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MORE DI STANT THAN THE ANTI PODES
J. J. Schaffer*

Abstract

In a norned space X, 6 denotes the inner netric
on the surface df of the unit ball. W consider MX)
= sup{6(-p,p): pedfl , D(X) =sup(6(p,a): p.qe 56) .
Expl oding the conjecture that MX) =D(X) for all X
(previously verified in several cases), it is shown that

MX =2, DX =3 for X=Cq(0O1]).

*This work was supported in part by NSF G ant GP-19126.
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| nt r oducti on.

Let X be a real normed |inear space, and let I{(X)
be its unit bal I, with the boundary dE(X) . If dimXJ> 2,
6y denotes the inner metric of d£(X) induced by the norm
(cf. [1; Section 3]). If noconfusionis likely, we wite
T, hT, 6« In | [1J we introduced and di scussed paraneters
of X based on the netric structure of d£; anong them

are D(X) = sup{6(p,q): p,q € 3L) , the inner di amet er

of 3£, and M X) = sup{6(-p,p): p € b2 , hal f 't he
perineter of £. Qoviously, MX "~ D(X , and it was
conjectured [1; Conjecture 9.1] that MX) =D(X in
every case, i.e., that "no pair of points of 3E is nore
distant in dE than the. nost di stant anti podes". This
equality was shown to hold if dimX=2 or dim_X:B
[1; Theorens 5.4, 5.8], if D(X) =4 [3], if X is an

'L-space [4].

In this paper we explode this conjecture by show ng
that MX) =2, D(X) =3 for X =Cy(01]) , the space
of continuous real-valued functions on (0,1] that tend

to 0 at O, with the supremumnorm W observe that this
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failure of the conjecture is "as strong as possible's since
2D( X) £ MX) +4 for every normed space X [3; Theorem 1J e
The present result is a sinple specific instance of the
evaluation of M X), D(X) for many spaces of continuous
functions, which will be carried out in a forthcom ng

paper. It has appeared useful, however, to give a separate
account of this very sinple exanple. |In addition, Lema 1
is required for the general theory. The conjecture renains
unresol ved, and interesting, for spaces of finite dinmension

greater than three.

We shall use the term nol ogy, notations, and el enentary
results of Sections 1-3 of [1J. In particular, a subSQace
of X is a linear manifold in X not necessarily closed,
provided with the normof X. If 'Y is a subspace of X,

we obviously have

(i) «(p,g> £ 6(p,q) , p,q € 3E(Y)

| nstead of dealing with the space C(§(<1 1J), we prefer,
for technical reasons, to consider the space CW([-l,l]) of
odd continuous_real-valued functions on [-1,1] wth the
supremumnorm  The two spaces are obviously congruent,

and therefore any netrical property of one inplies the sane

metrical property of the other. JE the rest of this paper,
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X shall always stand for C_([-1,1]).

2. The Pe'r' i met er

We consi der fhe speci al function_ u e X defined by

u(t) =t, t €-1,1] .
Lemm 1. 6(-u,u) = 2.

Proof. For each given integer n > 1, let R,
= |® ({1,...,n}) be the Banach space of sequences of
length n of real numbers, with the maxi mumnorm The
proof will depend on the cdrrputation of the length of cer-

tain polygonal curves in dE(R), carried out in ‘[2].

Let Y, be the closed subspace of X consisting
of the piecewi se linear odd continuous real-valued func-
tions on [-1,1] with "corners’ at nmost at ;+ (2k-1) (2n-1)"1

k = 1M un . Define the |inear mapping On:-\l(l-*R by

() () = f((2n-4) +3) (2n-1)"Y , =1, ...,n. S?nce
the mapping j H 2n- 4 +3 : {1, ...,n) —=*{+(2-I)

k =1j...,n} is injective and the image,. contajLns exactly
one of each pair of opposites,, $n I's bijective; since a

pi ecewi se linear function attains its extreman at "corners",

<, 1s isonetric. Hence " IS a congruence.
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Now u e Y_ ; we consider $ u
n* n" € 3Z(R.) and conpute

(2) (®.u) (3) = (2n-44 +3) (2n-1)~1 .
_ 2 1l = 1,...] n

On the other hand, we consider P, € 9i:(R) gi ven by
3 . .
) i) = ezp e, gy

we know from [2; Lenma 4] that

4
(« ~ct, equality holds). wou (Mur () - pgi ms
-. ’
sg the St YHi~1ine segment with endpoints * , b
lies entirely in A~ o
v thereforSj from _ (3)

if

= 2(211“1)- ’{ll—l) 11uax['|-l H -l-"‘l ]
Frrr

2(2n-1)~1

Since & . .
ol d n - \(Ian I'S @ congruence, (1), (4), (5)
yie
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2 = |Ju-(-u)|! £ 6(-u,u)_£ 6y (-uu) = 6g (-*nu, #u)
n n
< by (-8 u,~pg) + by (-pg.Py) + b (P, &w)
n n n
s

4(2n-1)~* + 2n(n-. )"0 = 2 4 2(4n-3) (n-1)"F(20-1) "

The integer n was arbitrarily great; we conclude that

6(u,-u) =2.

2. Theorem For every f e dS, 6(-f, f) = 2.

Consequently, MX) = 2.

Proof. Since [-1,1] is connected and f is odd,
~we have f([-I,1]) = [-L1] - Si nce the con”position' of
odd functions is odd, we conclude that the |inear mapping
gi+gof . x—=X is isonetric, hence a congruence of X
onto a sub'space Y of X. Now (+u) c f.: +H e Y, by

'ILemm 1 and (1) we therefore have

2 <; 6(-f,f) £ "(-f,f) =6y(-uof, vofj 4 6(-uu) =2,
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3. The inner di aneter

3. Lemmm. Define v,we 3f by

v(t) -v(-t) =t-- |+ t--]| O£t £1

~t -t - Of t

Wt) =-w-t)

Ith
=

Then 6(v,w ™ 3.

M. Let ¢ be any curve from v to w in 3%,
and r agiven number, O<£r < 1. Since jj- v" =0,
[lIv-w] = 2, there exists a point z on c such that
[]z-v]] = r. Since z e SE there exists t e [-1,1]
such that z(t) = 1. Naw v(t) ~ z(t) - |lz=v] = 1 - r > 0,

FHom the definition of v and w we have t >-Jj ,  whence

w(t) =-1. Then

(o) ™ liw-2z|| + {|z- VIl ™ [w(®) -z(t) | +r =2+ .

Since r was arbitrarily close to 1, we have £(c) ;> 3.

Since ¢ was an arbitrary curve from v to w in 9E*

we indeed have 6(v,w) " 3.

Remark. It is easy to showdirectly that 6(v,w = 3 ;

there exists, in f_act, a curve from v to w in 3%
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consisting of two straight |ine segnents end-to-end, of
respective lengths 1 and 2 : the internediate end

point is z e 3E defined by

BAVTY) =mACZM =t A 3 e i | o S¥ 51,
The verification is left to the reader.

4. Theorem D(X) = 3.

Proof. By [3; Theoreml], 2D(X <E MX) +4 ;
since MX) =2 by Theorem?2, we conclude, using
Lemma 33 that

3E6(v,W £D(X "3 (2+4) =3,

so that equality hol ds.
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