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Abstradt

Szegd's inequality concerning the second eigenval ue of
a honogeneous, free nenbrane is extended to the case of an inhono--
geneous free menbrane. Wth the help of a variational principle
and the conformal mapping technic upper bounds are constructed
for the sum VU, + Vj "~ > where ~ and ~ denote the
second and third eigenvalue. These bounds only depend on the
total mass of the dommin and on a sinple expression involving the

mass distribution and its |ogarithm
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1. This paper is concerned with the eigenval ue probl em
82 al

(A Acptppcp = O in G [A="-2+—+41
X 3y

|S- Q on T,

where G is a sinply connected domain in the z-plane (z=x+iy),

T is its boundary and n denotes the outer normal. p(z) > O

the nass distribution. W assune that there exists a countable

set of eigenvalues 0 =/i, <fi; < "< ...

Szeqg8 [5] proved for menbranes with constant p the isoperinetric

i nequal ity

n\ JL + ji- N 2V
K2 H3 L 2

where M= J;].p dxdy +s” the total nmss, J,J_(r) denotes the
G

Bessel function of order 1 and p,. = 1.8412... is the smallest

val ue such that J, (p.) =0. Equality holds if and only if G
isacircle. Inhis proof, Szegd uses conformal transplantation.

Wi nberger [61 extended this theoremto an N-dimensional not

IS




necessarily sinply connected nmenmbrane with constant mass distri-

bution. This result can be stated as foll ows:

For all N-dinensional domains G .d_given total mmss, the N

di mensi onal sphere yi el ds the maximum of L JLU-

The aimof this paper is to generalize the inequality of SzegS

to the case of an inhonbgeneous menbrane.

2. Problem (A is equivalent to the eigenval ue problem
AI\

Lcp+ucp=0 in G, +N = on T, where. L = — is the
oV P

Bel tram operator of an abstract surfact T given by G and
2 2 AT

the line element ds = p(z)|dz|] . Here, v =VP~ " Iistne

unit normal with respect to the metric of £. By the Theorema

G
Egregiumit follows that the Gaussian curvature is K - (-Alnp)/2p.

W shall assune, that the inequality (- Alnp)/2p <. K holds

in GUT and that 2v - K M> 0.

In addition to problem (A we consider in the wplane (w=u+iv)

the auxiliary problem

(&) A, 0 +Yuwip =0 6= {wiw <K

A

A A
2% =0 on T=(w |w=R




(__4act if K =+ ¢ 2

= 37 ° =
where g(w =

l 1 i f KO:O

[r, 8 polar coordinates of the w-plane] and \> :'v‘g~ln is
the unit normal with respect to the nmetric ds™== g(w)|dw ~. R

is determ ned such that jj g(w) dudv = Jnj p(z) dxdy = M An
G G
el ementary cal cul ation yields

M
47T F M 0

R =

9=

Because of our assunptions, we have in the case K * 0 R < 1,
& with the netric d§2 can be interpreted as a geodesic circle

on a surface of constant Gaussian curvature K . The eigenfunc-

0
tions of problem (B) have the form
[sin m 8
(2) $k(r,9) = R, (7 1) l m=\,2, ...
s m®8

or




(3) - $k(r, 0) = R(1*. ;1)
F\’ln(g_C ; r) is an eigenfunction of
2 .
(rri)i _IBR+£9g(w) R=0 in (0, R
(4)
R (R =0, R(0) < <D

PROPCSI TION The second eigenvalue JU 2JL proplem (B is

degener at ed; the correspondi ng ei genf unctions are $(r, 9) = R,J_(M; r)sine

and d (r, 9) =R (CL; r) cos O.

Proof. Ve have to showthat the first eigenval ue It/L(I') °f

(4 corresponding to m=1 is snmaller than the second ei gen-
s 2
~ =1 2
n0) of 4) with m _ 6# | f Kn = o 1 then Al ANLIAB5) Lam - -
value M ( 0 I YR

! v 2
and W, (9 =&y o Let Ko=+ c"? bedifferent from
* R !

2

zero. e introduce the newvariable z = X' i Kk >0,
< o
1+r
2
or z =X A% if K < 0. The interval [0,152] is then trans-
1|_ . £> (@]
- r _ R

_— A2 —
formed into [ + 1, b+] wiere b+ =-=-i , and the differen-

~ 1+R°

tial equation takes the form




A 2

— ~ oA 27
(5) £ {(1- HRY + =z R+ fc"R=0
1_ z
wi th the boundary conditions
R+ 1) < @, R (by) =0.

If m= 1 then the solutions of (5 can be witten as

Riz) = \$301- 29 ' (2)  [2] where p(z) is a solution of

the Legendre equation

(6) + {(1- z9)p'} + £ ¢?p=0 in (+1,b#)

with the boundary conditions
PHFL<C o, p'(bt) =+ (£/V&b+) p(ht)

Assune that p' (z)<0 in (+ 1, b+). Because of the boundary
condition at bt we have p(b+t) >0, and thus, p(z) >0 in

the interval (¥1, b#) . According to the definition, M@ x=
the second ei genvalue of _+ { (1 - zz)p')' +in) Ep:O in
(-11, bj+) with p(¥1) <O and p' (f) = 0. The corresponding

ei genf unction vani shes at sone point in (+1) b+). By the Sturm

Conpari son Theoremit follows that £LL*‘1" < IOQ(O) .




3. THEOREM if (-£ Inp)/2pg K JE GUT and.if. 2ir- KME O

then the follow ng inequality holds between the eigenvalues of the

Qro'bllems (A and (B

1 1 1 1
(7) == 4+ == +
H2 H3 2 B, T
Proof. The proof is based on the variational principle
1 1 2 1
— . X
(8) kb + #E = v BK i {RV*]}
™ f£4 2
R[f] = AN, [D(f) = qu]gd’\f dxdy]
ﬂ 20 dxdly G

G

is the Rayleigh quotient- v, and vz range over all piecew se

continuously differentiable functions with

D(Vz,v3) = \].J grad v, grad vz dxdy = O
G

and

3J% Pdxdy =0 i =23,

G
Let z(w) be a conformal mapping from G onto é and | et
Us(z) =CpaAwz)) and Us(z) = $3(WMz)) [wWz) inverse function

of z(wJ be the trénsplanted ei genfunctions. In [5] it is




shown, that there always exists a function z(w) such that

ap +
Jj L& p dxdy =0 for i =23 *1‘. Because of the invariance

G

of the Dirichlet integral under conformal mapping, we have
Do( Uz, U3) = Dg($2,ébg =0. Therefore, U, and U; are adm s-
sible functions for the variational characterization (8). Since

D..(Uy) =D (U , we conclude from (8) that
JJ( E U2)p dxdy
9 g2 27
PIR?

W

2ir ﬁ
J I RA(M;r)p(z(w)[lgl®r drd9
= 0-0
Dg (,)
21 o
We shall use the notations -Hirdr) = JP p(z(w) |d@f2 rds ,

0

T o={w Iw =t}, & =fw |w<t}, I\ =z() and
. g g _
z(f%). mt) =l d}: mr)dr is the total mass of GT“

0

G,

I ntegration by part yields

(1) -

In [5] the existence of such a function z(w) has only been
proved for p =1, but it is easy to see that the proof remains
the sane if p is an arbitrary positive and conti nuous function




A

A _ f\ R
a0 [ Loawar=22m@) [ 235 (& 5 Jme o
o) 0

A

= &2 (RIM - 2 JTR_[ |$9 ® ) m(ar

©

The next step will be to estimate m(r). Consider the modul
H(T, T, = {D(h)}~l . h is the solution of the Dirichlet problem
Ah=0 in G\G_, h=0 on T and h=1 on T.. The

modul is invariant under conforma transformation, therefore

wr, 1) =n(, f) = jit in f.

(4irct* | (1 + t?) if K =+ ¢"?
T

. !
) - J gw)r drd9 =
OO

Tt if Ko=0

A

denotes the total mass of G- = [w; |w| < t}' with respect to the

mass distribution of the problem (B). By Corollary 2 [1] we
have

. 2 M m(t)
(11) BT s = 2= { In ===~ In }
"t " 4rc? 2 M 47c% £ (1)
1 M mLt\
P PP,
T ATTCE £ M In arc® i my
if K, =+ c?




or else
M r>-femd sty @

Therefore we obtain the estimtion

(13) mt) < Mt) for all t .
If r e [0R , then RjJr) drn R,(r) A 0. This statenent is

equivalent with Re(z) R (z) “0 in | = (TI*"b+J (cf. sec. 1(5)).

It follows imediately fromthe next result.

LEMVA. Let f(z) _be the first eigenfunction of the eigen-

val ue problem {a(z) f' (z) }' + (A- e(z))f(z) =0 _in (a,b),

f(a) =0 and f (b) =0. Jf o(z) >0 and if e(z) _is & non-

i ncreasing function, then we have f (z)f' (z) » O j-ii_ (ab) .

This lemma will be proved by contradiction. Since f(2z)
is the first eigenfunction, it has constant sign in (a”b).
W may assunme that f(z) > 0. Suppose that f (z) <0 in sone

interval. Because of the boundary conditions there exists a
{

1A

#L (11) and (12) are generalizations of a theoremby T. Carleman,
Math. Z. 1 (1918), pp. 208-212 for the capacity of a condenser.
They hold only under the assunptions (-Aln p)/2p <_ K and
(47T - KOM) > 0.
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poi nt X e (a,b] such that £ (Xg =0 and f»(xo) ANQ o B

multiplying the differential equation with f(z) and integrating,

X X
0 0
we obtain - J a(z)f'%(2)dz+ J (M- e(2)) f*(z)dz = 0.
a a
Fromthis relation it follows that A, > inf e(z® and because

z e (a, Xxo
of the nonotonicity of e(z)

7\1 > e(xg)

At Xo, f(z) satisfiesff(xo)f»(xo) + (A-e(Xg))f(Xy) =0.

Si nce a(xo) ~and (A e(xc)) are positive, f" (z) and f(2)
nust vani sh at X, - By the uni queness theoremthe only sol u-
tion for which f(xo) =0 and f'(x 2’ =0 is f(z) =0. But

this is no eigenfunction of the ei genval ue probl em

(13) and the nonotonicity of Rl(r) together with (10) vyield

A

R ~
@ °(r) fB(r)dr 2 JRCD $xy(Ddr
0

A

R

J

0

and hence by (9)

R R
5 Jr(r)f(r)ydr  JRA(r) [[(r)dr
L wm. 2 0 > Q - [ -1

iy X Dy( $.) DE( cf) = Hi
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4. The following corollaries are some inmedi ate consequences

of the theoremin the previous section.

COROLLARY 1. Consider _the _ei qenvél ues N (Ko o Q'robll em

(B 4as La funétion__qf t he Gaussi an curvature Ko' Subpdse that the

total mass M is fixed. If 2v- K M>0, then u*x l(K) +

ﬁ3-l(Ko) is a nonoton decreasing function of K
COROLLARY 2. JB 2TT- K M~ O, t hen
(14) i- . 1o A f--
'I\/l2 M3 27r
Proof; Fromthe theoremin section 3 and Corollary 1 we
have «5— + -i—= "> 3 + L ;> 1 + 1 =
"2 "3 jL(K) & (K ) (o( 27/ V) g (2N
= N ﬁ‘ (27/M) correspond to the eigenvalues of the half-sphere
M
with the radius \|>
V27T

REMARKE Corollary 2 can also be obtained fromthe inequality

1 1 1 3M

?«1+ 'IT,_',,2+ "~p73Jz N [3] where A, is the first eigenval ue of

the menbrane Au+Apu =0 in G u=0 on T. This result

together with the inequality » > 7 [1] |l eads to Corollary 2.
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