NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



Jjunz M

ON THE THERMODYNAMICS OF CHEMICALLY
REACTING FLUID MIXTURES
by

Morton E. Gurtin

Research Report 71-23

April, 1971

/nlc
16 April 1971

.o Libranes
wnivers L Gniversits
Cerneg?

o ‘ R
Ppittsburé PA 15‘2.13-389

HUNT LIBRARY
CARNEGIE-MELLON ONIVERSITY




ABSTRACT
On the Thermodynamics of Chemically Reacting Fluid
Mixtures
by

Morton E. Gurtin

This paper develops a thermodynamical theory of
chemically reacting, but inviscid, fluid mixtures. Restrictions
placed on the constitutive equations by the second law are

found. 1In particular, it is shown that the stress-diffusion

matrix is symmetric.




ON THE THERMODYNAMICS OF CHEMICALLY REACTING FLUID
MIXTURES
by

Morton E. Gurtin

Introduction,

After a long history of special theories of diffusion
and chemical reactions, Truesdell [1957] established the
basic thermomechanical balance laws for mixtures,l and
Bowen,2 Miller [1968], and Truesdell [1968] proposed workable
forms for the second law. Using this framework together
with the Coleman-Noll [1963] interpretation of the second
law, Miiller [1968]3 developed a theory of non-reacting
fluid mixtures,4 and Bowen [1969] established a general
theory for mixtures of chemically reacting elastic materials.5

In this paper, I discuss chemically reacting, but

inviscid, fluid mixtures. Among the new results I establish

lSee also Nachbar, Williams, and Penner [1959], Kelly [1964],
and Green and Naghdi [1969].

2See Truesdell [1969] (Footnote on p. 88).

3Thermodynamic theories were put forth before 1968 by Eringen
and Ingram [1965], Green amd Naghdi [1965,1967], Crochet and
Naghdi [1966,1967], Green and Steel [1966], Mills [1966,1967],
Bowen [1967], Ingram and Eringen [1967], and Atkin [1967]. As
Miiller [1968] and Truesdell [1969] have pointed out, all of the
above theories suffer serious defects.

4See also Dunwoody and Miller [1968], Green and Naghdi [1968],
Doria [1969], Graine, Green, and Naghdi [1970], and Dunwoody
[1970].

5See also Bowen and Wiese [1969], Green and Naghd1 [1969],
Bowen and Garcia [1970]




are the following:

(i) The stress~diffusion matrix is symmetric. The
stress diffusion matrix is that matrix whose (q,8) entry
is the derivative of the stress vector of constituent a
with respect to the velocity of constituent 8.

(ii) When the diffusion velocity u of constituent a
is small, the diffusive energy flux is approximated by its
classical counterpart Zuapaga’ where o is the chemical
potential and Py the density of «a.

(iii) The elasticity matrix corresponding to a strong
equilibrium state is symmetric. This matrix plays a crucial
role in the linearized theory and in wave propagation studies.

(iv) When the diffusion velocities and the gradients of
density and temperature are small, and when the underlying
state is one of strong equilibrium, to within second order
terms the heat flux depends only on the temperature gradient
and the diffusion velocities, and the mass supply (due to
chemical reactions) depends only on the chemical potentials.

For convenience, I omit smoothness hypotheses; it will

be clear from the context what these ought to be.




l. Preliminary Definitions. Terminology.

Throughout this paper ]R,IR+, and & denote, respectively,
the reals, the strictly positive reals, and the vector space
associated with three-dimensional euclidean space. Given
a (second-order) tensor §: gT designates its transpose
and symS = %(g + §T) its symmetric part. We denote the
tensor product of two vectors u and v by udv.

The mixtures we study will have N constituents; for
convenience, we identify the set of constituents with the
set {1,...,N}. Further, the letters o and B will always

N
denote constituents, and we write Zfa and EfOL for L f .
a a=1

We use the following notation:

Py, is the mass density of constituent a,

Vo is the velocity of «a.

In addition, we write

o)
— = &
p = Zpa, ca o
(1.1)
v=3ZXc V., U =V_ - V;
~ ~OL~OL ~Q, ~0, ~

p is the total mass density, ca the concentration of a,

v the velocity of the mixture, and a4, the diffusion

velocity of a. Clearly,

e =1, Zcu = 0. (1.2)
a a~a




Since we are dealing with a fluid mixture, it is more con-
venient to work with the spatial description of any given
motion. Thus a motion is specified by prescribing za(g,t)
and pa(§,t) as functions of spatial position xXeR and
time t; here R denotes a fixed region of space occuppied
by the mixture during some time interval,

We write grad and div for the spatial gradient and
spatial divergence, i.e., the gradient and divergence with
respect to x holding t fixed. Given a scalar field
f(§,t) and a vector field £(§,t), we define the material

time derivatives f(§,t) and é(§,t) through

. af . af
=S¢+ (gradf)-v, £ =5f +@radf)yv; (1.3)

we then have the identity

grad% = gradf + (gradg)Tgradf. (1.4)




2. Basic Laws.

For the basic laws of our theory we postulate the

following:

balance of mass for each constituent

. . +
Py + padlvza + Ea-gradpOL = pc,» (2.1)

balance of momentum for each constituent

. _ oas +
P, + pa(grad\'{m)rg(1 = leEa + paga + paﬁa’ (2.2)

balance of energy for the mixturel

pé = -div(g+j) + Z(Ea—paga®ga)°gradz + Epaga-gu + pr, (2.3)

growth of entropy for the mixture

08 > —div(%) + B2 (2.4)

1In Miller's [1968] theory the term j is not present in the

energy equation and the term g/e in the entropy inequality is
replaced by an arbitrary entropy flux 8. To see that there

is no contradiction between Miller's theory and the one presented
here, 1let g’ denote the heat flux in the former. If we define

a new "heat flux" g by g = 6% and a diffusive energy flux
j by jJ = gf—q, then Miiller's equations (2.16), (3.4) reduce to

my (2.3),(2.4). The difference is simply a matter of taste.
Indeed, within the context of the classical theory of mixtures
I would view the quantity Zuaeaga, where By is the chemical

potential of a, as a flux energy (as does Eckart [1940]), while
Miller would view —(Zuapaga)/e as a flux of entropy (as do

Meixner and Reik [1959] and de Groot and Mazur [1962]). I take
the point of view that the "heat flux" is that vector field
which when divided by the temperature gives the entropy flux.
The theory presented here falls within Bowen's [1969]
framework provided we take j to be a certain specified linear

function of the diffusion velocities.




Here
ga is the stress tensor for «a,
Ea is the body force for a,
g; is the momentum supply for q,
e is the internal energy,
q is the heat flux,
1 is the diffusive energy flux,
r is the heat supply,
s is the entropy,
) is the temperature.

We also postulate that
+ + o+
an = 0, Z(caﬁa + caga) = O;

then (1.1),(2.1), and (2.2) imply the laws of mass

momentum balance for the mixture:
p + pdivy = O,
v = di - u +
pY = div(T 2pa~a®gu) 2paga,
where
T = &7
~ ~C,

is (the inner part of) the total stress.

and

(2.5)

(2.6)

(2.7)




If we use (2.2) to eliminate Ea in (2.3), we find,

with the aid of (1.1), (1.2), (2.1), and (2.6)

l,
peé; = -div(gtk) + Zga-gradxOL - EEa'Eu + pry (2.8)
where
e; = e - %angi (2.9)
is the inner part of the internal energy and
_ T 1 2 _ + 1 +
k=4 BT - 3PSl 8y By T Poly 5P, (2.10)

If we define (the inner part of) the free energy by

p = ey - o8, (2.11)

then (2.4) and (2.8) yield the reduced dissipation inequality:

p($+s§) - Eza'gradzOL + divk + ZEG.EG + %g-grade < 0. (2.12)




3. Constitutive Assumptions.

We consider a mixture defined by constitutive equations

in which:

. -»> -
w,ga,s,g,i,gz,c; are functions of (3:e,gradp,grade,x),

(3.1)

where, for convenience, we have used the notation

-
'3 = (pl,...,pN), grada = (gradpl,...,grade), v = (zl,...,xN).

(3.2)
We assume that the response functions are isotropic and that
c; and ﬁ; are consistent with (2.5). Further, in order
to make our theory consistent with material frame indifference,

we require that
fﬁg,e,gradg,gradeiz) = f(ﬁ,e,gradﬁﬂgradefzﬁg) (3.3)

whenever f 1is one of the response functions in (3.1)

-
and a = (g,...;g). Clearly, (3.3) implies that
o0f
py Sv =0 (3.4)
~
and that
-
g(?,e,gradz,grade,x) = £('3,e,grad'3,grade,§), (3.5)
where

-
E = (El,on.,EN) (3’6)




with o the diffusion velocity (1.1)4.

We also assume that:l

(A) Given a point X,ER, a neighborhood Po of X,

an initial density distribution 'p"o : Po—>(m+) N, a time
interval [O,to), a temperature field © : Pox[o,to)ﬂbﬂf}
and a velocity distribution -§ : Pox[o,to)-a-UN; there

exists a @ C Po with §O€P, a Te(e,to), and a solution

T :oexo, 1) =» (RHY of (2.1), i.e. of

. + -
Py + padlvzOL + EG(B;E)-gradpa = p(z)ca(z,e,gradg,grade,x)
(3.7)

on ®©x(0,T), such that
p(x,0) ='3; for xef. (3.8)

Of course, in (3.7) Ea(z,z) and p(s) are given by (1.1).

PP 4 -
An array (3,e,x,¢,£,s,g,i,£f;3+) of fields on #©x[0,T)

(with values in appropriate spaces) will be called a con-

stitutive process if it is consistent with the constitutive

assumption (3.1) and balance of mass (2.1). Here
- >4 + + - + +
I = (21:0--,2N): ’{JJ = (’!:’ ’..."{/‘N)’ and ¢ = (Claov-’cN)o

Assumption (A) insures that given 50;35;?; and © there
exists an associated constitutive process in some neighborhood

of

X
~0

1Bowen [1969] was the first to notice than an assumption of

this type is necessary when chemical reactions are present,

See also Coleman and Gurtin [1967] who utilize an assumption
of this type in a slightly different context.
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Note that by (1.1), (2.10)1, and (3.1),
> > B
E = h(p,e,gradp,grade,z).
For convenience, we introduce the following notation:
ok : ok

~

ok z Szg-gradpa + ae-grade,

Q
-
<
WI
1l

(3.9)
ok ok

S = 2 £ 2,
dlvl% = Z gTEEEEB;T grad Py, + S(grads) grad”e;

thus

ok \ T
leE = leoE + dlle + E(SEZ) -gradza. (3.10)
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4., Consequences of the Second Law.

Given a constitutive process1 (2.2) and (2.3) can be
used to determine the body forces Ea
and the heat supply r necessary to sustain the process.
On the other hand, the inequality (2.4) -- or equivalently
(2.12) -- will be satisfied in every process if and only if
certain restrictions are placed on the response functions.

The next theorem lists these restrictions.2

1Note that, by definition, the mass balance relations (2.1)

are satisfied by every constitutive process.

2Cf. Miller [1968,%§5], Doria [1969,85], Bowen and Wiese
[1969,85], Bowen [1969,§6].
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Theorem 4,1, A necessary and sufficient condition that

T T e R e e A o e

every constitutive process obey the reduced dissipation in-

equality (2.12) is that the following four statements be true:

(i) The total stress is a pressure:

I = - pr]:/. (4.1)

(ii) ¢, P, and s are independent of gradg; grade,

and V:
v = @9, p=pF8, s=2s0,0; (4.2)
moreover,
p=p2pa%£—, s=—gig—. (4.3)
a

(iii) The constituent stress Ea is given by

(BB)T 3
T ={5o 1 - ep, S L. (4.4)
~ Bza a dp,
(iv) In every constitutive process
div k + pX éi—[pctu ‘gradp ] + Zn -u_ + 1 ‘grade < O
o~ Bpa a ~a “a ~a e T el ’
(4.5)

lelE = 0.

grggg. The proof of sufficiency follows upon direct
substitution. To establish the necessity of (i)- (iv) we
assume that every constitutive process obeys (2.12), or
equivalently, in view of the constitutive assumption (3.1),

balance of mass (2.1), and (3.10),
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L : b ok
6‘6 + S) 6 - T [ppa ap 1 + ECI. - (-a—‘-’;) T] .gradza +
Y . oY v QY.
it B(gradpa).gradpa * d (grads) gradé + L Ve za] + (4.6)

_iL. _u - 1.
+ pZ [pc u. gradp ] + div ok t dlvlk + Zna u + 34 grad® £ O.

It follows from Lemma 6.1 that é, grédpa, gréde, ia’ and
gradzOL can be specified arbitrarily in (4.6), and this
observation yields (4.2)1’3, (4.3)2, and (4.4). Next, it
follows from (2.10) and (3.1) that (3.3) (and hence (3.4))
holds with f = k; thus, if we sum (4.4) from 1 to a, we

~

are led to (4.1) and (4.3)1. Next, diVlE is the only term

in (4.6) involving second gradients; thus it follows from

(3.9)2 and Lemma 6.1 that

3k 3k
sym (B(gradpa)) = sy“'(a(grade)) =0y (4.7)

which implies (4.5)2. Finally, (4.1)-(4.4), (4.5)2, and

(4.6) yield (4.5). [3

We assume for the remainder of the paper that (i)- (iv)

of Theorem 4.1 hold.
Let n Dbe a unit vector. The gquantity
Ea(g) =Tn (4.8)

~C,~

is the stress vector for constituent ¢ (corresponding to the unit

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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normal n). By (3.1) Ea(g) is a function of (?)’,e,grad?,grade,-\Z).
ag,a(g)
v
~B

We call the matrix {with tensor entries) the stress-

diffusion matrix.

Theorem i.%. The stress-diffusion matrix is symmetric;

OIS I

i.e
ot (n) ot a(n) T
v = _éﬁé—__) (4.9)
~ ~

for every unit vector n and all constituents a,S§B.

Proof. Iet K = E-E. Then (4.4) implies
£ = 8§ oo, § (4.10)
~ Py

since the second term (4.10) is independent of 32, if we
differentiate EQ(B) with respect to XB’ we are led at

once to (4.9). il

We call the quantity

By = By (859 = p[g—‘b—a - %g%“”)}] (4.11)

the chemical potential of a; note that

Zy = O. (4.12)

In view of (2.5)l and (4.11), we can rewrite (4.5) as follows:
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. 6 1 +
leo]'S + E(g@—p 3%; gradpa) "u, *t g grade + prmcagO. (4.13)

Further, by (1l.1), (1.2)2, (2.1), (2.5)1, (2.9), (2.11), (4.1)-

(4.3), and (4.11), the energy equation (2.3) takes the form

p(es + %Ecaui) = —div(g+i;2uapa2a) - E(pa2a®gu)-gradz
(4.14)

+ Epaga'(ga-gradpa) - prac; + pr.

In the classical theory of fluid mixtures the diffusive
energy flux has the form 3j = z“apaga’ so that the divergence
term in (4.14) reduces to -dng. The next theorem shows
that in the general theory the diffusive energy flux is

approximated by its classical counterpart.

Theorem 4.2. The diffusive energy flux 1=1('3,e,grad?,grade,§)

Ll e o S T

vanishes when the diffusion velocities vanish. Moreover,

i=zupu +o(F? as T>T. (4.15)

Proof. Let QO = (zue,gradB;grade). Since the material
is isotropic, it follows from (2.10)1 that k = k(Q;g) is

an isotropic function. Thus, by (4.7) and Lemma 6.2,

k(0,9 = o, (2.16)

lFor binary mixtures Doria [1969, Eq. (6.35)] establishes the
stronger result that k = ou (u =u, = -u,) with

o = ¢(pl,p2,e,|E]), which implies, by (4.4) and (4.2), that
Ia is independent of gradp and grad®; unfortunately,

these results are restricted to binary mixtures.
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and we conclude from (2.10)l that

(0,9 = o (4.

Next, by (1,1) 3,4’

thus if we differentiate (2.10)l with respect to v and

use (2.7), (4.1), and (4.4), we arrive at

a .

i)
ra = (pp“élbwa - cap)i when —E =-§. (4.
Therefore
1(0,}2) =3 (ppOL -%;b)— - cap)g&+ O(|'\Z]2) as '\Z—»-g (4.
o

. > .
But by (3.5), 3(0,v) = i(Q, W) ; thus, by (1.2),,

¥

- >

. . 2
l(ﬂ,‘i) = % PP, 5p— u O(|'§] ) as u—»0; (4.

o
and this result, in conjunction with (1. 2) > and (4.11),

implies the desired result (4.15). D

- c)l; (4.

17)

18)

19)

20)

21)
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5. Results near Equilibrium.l

Let (3;,60) be given, and, for convenience, let

£a = gradpa, f = grad'b", g = grads,

(5.1)
< = (E’G’E:g;g)’ 4o (3;’90;5’9:5)'
We call 4, an equilibrium state provided
et (4) =0 (5.2)
a o

for every constituent a. TILet h denote the left-hand side
of (4.5), or equivalently, of (4.13), It then follows from
(3.9)1, (3.1), (2.10), and (4.11) that
h = h(4) =2§—5—'f ae-g+2(n-p apf) 9.
@ (5.3)
1
+ Eg-g + praca,

and it is clear from Theorem 4.1 and lL.emma 6.1 that
has) < O (5.4)

for every 4/ in the domain of the response functions.
If < is an equilibrium state, then (5.2) and (5.3) imply

that h(.4b) = 0, so that

1In the absence of chemical reactions (c; = 0) every A

of the form (5.1)5 is a strong equilibrium state; thus all

of the results of this section apply also to diffusion without
chemical reactions.
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h(w/) is a maximum at /= 4/0. (5.5)
Thus
dh ah)
= = O’ 5.6
(35). -(%), 5.9

"

where the subscript "o" indicates that the corresponding
function is to be evaluated at &/ = A and we have the

following result:

o (BCZ) o (Bc;) 1
z S = U S5 = 0. (5.7)
G‘p‘a pB fo) u’a 0 o
Here ﬁa = pa(zg,eo). In addition, since c; is an isotropic
function,
Bc;) Bc; Bc;
= = 5v. = 0. (5.8)
8£B o 39 o X8 Jo ~

It follows from (5.2), (5.7), and (5.8) that

+ (-] - 2
Ze (W) p, = olla-4,]1%) as -2, (5.9)
where
i 4 -»
|&-,) = [B-pol + l6-0o ] + [£] + |gl + [¥l. (5.10)

We say that an equilibrium state </ is strong provided

Sl h = o(l- 4,1%) a5 yemay (5.11)

lcf. Bowen [1969, Eq. (7.19)].
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Remark. To see that this is a natural generalization
of the usual notion of strong equilibrium, we assume, for
the time being, that there are R independent chemical

reactions:

R

where Var is the stoichiometric coefficient of constituent
oo in the reaction r divided by the molecular mass of q,
and Jr = Jr(JV) is the reaction rate of reaction r. The

chemical affinity of reaction r is defined by
-
A_=A_(p,0) = 2 Voo (P 8) - (5.13)

In this instance it is customary to call JVB a "strong

equilibrium state" providedl

g (&) =a.(F,8) = o. (5.14)
In view of (5.12), the first of (5.14) implies (5.2). Further,
by (5.12)-(5.14),
+ o _
ECOL(AM)M,OL = 0. (5.15)

Thus our notion of a strong equilibrium state is somewhat
weaker than the standard definition. For all of our results

it suffices to use the definition containing (5.11).

loruesdell [1969, p. 107]. See also Bowen [1969, p. 121].
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With a view toward determining the behavior of the
response functions near equilibrium, we first determine
some of the more obvious consequences of isotropy. First

of all there exist scalar functions pa(fﬁe) such that

>
T (3.8,3,0,0 = -p_ (8,0 1. (5.16)

~

Next, if . is an equilibrium state, then, clearly,

oz 55 N
2) =\5p ) =58, =8 for z=g or Lg (.17

Further, there exist scalars K’Ka’yaﬁ’Ya’ and xaB such

that
Bq) oq
~ - —K-l, ~ = -k 1,
'Si o ~ 82;'0 A~
I ar’t
= - ~ = -y 1, 5.18
Py gg; A Yo a2 Py 3, /o Yol (5.18)
+
L Pl a*”Jo‘) A ol
Py EEE S 3fg o af~ "’

and, in view of (2.5), (3.4), (4.18), and (5.2),

Ty, =L vg =T ¥yp =T Y, =0 (5.19)

We call K the conductivity and “Yaﬁu the momentum supply
matrix. The matrix H%aBH is of importance in applications.

Indeed, if we consider the linearized system of momentum

equations appropriate for small departures from the equilibrium
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state s then (after dividing by pa) the term involving

gradpOL in the oa-th equation has the form % %aﬁgradpﬁ.

For this reason we call Hxaﬁﬂ the elasticity matrix.>

Theorem 5.1. Let ‘Nb be a strong equilibrium state.

landand o o Tal el e N

Then
% (o
7\6@_(5_0:55%)0’ (5.20)
d
() =
K 2 K (ap d
'e_;a +2[—ef+ YB+ é_eﬁ_o +(ppﬁ§§;)0]awﬁ +

(5.22)

€ 1IR;

+ Yaﬁwawﬁ > 0 for all By Wqseee Wy

o,B

o that, in particular, the conductivity K > O and the

momentum supply matrix “Yaﬁ“ is positive semi-definite.

Proof. By (4.11) and (5.11),

1In fact, Gurtin [197)] has shown that in the purely mechanical
theory the linearized equations for the densities have the form

Py = Poq ; xaBApB + terms invelving pB and leEB.

Thus the elasticity matrix plays an essential role when
studying the propagation of small-amplitude disturbances.
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2 (S )
—_— = O whenever a = f,,g, or Vv and
o Br=r = ~B

dadd ~ ~ T~
(5.23)
d = £,9 or Y.
Next, it follows from (4.16), (5.3), and (5.23) that
2
d“h
SESES = 0. (5.24)
( £4°F )0 ~
Thus, in view of (5.5),
25) - (33), - o (5.5

The first of (5.25), in conjunction (5.3), (4.16), and (5.23),
yields (5.21). On the other hand, the second of (5.25), (5.3),

and (5.23) imply

= AR L)) R O M ) AR

o ~B Io ~a, o g lo
(5. 26)
By (2.5),, (2.10),, and (5.2),
BEG. ar{:—; aE&
go = paé-é—- . and & To =9, whenever
a = ':‘E’B’g" or XB’ (5.27)

and (4.4), (4.18), (5.16), (5.18)-, (5.26), and (5.27) yield,

after some manipulation, the result (5.20).




Next, by (5.5),

2 2 2
3%n ah) >2n )
a- ——a+2a' W w + T w - ——5-— w O
” (5%2)°~ B~ ( g2 lo~ a, B (azﬁ o lo ~B =

(5.28)

for all vectors g,%l,...,wN If we take a = ae and

.
~,

wo=ve in (5.28), where e 1is a unit vector, and use
(4.3), (4.4), (4.16), (4.18), (5.3), (5.16), (5.18), (5.23),

and (5.27), we are led to (5.22). |

As a direct consequence of (5.20) we have the following

important result.

Corollary 5.1. Let .4, be a strong equilibrium state.

Then the elasticity matrix is symmetric:

7\G.B = %ﬁa' (5.29)

The next corollary follows from (1.1)4, (5.17)-(5.19),
and (5.21); it asserts that near a strong equilibrium state
to within terms of O(]|.¥- xVOIZ) g depends linearly on

grad® and E

Corollary 5.2. Let ./, ke a strong equilibrium state.

:

B 2 1
q=-%g - Tk u + o(|V- %) as swa, (5.30)

lce. miiller (1968, Eq. (7.28),], Doria [1969, Eq. (7.31)1,

Bowen and Garcia [1970, Eq. (6.14)]. All of the above treat
diffusion without chemical reactions.
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where q = g(dy).

In view of (1l.1), we can take PsCyse+-5Cy @s

independent variables in place of PyseeesPy? i.e., e.qg.,

pa(pl,...,pN,e) = pa(clp,...,ch,e) = pa(p,e,cl,...,cN).
(5.31)

-
By (1.2)l and (4.12), the vectors ¢ = (c

'3 = (ul"“’“N) both lie on planes in B

1,...,cN) and
of dimension N-1.

We assume that the mapping
> >
S >T(p, 08,0 (5.32)

is invertible in some neighborhood of . Then in this

neighborhood we can express the mass supply as follows?

k= c;(p,e,-z,-g,g,_i). (5.33)
Let
5 1
rap = "\ Sagfs ? (5.34)

we call HTaﬁH the mass supply matrix. The next theorem shows

that to within terms of O(|& —_43| 2) c; depends only on

By oo s By

1 Bc; Bc;

The derivative SLtt Sy lies in the "tangent space"
] By

{((pl,...,(pN)e]RN]i‘.(pOL = 0J.
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Theorem 5.2. Let &g be a strong equilibrium state

Pl fal el e A

and assume that the mapping (5.32) is invertible in some

neighborhood of P Then

+ o 2
c, = -‘23 T, Bgbg * o(jle-8.]17), (5.35)

where C; = c;(xv). Moreover, the mass supply matrix “Tuﬁ“

is positive semi-definite and

o
i ByTaB = o. (5.36)

. . + .. .
Proof. First, since c, 1is isotropic,

( BczL ) Bc;) (Bc;)
SE. =\sqg =l s5v. = 0. (5.37)
_fﬁ (o g Jo Yglo ~
If
.+
£=3 g=0 7T-=T (5.38)
then, letting
/ = 0 /= =0- 9
[J.a—pza"p-a: P =P = Py = - Y2
(5.39)

E- Wl + o] + o],
we conclude from (5.2), (5.3), (5.11), (5.33), and (5.34) that

dc 5c+..]
.+ _ + / 3, _ ? o ~ al A2
0o > an“’a = anp,a + O(E7) = azp[_Taﬁp'B + (rp )OP’ + (5_6 )oe o

+ 0 83) (5.40)
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as E-» 0. Thus

dc” dc”
S-BQ‘-O .= a—ego =0 (5.41)

and HTonBH must be positive semi-definite. Finally, the
Taylor expansion of (5.33) about 410 reduces to (5.35) when

account is taken of (5.2), (5.37), and (5.41). D
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6. Two Lemmas.

- -»
Lemma 6.1. Let o = (p*,e*,ff,gf,gg) be an arbitrary

P S N

element of the domain of the response functions. Let X eR;

weR; ga,ga,ggu; and suppose that Eu,g, and Ea are symmetric

tensors. Then there exists a constitutive process whose

domain contains (50,0) such that when x = X and t = O:

-
& = (?,e,grad?,grade,z) = %,
= w ia =a E;édpa = ga’ grade =D , (6.1)

2 2
grad Py = F s grad & = G, gradzOL L .

o

*
Proof. TLet v denote the mixture velocity corresponding

b % -, * X%
to v* = (V§,...,v§) and p* = (py,...,p}), let
L= XX (6.2)
and let
* * * *
o(x,t) = ¢ + tlu-g-y') + Ig' + t®B-Gy)I-E + Jr-cr,
B LV 1.2
Ly (Xot) = Vo relR L ¥+ Lo+ 5re s (6.3)

*

+ £ .r + lr-F r,
a ~Q,

where e, is, as yet, unspecified. Then, in view of (1.3),

-»> . ] *
& and v satisfy (6'1)1,2,3,5,7,8‘ Further, since § and

% ,
p, are strictly positive, there exists a neighborhood Po of

X and a to > O such that 6 > 0 on Pox[o,to) and Poq > 0
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on Po. Thus we conclude from assumption (A) and the ensuing

discussion that there exists a neighborhood § c Po of X
a time Te(O,to), and a constitutive process on ©x[O0,T)
corresponding to e;§z and '3;. Moreover, (3.8) and (6.3)3
imply that the corresponding density field.'?? obeys (6’1)1,6‘
Thus to complete the proof we only need to establish (6.1)4.
By (2.1), (1.1), and (3.1), it is clear that gradpOL + pagrad divzOL
can be considered a function of (oé’,gradzg,gradze,gradg); let
A denote the value of this function at.oé=4fi gradzpOL = Eu’
gradze = G, gradxOL = Ea (i.e. the value when X =X, t = 0).
Then, letting L = gradv(%X,,0), we conclude from (1.4) and

(6.1)1 that

gradpa(io,o) = —p;grad divXa(fo’o) + k - ETEZ. (6.4)

But by (6.3)2,

grad divxm(go,o) = Eq’ (6.5)

thus (6.1)4 will be satisfied provided we take

W A P | (6.6)

Let ©6 denote the orthogonal group V. A function

£ : UM-J*IJ is isotropic provided

£(Qw) = Qf (w) (6.7)

~=
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for every W = (yl,...,yM)eUM and every 96@, where

QW = (QWyseee,QW ). (6.8)

Lemma g.g.l et £ : UM-Jrv be an isotropic function

f class C3, and assume that for every weUM and every
Jf (w) -
me{l,...,M] the tensor —%§:;- is skew. Then £ = Q.
~m

Proof. Choose an orthonormal basis for Ut and let
f£i> and wm<i> (i = 1,2,3) denote the corresponding

components of £ and w.- BY hypothesis,

QfCiy P> (6,9)
ow <3> oW <i>
so that
ofdi> _
- o. (6. 10)

Equations (6.9) and (6.10) imply that

5?f<i> = - 52.f§ﬁ> — = O; (6.11)
dw_<3>w <3> ow <3>0w <i> :
hence
a3f<i>
Ow, <3>3w Jk>dw <> =0 (6-12)

since two of i,j,k, and 4 must coincide. Therefore £

must have the form

f£(w) = £(0) + F(w) + G(w,w, (6.13)

1For M = 3 this theorem is a corollary of a result obtained
by Doria [1969,§6] using different methods. See also Miller
[1968,86]. When I first established this result I was unaware
of Doria's result.
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where E :'UM-ﬁrb' is linear and G : UMXUM-drI; is
symmetric and bilinear. It follows from (6.13) and (6.7)

with 9 =7£ that E(Q) =0 and G = O; therefore
M
£(v__g) = E(V__o__l) = L F W (6.14)

where each Em is a tensor. Further,

’ (6.15)

so that Em is skew. Finally, by (6.7) and (6.14),

QFm = (6.16)

é"d
[Le)

for every Qe6, and the only skew tensor with this property

is F. = 0. O
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