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Abstract

Construction of a general nodel falsifying the Axi om of
Ext ensional ity shows that the general nodels of Henkin's
article "Conpl eteness in the Theory of Types" are not al
sound interpretations of the system A nodification of the

definition of general nodel renedies the situation
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81. Introduction.

It is well known that equality is definable in type theory.

Thus, in the language of [2], the equality relation between el e-

ments of type a is definable as [A&X Ay V\p .p X =p vy ], i.e.,
aC @C Ok O~ @ OCcxX ac
X =Yy iff every set which contains x also contains y . How
a ’a 2 a "a
ever, in a non-standard nodel of type theory, the sets may be so

sparse that the wff above does not denote the true equality re-
lation. We shall use this observation to construct a general no-
del in the sense of [2] in which the Axiomof Extensionality is not
valid. Thus Theorem 2 of [2] is technically incorrect. However,
it is easy to renedy the situation by slightly nodifying the defi-
nition of general nodel. |

Natural ly, our construction provides an independence proof for
t he Axi om Schema of Extensionality.

We shall assunme famliarity with, and use the notation of,

[2] and §82-3 of [1] .
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§2. A non-extensional general nodel.

The | anguage of [2] has primtive |ogical constants _I\_I(Qé)l

Q’oo’)o’ ”o(’oa)?"’ ia(’oa)?‘" whereas the | anguage £ of [il]yhas pFim'-

tive logical constants Q,. \ > BY nodifying the proof of
V(GCX) (X
Theorem 1 of [1] in the obvious way, one obtains the follow ng:

Proposition. A frame [A } is a general model in the sense
X

of [2] iff it satisfies all of the following conditions (for all

type synmbols a, $3 vy) :

(a1) Ao contains the negation function n such that nt = f
and nf = t.
N H .
(az) &oo cont ai ns \;(AXO'[) and V(A)g xo). Al so, $(’oo)xo cont ai ns

the alternation (disjunction) function a such that

at = (AXgt) and af = (AXeXg) -

contains a function ir such that for all

(a%) S0(0617

o( oa}

ge & I'T

oar B(oayd = U T g = (AG)

contains a function i such that if g is any

(a.4) &a( oa) a(oal)
non-enpty set iIn Aoa.’ Ia.(oc.)g Is In g
(b) For all € &, (Aypx) e AaB.
(c) (A Ay*x ) € &,
v a -p a apa
(d) For all xe$q and yeA , (Az .xz .yz ) eA .
apy ! ay Y Y Y Y

(e) For all xe A, 9 (Ayo Az . Xz .y 2 ) €A .
apy *PY Y Y 3y Y Y(BY)



(£} {Ax Y €

.y Az
aBpY YBY

. . &
v ¥agv®y Ypviy ay(BY) (apy)'

Theorem There is a general nodel in the sense of [2] in
whi ch the Axi om of Extensionality
W [f x =g x] = .f =g
Pt tit ti 11

is not valid.

Proof. W construct a frame to = {& }. by induction on a.

12 3
Si mul t aneously we define three equivalence relations = =g and =
on each of the & _. VWhen it is nore convenient to do so, we shall
i
define = in terns of the partition (set of equival ence cl asses)

a

P, of & 1induced by
12 3
to each of =9 =; and =.

A statenent about is meant to apply

[
*0 = fit,f}. Xo = Y | ff Xo = ¥

$ ={£, mn}, where L, m n are distinct individuals.

4

P = ((mn),(4)). )

Gven A and &,., let & be the set of all functions g
a B ap 1
from $~ into & such that for all u and v in fi 5 if u=yv
pa _ - P_
1 2 2 3
then gu = gv, and if u=v then gu = gv, and if u=v then
3 ) i
gu = gv. 1f g and h are in & , let g =nh iff for al
" o

[
xc;&ﬁ gx = hx.
Havi ng defined the franme to, we use the Proposition above to

show that it is a general nodel.




(]

(a) Si nce is trivial on $ $0_0 contains all functions

o )

from $ into $ . Hence (a.) and (a.) are satisfied. Al-
O cC 1 2

-

so, if u and v are in $oy, then u=v iff u=wv.

Hence & contains all functions from fi into $ .
od( oy} oY a

Thus (a3) and (a4) are satisfied.

(b) Clearly (Ayox ) e &, since this is a constant function.

p (X ap
i L |
(c) If uve& and u = v, then (Ayou) = (Ayqv), SO
a p p
(AX aApra) e «apa
1 2 1i 2
(d) Suppose xel o , yel, |, z"ze-S,, and z = z . Then
_ QpY /pY Y _
I i - 2 r~ 2 = " - Z i 2 2,
Xz =xz and yz =yz so xz (yz ) =xz (yz =xz (yz)
so (Az .xz .yz ) e &
Y Y Y &y
12 1~ 2
(e) Suppose xeJgRy, Y .y e€Sgy* and y =1y . Then for each
1 i 2 1 2
z e A'Y Yz =yz so xz(y z) = xz(y z), so
1 [ 2
Az .xz y z = (Az .xz vy z . Hence
( Y Yx( ) ( Y yYY)

Ay, Az Xz . 4 eA .
( X\PY Y Y ysv Y) acY{BY)

12 1i 2 '
(f) Suppose x x G & _ and X - X ¢ Then for each z€ $
1 i 2 1 N2
and y € By X z = xz so Xx z(yz) = x z(yz) so
(Az.xlz.y z)':(Az.xzz.y Z) so
Y Y Y Y Y
A . . ; . .
(g h2y - x 2 -¥g2)) ¥ (Ayg Az, X 2,.¥5,2 ) so
A Az, . '
My ™oy 2y Xagy Py YavZy) € Bay (ay) (apy)”

Thus H is a general nodel in the sense of [2].

W next exam ne sonme of the domains & . & contains only
a oi o*



the constant functions (Ax t) and (Ax_ f). Hence for any wifs
1 |

A and B and any assignnent <p, V [AA =B ] =1t, since
[A =B] is equivalent to VW [p A ==p B], where p
does not occur free in A" or B . Consequently

uvxff x =g x 1 =1t for any assignment (p

Itcanbeseenthat&:{(Axx),(AxI),(Axm,(Axh)}.

it t ot [

1 2
To \éerify this, note that geiS** iff gm- gn, gl = gn, and
gt, = gm One can examne the twenty-seven functions from &t
into £t to see that only the identity and constant functions

satisfy all three of these properties. Alternatively, one can
2

reason as follows: Suppose gt = m Then gl =gn so gn=m
1 3

Also gm=gn so gme (mn)® and gl = gm so gm€ {£,n}; hence

gm=m Thus if gl = m then g = (Ax:r). Simlarly, if

gE = n, then g= (A& n). Thus if gl 721, then g is a con-

stant function. Similarly if gm"m or gn”n, then g nust

be a constant function. Thus the only nenbers of & are the

constant and identity functions.
Note that P ="{{(Axm , (Anp)}, (-M) , {(Ax))),

oM = {((~t), (kn)), {(Am}, {(A x)}}, and
)
P3' = {{(A"), (Axm}s {(Axn)}, {(Ax""}}.
&€t contains a function h such that h(Ax%?% =t but
h(Ax.l1) = h(Ax.n) = h(Ax.n) =f. Hence if cp is an assignnment
\ \

\
such that <pf = (Axx) and 9 = (A 1), then



Vodty =901 =38Py votPyy of 3pPiiya9;1 =F Hence

V P Ff x =g x ] => .f =g ] = f, and the Axi omof Ex-
cp ot bttt NITd tt A1l
tensionality is not valid in the general nodel to. 0]

83. Ceneral nodels.

W suggest that the definition of general nodel in [2] should
be nodified by adding the follow ng requirenent:

(ao) For each a, g‘aa contains the identity relation Lo O"

$ (and hence $ contains the unit set q X for
a oa Noaa a
each x e$) .

a a'

O course, if this is done, clauses (a.), (a-), and (a-) of

t he Proposition above becone redundant. Indeed, n=q f,
000

a= (AXoAyo' n. ’gbf'o(boo)xf(’o(boo)*)“ (Agooc') 9605 363)0 (A9 000 o%) )
and i ro(’oa)‘ = go(od)(od)(VAXat) . Thus the nodified definition of
general nodel is equivalent to the result of adding a requirenent

concerning \ to the definition of general nodel in [1] .

Wth this definition, the general nodels constitute sound
interpretations of the systemof [2]. Moreover, the nodel con-

structed in the proof of Theorem 1 of [2] actually satisfies (ag),

since it can be seen that $( [Quql) = g22 (in the notation of

that proof). Thus Theorem 2 of [2] becones correct under the new

definition of general nodel.




One of the appealing properties of the definition of general
nodel in [2] is that it is generated in a very natural way by the
formation rules for the language. Qur nodified definition no |ong--
er has this property for the language of [2], although it has it
for a | anguage in which C%aa is taken as a primtive constant.
Thus it appears that in contexts where one wi shes to assune ex-
tensionality and di scuss general nodels, a |anguage such as £ of
[1], augnented by a description or selection operator, is nore

natural than the |anguage of [2].
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