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Abstract

In a recent paper R Dudley gave a characterization
of those sequences of independent and identically distributed
random vari abl es which are £p—conpatib|e for p ~ 1 In
the present note we extend his result into pe(OIl] and
provi de some conditions (necessary or sufficient) for
tw-conpatibility of a sequence of independent random vari abl es

not necessarily identically distributed.




LI NEAR PROCESSES CGENERATED BY | NDEPENDENT
RANDOM VARI ABLES

by
W A W)yczynskil

Let (Xn} AM((fAMtTJP) be a sequence of random vari abl es.
If for every el enent (an) of a conplete netric |linear space X
of real sequences in which co-ordinate functionals
(ah) —t~% , m=12 ..., are continuous the series LanXh

converges in probability (we shall say in this case that [xh]

I's X-conpatible) then the mapping
X: XS(an)—-—»E a X, eWM(,3,p)

defines a linear continuous stochastic process on X (for
basic definitions the reader is referred to [1], [4] and
references given therein) . Tfhe linearity is clear and the
continuity follows fromthe classical Banach's theorem which
says that every Borel hononorphismof a conplete nmetric group
into a netric is continuous and froma remark that X is a
pointwise limt of continuous (because finite-dinensional) ,
hence Borel functions S a X . R Dudley ([2]) gave a

h=l "
characterization of those sequences of independent and identically

di stri buted random vari abl es which are £P-conpatible for p~1
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In this note we extend his result onto pe(Q1Il] and provide
a necessary condition for the sequence of independent random
vari ables (not necessarily identically diétributed) to be
KE -conpatible and the sufficient condition for the same sequence
to be £p-conpatible for p > 0. However it seens that they
are rather far fromthe conditions which are necessary and
sufficient sinulténeously.

~ Now | et {X,} be a sequence of independent random variables
with distribution functions F, and let ¢p0 :351—>T§F be
non- decr easi ng conti nuous functions vanishing only at the

origin. Call the sequence f*} (°" ~F.}) lower [upper]

weakly cp-finite if for sone C> 0
S C
Imwnﬂ&#]PHXJZM}g¢un, 0L M O,

W shall say that cp satisfies A, condition (¢ea2) if for

sone positive constant K, cp(2t) £ Kep(t) s O£t <oo. |If Pel,

t hen the sequence space

Yo = ((a)erll L (jag )} « ol

is a linear space which can be equi pped with a non- honbgeneous
nomn(eg.||(a0$| =inf{c: C>O¢_(HWC” <" c} which nmakes
t¢ a conplete nmetric linear space with continuous co-ordinate
functionals (see e.g. [3], Theorens 1.4, 1.62 and 1.82).

G ven bel ow propositions explain what is the relationship
between | ower [upper] finiteness and the existence of nonents

for a sequence {Xj}.




PROPCSI TION 1. | f for_sone subseguence [n. }K_, k =1,2, ¢ 00
Ecp(I.XVI) are finite and Iimkinf Ecp(]x \)) = L < co, _then

the seguence {Xn} CiE lower weakly g-finite.

Proof. liminf PL| XL "M «cp(M £
n

Molimint POE XM e () S

< lim inf f (X |dP ™ liminf E@ (J]X |) =L < oo.
k v N k *k|¢
1x, [2M
Oy

PROPOSTION 2. Let oqeA> 90 k8._differentiable with

monotone cp, .and let O(t)cp"l(t) «»0 @ t~"+co _n such a

way that 0 (t) <{0~'.1 (1) t" acik (a*o0) _for some a > 0. _ri those

conditions if; M) lim sup P{ | X,| M) £C, 0<i M < oo

n
even more so if [X 4 JIS‘_upper weakly p-finite) then
Iimnsup EO (1*,i) < ©°°

Pr oof , Not e t hat

lim sup EO (|Xn|) =
n

n [e]e]
a
lim sup J O(|t])dF,(t) + lim sup J O (] X,|) dp + lira sup JO (11| )d(F,W-1):
" - " |xjla " a
The second term bei ng bounded by 0(a) it is sufficient to

evaluate the first and the third ones. W restrict ourselves




to the evaluation of the third term (the procedure for the

first one is anal ogous). Integrating by parts we get that
a
Iim sup J O(t)d(Fn(t)-1) =
n
a
s a
n‘!']__t:- CcO AR
=lim sup ® || cp(t) (Fn(t)-1) la + J + O'(t) (1-Fn(t)) dt
n a
By our assumptions O(t) - cp'l t) — M0 as t 00 ad

lim sup cp (t) (Fn(t)-1) remains bounded. Hence the first
n
armmad is bounded by O0(a) . As to the second one we have

that

(e]e] OO CcO
lim ap J O (1) (I-F(t)dt <! ¢ [rAdt £1 HM N dt
n a a a o

W shall prove that ¢ (t)t/9(t) is bounded so that the | ast
integral is finite. |Indeed, when ¢ is increasing then

(because of the A;-condition)

2t 2t
Kep(t) ~cp(2t) =J cg (T)dT > | o» (r)dr > tcp' (t)
@) t

and in the case @ is decreasing

t t
cp(t) =jept (r)dr > J ¢cp (r)dr > écp< (1)
o t/2

what was to be proved.

Remarks. Fromthe Proposition 2 and its proof it follows

t hat

a) if cp,0e”A, have both nonotone derivatives, 0(t)cp~ l(t )-~ 0




as t -?- +00 in such away that 0 (t)/cp(t) eL’ (a,00) for
sonre a > o, and {Xn} is upper weakly cp-finite then

limsup EO (I X 1) < 00.
n n

b) if {X} is upper weakly cp-finite with cp(u) =u®, p>o0,

then [|im sup E|xn|q<OD for every g, 0< g < p.
n

In what follows we shall need the following condition for

the function cp

(+) 0 < const £ cpftjcpft"y) £ CONST < o0.
As exanples of such a function we may give cp(t) =t*, p>0
t .
and o Egtdu for 0 <t
cp(t) =0 t

{oum +j I sinu|du for rr<t.
[T

THEOREM 1. Let 97A, satisfies condition (+ . Jn this

case if f*;} j”8 *Cp-conpatible then it is lower weakly cp-finite.

If in addition o exists and is nonotone then Ecp- conpatibility
€

of (X) inplies that o (t) liminf | sdF _(s) is bounded
n
for 0<*t <o0. -t
Proof. Assume that {Fn} is not |ower weakly cp-finite.
Then for every k =1,2,..., we can find MK such that

mn(cp(M) 1) K2

and

@ (M) lim i nf P(]xn| >M) >k
n



It follows that for every k = 1,2,..., there exists an

I nt eger N,K such t hat

k .
(%) P(Ilesz) >W’ J 2 M.

N ¢ : A -
Let now a.:I i for itu <" j <m +r. ., where m, =M,
Mgy = max(rr]l{+rK ,KI\_IH.) and wher e o is an i nteger such that
kzrk
—— 2
(-K-*) l g_CP(Mk) S, 3

and a.j =0 for j's not listed above (if any). W shall

check t hat (a:}et ¢ | ndeed

ITcp(I aj|)‘=Erkbi_9(—)- ACOONST L ry ™ CONST L < QO

because of the condition (+) . However (*) and (**) cause that

the series

oo Mt }
EP(la. X. [;>) =L L POl Xsi2M ) >
o k=l j=m 1%
co r,.k 00 |

2 4 I 2 4 T
k=1 M) 3 K

is divergent causing the divergence of E a. X in probability
; D 3

by the Kolitiogorov three series theorem : t

Now assune cp' is monotone and cop (t) liminf F sdF (s)
o* J n

n
-t
i s unbounded on the positive half-line. Then, as in the pre-

ceding part of the proof, for every k = 1,2,..., we can



find MANj, such that min(9 @) ,1%) ;> k? and

**) 1= 9 M 3 sdRjfs) >k, j N
LMy
(or - 1., >Kk; inthis case we proceed simlarly). Having

chosen (a.J) as previously in % we see in view of (**)

t hat
* 00 1 rn.k+rk-l’fk
ZHa X.)') =£~ E j sdP.(s) >
> D3 A=1ATx 4 8
00 rkk 1 @ rkk 1 © ,
> I BT (5 2 max(2,8 ,Z) ) 2 mK(2, K o K

the penultimate inequality being notivated as in the proof of

the Proposition 2 (p. ) by AZ' condition and nonotonicity

f

of cp. Thus again by Kol nogorov three series theoremwe con-

cl ude t hat (XJ} is not £tp-conpati bl e what ends the proof.

Corollary, If supcp (t) =oo (e.g. if cp(t) =t° p>1)
t
and fx ) is & -conpatible then |liminf EX = 0.
n 9 n n>

THEOREM 2. X£ (FTﬁJ i§ “PP°" weakly op finites where

cp(t) = tP, O<p< 2, and tP* supH San(S) ‘ £ C' <o, 0L t< oo,
oot

t hen XN Ls Eq..' -conpati bl e.

Proof. W know that M sup P(|x,/>M < C and we shall
n

*
7Xl(oo) is equal to Xoo) if |x(co|”l and O otherw se.




check the convergence of all three series in Kol nogorov theorem

(ai) al ways is supposed to belong to I>p.

. 1 A
(1) iE P(la,X; > < FP(|Xii>7?_T) g_z sup p( | Xn| > i—|-) <
I’ I n

< C_Eiailp < 00.
, i

(1) E |eapy Y = Bl [Fsor(s) | a5a sup|fiorn| ¢
* * | t] <V a4l * N lt)<i/|a. |

< T lal la)Pt < oo,
1

IUII) E E((aiX))M)? = Ea ?T t’dFi(dt).
' * /]

It is sufficient to evaluate the series

1/ ]a,| 1/|a,]
La.? | t?dF. (t) £ E a.?(---2 f tP. (t) dt) =
1 1 % ! 1 i | a: N * 1
0 ) | (‘3
oV 217 ¢(1-F.(1))dtl2 Sa.l(I+C | ' t"Par) =
1 1
1l

= _Cy., 2
= 2 }f (1 2-p)ai

2c P
* 55 ‘f]aii < .
Remarks, 1) If the randomvariables are {Xn} are
identically distributed with distribution function F then

the Theorens 1 and 2 give the following corollary which is




the extension of R Dudley's theorem7.2 of [2]: if O0O<p< 2

then X is £ -conpatible if and only if F is weakly t~-finite
4 P t
(i.e. M P(|X4"*M is bounded) and t~? §jsdF(s) is bounded.
-t
2) For p > 1 assunptions of theorem 2 cause, clearly,

that EX, = 0.
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