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Spaces of Continuous Functions Tnto R
by
K. Sundar esan
If X is a conpact Hausdorff space and B is a Banach

space, |et us denote the Banach space of continuous functions
on X into B wth the usual supremumnormby C(X;B).

The wel | -kﬁown Banach- St one theorem Day [1] asserts that

if R is the real line and X Y are conpact Hausdorff
spaces then the spaces C(X;R) and C(Y;R) are isonetric

if and only if X is honeonorphic with Y. The purpose

of the present note is to show that the Banach-Stone type
of theoremis not true if R is replaced by R% the

two di nensi onal Banach space with the suprenum norm

If X and Y are two topol ogical spaces we denote the
topol ogi cal sum associated with disjoint copies of X and Y
by X+ Y. For a definition of X+ Y and for other undefined
topological ternms in this note we refer to Dugundji [2].
We proceed to establish two useful |emmas,
Lemma_1, If XY are two conpact Hausdorff spaces then C(X; Rz)
is isometric with C(Y;RZ) if and only if X+ X is
honmeonorphic with Y + Y,
Proof. It is verified that C(X;R®) is isonetric with C(YrR?
if and only if C(Xx2;R) is isometric with C(YX2;R). Hence

it follows fromthe Banach-Stone theoremt hat C(X;RZ) i's
2

isonetric with C(Y?R) if and only if X x 2 is homeonorphic
wth Yx2i,e. X+ X is honeonorphic with Y + Y.

mo There exist conpact Hausdorff spaces X such that X
is homeonorphic with X+ {p} + {gq} while X fails to be

honmeonorphic with X + {p}.




Proofo Let Nl’ N, be the two disjoint denuner abl e discrete

spaces {a.l|ij3I} and {bji~l'}. Let f be the function defined
on N UN, onto itself by setting f (a” = b; and f(b;) = a
for all i J>1. Let ON be the Stone-Cech conpactifications
of N.l, i = 1,2. Fromthe properties of j3N1 it follows tlmat
f|l\hl extends to a honmeonorphism F on /JN.l onto j8N*

Let Y =j3\. ~ N*. Let X be the space ~NiYpdy AN2 oPtaiped
by attaching j8Nl to ON, by F|Y. W procee.d to show X
has the properties stated in the | emma;

Fromthe definition of the space X it -follows that N,J_ U N,
is enbedded in X as an open set. W continue to denote the
copy of N UN, in X by ~ UN;. Noting that FJY is a
honeonorphismit is verified that X is Hausdorff. Further
since X is the quotient of a conpact space itself is conpact.

Consi der now the spaces X + {p} + {gq} and X  Consider
the mp g : Nl UN, + {p} + {q}-—>l\_{ U N, by assigning
g(p) = ax, g(aq) =h" g(a:) = ai+1, g{hs) =biss . It is
verified that g extends to a honeonmorphismon X + {p} + {q}
onto X

Next we proceed to show that X is not honeonor phic
with X+ {p}. W note that if a : X+ {p} X+ {p) is
the map defined by a(p) = ps3 a|N.J_ UN, = f, and a(x) = X
for xeX ~ (N,J_ UN;) then a is a honeonorphismon X + {p}
onto X + {p} such that a2 is the identity map. Further
fromthe properties of jSN: it follows that a point XGX

is isolated if and only if xeN:L UN* Thus a "is an involuntary




autonorphismon X+ {p} onto X+ {p} wth exactly one
invariant isolated point. Thus in order to verify that X
and X + {p} are not honeonorphic it is sufficient to verify
that there exists no involutory autonorphismon X wth exactly
one invariant isolated point.

|f possible let h : X—= X be such a involution. Wthout
| oss of generality we can assune that a-, is the isolated point

invariant under h, Let t°"nVL rbetxle se<guence jn x
obtained as follows. ¢ = a" c, = f(cy) =h;y and c3 = h(cy) .
| C..» 1 <£i_<En" are already defined | et Copl = f(cn) if n

is odd and c 4

=h(c,) if n is even. Fromthe properties
of f and h it is inferred that the-range of the sequence ¢
denoted by C is a subset of N, UN, and the sequence is in-
jective. For conveni e.nce let us relable menbers of C by
setting c,n = r\, and ©2,.0i N £,4 o7 "= 152353554405 o Note
that f(4,) = n3 f(rj,) = £, for all n and if n} 2

then h(rj,) = £,+1 and h(",) =rg_x . Thus CA™MtNj) if and
only if nANjt”~) and for each n, (4,7T?} = (aj,b;j} for

a suitable i depending on n. Let now P be the subset

of ¢ defined by P= {4z, k213 U A k+2] kall_ Note

that f(P) = P. Further in nce the sequence ¢ s injective
it follows that there is an infinite set Bc N. n P Let

Si :.U3k+2"3k+2 GB} and A2 = fr25.,rJase €B}. The sets

% 0 Nis5 3 n No, T2 HNys L2 n N, partition B. Since B

is an infinite set one of the sets J.. n N, is infinite.

1 3]

As a typical case let us assune that E.i n N-J_ Is infinite.

Denoting the closure of a subset M in the space X by ™
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it follows fromthe definition of X that JAFI N~ (U_nN) ?j6
and {" NNy ~(X*nNNy) =TI~ nN) ~f(jAn Ny =

= (T2 nN) ~ (L2 nN;) . Let -htJJi nN =D for i =1,2.

Since h is a homeonorphismit follows that f)'.l~D,l=52~D2"_fb.
V‘é-proceed to show that this is untenable by verifying

T),J_ (1D =ft). W note that if xep, (D) then x is of the

form T)sw:1Usk) for some k since Mdsyiz) = nNagsr 2N

h(T] sk+2) = 43(k+1). Thus

Dx NnDz ¢ Uzk K™ 1} n {T7slK 2 1}
Let us define a sequence {t3;|i”l} by assigning £33« = t3k

if /\3k+|€NI and f(T)>3kf|) = fC3k+| if i3k+|eN2| L et

T| = ft3kv kal} and T2 = tt:3k+| v Al 5# Noting that the
2

sequence c is injective, f(C) = V, aA A = A jt js at

once verified that T—l and T, are disjoint subsets of N*.

Thus fromthe properties of jS\Il it follows that

clﬁNl Tnl n CI[E’)-N" TQ: fb. However fromthe construction of the

space X it is verified that {4gJkJx} =°'gy Ty

and CT»aq KM} = ¢l ~ T,. Hence D]Lnth.:clI A TL 0 cl
' Hence X does not admit an autonorphismof the type h

and X is not homeonorphic with X + {p}.

Theorem Let X be a conpact Hausdorff space of the type

described in lemma 2. Let Y= X+ {p}. Then C(X’?RZ) S

i sometric with C(Y;RZ); however X is not honeonorphic with Y.

Since X+ X=X+ X+ {p} +{q =Y+Y it follows

2 2
fromlemma 1 that C(X;R) is isonetric with C(Y?R ). Now




fromlema 2 it follows that X 1is not honeonorphic with Y,
conpl eting the proof of the theorem

In conclusion it mght be nentioned that the possibility
of generalizing Banach-Stone theoremto certain categories of
Banach spaces are discussed in Jerison [3] and Sundaresan [4].

The counter exanple in this note conplenents the theoremb5

2
in [4 since the unit cell of R is an exanple of an S-cylinder,
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