6) £(s) = s~ log s + r(s) as 0 in R.,

where r(s) is regular and single-valued in |s| < 6. Thus,

we can replace (B) by,

x(s) - a£(s) - jSs"1 = M(s), M(s) =

It follows that (3.1) can be written,

as

in Rc.
o

(3.7)

where

(3.8)

U(t;x) = aL(t) V(t;x),

j3+ioo

V(t;x) = (27ri)'"1f e"StM(s)ds.
J5-ioo

Conditions (A), (3.5), and (B! ) show that we can deform the

contour in (3.8) into T indicated below. Then we have

V = I + II + III
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where I and II are integrals over C! B! AT and ABC respectively

and

o
(3.9) III = J

where,

IT i . 7T~i ••* 1

( 3 . 1 0 ) il)(v) = (M(T)e~ ) - M(r?e ) ) ( 2 T r i ) .

It follows from (A) and (3.5) that,

(3.11) V = a s~1e"*ST - jSs""1 + 0(s"2) as s—> oo in R§.

This estimate and the Riemann-Lebesgue Lemma imply that the

integrals I and II both tend to zero as t tends to infinity.

Thus, we have proved:

LEMMA 3.2. If XeC~ satisfies B then

6 T

U + a log t - j3 - III—> 0 âs t—*oo ,

where III is given by (3.9).

Lemma 3.2 can be refined if the series (A) can be differentiated

k times with respect to t. For then we can integrate by parts

k times in I and II and deduce that those terms are order

-k
t as t tends to infinity. Thus we have:
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LEMMA 3.3. If the series A can be differentiated k

times, then

-k
U + a log t - j8 - III = 0(t ) as t — » oo .

4. Proofs of Theorems JL and 2_

We proceed by Laplace transforms. The object is to obtain

the solutions by applying the operator U of Section 3 to

solutions of problems ($) and (ft). The estimates necessary to

verify estimate (B) all derive from the following result in [5].

oo 2 n

LEMMA 4.1. Suppose <p = E <p (x) s , the series converging
n=0 n

for I si sufficiently small. Then there is an s such that

for 0 < s| < s , $(x;cp;s) and ft(x;cp;s) both exist and

can be expressed in the following forms:

oo oo .
(4.1) «(x;<p;s) = { £ S A. .s (s log s) D" }

J=0 i=j 1D

OO 00 . .

• { £ S B .s1"1(s log s)D~-T\
j=0 i=j J

with A = A = B = B = 0 and,
00 10 00 10

On the Riemann surface for log s.
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o o o o . . 0 0

(4.2) sft(x;cp;s) = E E C..s1(s log s) J + S

with.

- 1 rC = (2TT) p d s , D = tic + ft(x;<p ) , jLt a constant.01 J^n o 1 01 o

Case 2: If we transform problems (D) and (N) we obtain,

formally, problems (&) and (ft) with <p = s F (x) . The functions

fi(x;s F ;s) and ft(x;s F ;s) are analytic in Re s > 0 and

differentiable of all orders in Re s ̂  0, s ^ 0. This follows

from results of [9] (see also the argument given in [6]). Lemma

4.1 and hypotheses H and H imply, then, that both functions

belong to C .. It follows from Lemma 3.1 that the functions,
S
OJT(

X/

(4.3) D(x,t) = U(t;iS(x,s"1F ;s), N(x,t) = U(t;h(x,s~1F ;s)
o o

are defined and piecewise differentiable with respect to t

with discontinuities only on t = T(x,y). Further they satisfy

the initial and boundary conditions. It follows from the

differentiability of the series I and II with respect

to x that AD and AN exist and the equations for & and

ft imply that D and N satisfy (E).

We turn to the estimates for large t. Lemma 4.1 yields

the estimate,

HUNT LIBMRY
CARNEGIE-MELLON UNIVERSITY
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(4.4) fi(x;Fo(x)s"1;s) = s " 1 ^ 0
 ( X ; F Q ) [1 + Y ^ l o g s)""1 + Y2(log s ) " 2 ]

+ 0(s~" ( log s ) " ) .

Thus $ s a t i s f i e s (B) with a = 0, j3 = & (x;F ) . For the
o

quantity ty of (3.9) and (3.10) we find, from (4.4),

(4.5) fin) = -Y1^°(x;Fo)?7'"
1[(log 7?) 2 + IT2]"1 + O(rj"1(log r))~3) .

It follows from (4.5) and (3.9) that,

(4.6) III = 0((log t)""2) as t—>oo.

Equation (4.6) and Lemma 3.2 yield the estimate for D in

Theorem 1. The stronger hypotheses H!, together with Lemma 3.3,

yields the estimate in Theorem 2.

Lemma 4.1 also yields the estimate,

-1 -1 o -1

(4.7) ft(x;F (x)s ;s) = as log s + (jLta + ft (x;<p ))s

+ R(x)log s + 0(s log s),

where,

a = (2TT) " f F ds.
J o
Y

This also has the form (B) , with j3 = (JLKX + ft (x;cp )).

The function */) of (3.9) has the form,

4>(?7) = -R(x) + o(r? log n)
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and then (3.9) yields,

(4.8) III = 0(t" ) as t—>oo.

Thus we obtain, as before, the estimates for N in Theorems 1

and 2.

Case 1: We subtract the free space solution U from D
o

and N thus obtaining a problem with zero initial conditions

but non-zero boundary conditions. We continue to denote the

solutions by D and N, remembering that at the end we must

add U to both. The transforms of problems (D) and (N) will

then yield ($) and (ft) once more but with,

<p = 0 (x,s) = -I e~S [U (x,t;g] dt,
o Y

(4.9)

<p = <p (x,s) = -J e~S [z^ U°(x,t;g) ] dt,
o

$ ft
respectively. We cannot proceed directly here since <p and <p

are not independent of s. We overcome this difficulty with a

kind of Duhamel principle. We illustrate with &.

We seek to express & in the form,

(4.10) &(x;cAs) = j e~StU(x; [U° (• , t) ] ;s)dt.
o
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The function U(x; [U (#,t)] ;s) is a solution of ($) with

boundary data which are independent of s; t appears as a

parameter. Thus the series I applies, that is,

. oo
(4.11) U(x;[U°(-,t)] ;s) ~ e ~ S T ( X ) S s " n

a (x,t).
Y n=0

For each f ixed t, U(x; [U ( • , t ) ] ;s) be longs to C
Y S Q,T

(In Lemma 4.1, the constant s is independent of cp if cp

does not depend on s.) On the other hand, formula (2.1) for

U shows that,

oo
(4.12) [U°(x,t)] - E t"^ (x) as t > oo.

Y n=l n

For any fixed s it follows from linearity that the estimate

(4.12) carries over to U(x; [U (•,t)] ;s) and its derivatives

with respect to s. From this, one can see that, for fixed s,

the integral in (4.10) exists and defines a function $(x?<p ;s)

which satisfies all the conditions for class C~ , x save
6,r(x)

possibly for condition (A) .
&

We show now that $(x;<£ ;s) also satisfies (A). We indicate

in the next section (Remarks 5.1 and 5.2) that the estimate (4.12)

also carries over to the series (4.11) (including the error

term after truncation). This means that, for large s, we can

substitute (4.11) with (4.10), obtaining,

The formal substitution is made rigorous by truncating (4.11) and
including an error term.
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OO ^00 OO

" n j e ' S ( x t ) d t 2 s " n(4.13) «(x;<p ;s) ~ 2 s"nj e ' S a ( x , t ) d t= 2 s"nfl (x,
*J n ^ n

n=0 o n=0

where the j3 ! s are the transforms of the a ! s. Next we
n n

observe that (2.1) yields the relations,

(4.14) ^-r[u°(x,O) ] = 0 k = O, l ,2 5 . . .
5tk Y

Once again these relations carry over to the a !s (see Remark 5.1).

But then it follows, on repeated integrations by parts, that the

transforms fi satisfy,

(4.15) j3 (x;s) = 0(s ) for arbitrary M as s * • »oo.

fi -M
Thus (4.13) implies that $(x;cp ;s) = 0(s ) for arbitrary M,

that is fi satisfies (A) with all the coefficients a equal

fi
to zero. Hence S(x;cp ;s)eC . and the existence portion

s ?T(x)
of Theorem 1 follows as in Case 2.

fi
We turn now to the behavior near s = 0. The function cp

which is the transform of - [U (x;t) ] can be determined explicitly.

It is,

(4.16) <p*(x;s) = -(2TT)'1[ g(y) [K (s| x-y| ) ] dy,
•) n o xe y

where K (z) is the singular Bessel function with imaginary

argument. It has the expansion,
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2 n
oo

(4.17) K (z) = £ a n z 2 n log z + £ j8 z ^ \ a = - 1 .
n=0 n=0 °

Thus we can write,

(4.18)

where

(x;s) = cp (x,s) log s + ip

1 °° 2n
(4.19) o (x;s) = I J (x)s

n=0

Jo(x) = (2ir) J g(y)dy,

2 °° 2n
(4.20) <p (x,s) = S L (x)s ,

n=0 n

LQ(X) = -J8o(27r)"1jg(y)dy

(27r)"1J g(y) [logix-y|] vdy.
Q X € Y

We write, in obvious notation,

(4.21) = log s

We can apply Lemma 4.1 to each term in (4.21). The result

has the form

(4.22)

P1(x) (log s) + P2(x)(log s)

O((log s)"3)

Q1(x)(log s)
 1 + Q2(x)(log s)

0((log s)"3).

" 2

"2

It follows that JS(x,<p ;S) satisfies (B) with a = 0 = 0 . Equation
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(4.22) shows that the function J/) of (3.10) has the form,

(4.23) j/>(T7) = -&°(x;Jo) + (P2(x)+Q1(x)) [(log r\)2 + ir2]'1(l

as 77 ^0.

It follows then from (3.9) that,

(4.24) III + JS°(x;j )t~1 = O(t"1(log t)~2) as t — * oo

Since, by (4.19), J is a constant we have,

(4.25) ©°(x;Jo) = JQ = (27T)"1! g(y)dy.

It follows from Lemma 3.2 that,

(4.26) D - III = D + J8°(x;J )t~1 = D + ( 2TT) ~X f g(y)dy t"1-

Under the stronger hypothesis H!L, Lemma 3.3 and (4.25) sharpen

(4.26) to,

(4.27) D + (2TT) "1r g(y)dy t"1 = O(t"1(log t)"2).

We recall, however, that to obtain the true D we must add U .

From (2,1) we see that,

U°(x,t) = (STr)^1! 9(Y)dY t"1 + 0(t"2),

Thus the estimates of Theorems 1 and 2 for D follow from (4.26)

and (4.27).
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The calculations for the Neumann problem proceed in the

same way. The only difference occurs in the behavior for small s.

From (4.9), (4.16) and (4.17) we have, in this case,

(4.28)
& z

1 2
(x,s)log s + cp (x,s),

where,

oo 2n

(4.29)

cp (x,s) = S Mn(x)s ,
n=l

<p2(x,s) = Z Nn(x)s
2n, NQ(x) =

n=0

1 ! g(y) [|̂  log| x-y
hc

Then ft(x,cp ;s) = log s h(x?p ;s) + ft(x;<p ;s). Lemma 4.1 yields,

(4.30)

2
h(x;(p.7s) = 0(s log s)

h(x;<po;s) = (27r)"
1(f N ds) log s + D. (x) + 0(s log s) .

£ t) O 1

Y

It follows from (4.30) that h satisfies (B) with a

and j3 = 0. It is not difficult to verify that the integral

of N over y is zero. Hence, the function $ of (3.9) is

0(?7 log 77) as 77 *0. It follows that III = O(t"2log t)

as t—^00 and the estimates in Theorems 1 and 2 follow

from Lemmas 3.2 and 3.3.
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5. High Frequency Asymptotics for the Reduced Equation

In this section we establish that hypothesis H is

satisfied. The techniques are those of [3] and [7], with only

minor variations.

We introduce a co-ordinate system in which \x is arc-length

along y and r is distance, along the normals, from y. This

is possible since y is convex. This co-ordinate system is

2 2 2
orthogonal with the fundamental form Q d/j, + dr , where,

(5.1) Q 2 = 1 + 2Tk(ji) + T2(X"(jx)2 + Y"(M)2).

Here X and Y are the parametric representation of y and k

is the curvature. We have,

( 5 . 2 ) 7 = e Q"1 T" + e | -
~jLl OjLt ~ T OT

(5.3) A = Q" fc(Q~

The formal series (I) for $(x;<p;s) has the form,

oo
(5.4) & - e~ST E a (x) s~n,

n=0

where,

(5.5)^ AT a_ + 27T* Va_ = 0, r > 0; a_ _ = <p.
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(5*5)m A T 27T'7am = A V l ' T
r=0

""From (5.2) and (5.3) one finds that VT = e and AT = a Q .

It follows that equation (5.5) can be integrated in the form,

(5.6)
-1/2

(5.6) m

REMARK 5.1. It follows from these explicit formulas that

any dependence of cp on parameters carries over to the a ! s.

This confirms the statements made in conjunction with equations

(4.12) and (4.15) .

LEMMA 5.1. For N ̂  2 write,

(5.7)
N

U(x;cp;s) - e~ST £ s~n = RN(x,s)

Then,

(5.8)
2 -ST -N

- s RN = e s Aa (x) .

Moreover there exist constants s and k such that for all s

in Re s ̂  0, | s| ^> s

(5.9) " N
N |
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Proof; Relation (5.8) follows immediately from (5.5).

In addition, we note that (5.5) yields,

(5.10) RN = 0 on Y-

We want to use the ideas of [3] to estimate R from (5.8) and
N

(5.10). To this end we first estimate the right side of (5.8)

for large |x|. A fairly straightforward induction argument

based on (5.1), (5.3) and (5.6) yields,

-5/2
(5.11) Aa (\I,T) = 0 ( T ) as r—* oo,

m

and the fact that all derivatives of Aa with respect to U
m

satisfy the same estimate.

Since T~""* |X| for large |x| the estimate (5.11) together

with (5.8) shows that ,

(5.12) |x||LR I £ c| s r N | x | " 3 / / 2 as x > oo ,

2
where LR = AR - s R . The work of [3] would yield an estimate

N N N

for R from (5.8), (5.10) and (5.12) provided that s = ik.

Our only task is to extend the work of [3] to complex s in

Re s > 0. The only non-trivial step in the extension is that

the identity (1.2) of [3] must be extended to the complex form,

This estimate uses the fact that the curvature is non-zero.
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—— ——— O 0 0 ^

(5 .13 ) 2Re r $u Lu = d iv{ 2Re r $u 7u - | 7u| x + (T) - a ) | u | x}

- 2 r a | 7u| - ( | ^ i i | -1 u | ) - | $u - — — | - 2ia77r(u u - u u)

+ | u | 2 ( - 2 a | s | 2 r + 2a 2 ) .

2

In this formula, r = x , s = a + irj, Lu = A U - s u and

fiu = u + su + -r — . This formula is proved in the same way

as (1.2) of [3] and reduces to it when a = 0 and T\ = -A.

We have,

2 2 2
| (u u - u u) | <£_ ar\ 7u| + arr; | u| .

Hence (5.13) yields,

2 , , _ , 2 2,
(5.14) 2Re r Au Lu = div Z - ra| 7u| - (|Vu| - u )

\ \\2 + |u|2[(-2|s|2 + r?2)ra + 2a 2],

where Z is the bracketed quantity in (5.13). We can assume

that r ;> r; > 0 in n. It follows that the last term in (5.14)

is positive for all s in |s| ]> M provided M is sufficiently

large. Hence we obtain the inequality,

(5.15) 2Re r k L u < ; div Z - ra| 7u| 2 - (| 7u| 2 - u2) - | *u - -| -| 2.

The remaining portions of the argument in [3] can be carried

through intact, using the inequality (5.15) instead of the identity

(1.2) of [3] when a ;> 0.
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REMARK 5,2. It follows from (5.8) and (5.10) and Remark

5.1 that dependence of cp on a parameter carries over to R

thus confirming the statements in Section 4. It also follows

from (5.8) and (5.10), and a little further analysis, that the

derivatives with respect to x of R satisfy estimates similar

to (5.9). Note in particular that (5.8) and (5.9) yield,

-N+2
(5.16) ARN = 0(s ).

REMARK 5.3. We have not been able to verify that the

derivatives of R with respect to s satisfy the kinds of

estimates needed for hypothesis HiL. If we differentiate (5.8)

with respect to s we find that T = T— is a solution of

(5.17) AT.T - s
2T = 2SRIVT + T e "

S V N A a (x) - Ne~S V ^ ^ a f x ) .
N N N N N

We still have T = 0 on y« The difficulty is that we cannot

obtain a sufficiently good estimate of the right side for large

|x| in order to be able to apply the results of [3]. We believe

this is a technical difficulty which can be overcome by a more

careful analysis of R 9 but we have not succeeded in doing it.

REMARK 5.4. Some results for the Neumann problem are contained

in [8]. If those could be completed we could validate hypothesis

HII #
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