MAR 1 6 py

AZUNVAYA ALGEBRAS
AND DERI VATI ONS

by
Harold J. Stol berg

Report 71-12

February, 1971

University Libraries
Carnegie Mellon University
Pittsburg, PA 15213-3890

HUNT LIBRARY
CAftNEGIE4ilION UNIVESSTY



| nt roducti on

Let k be a field of prinme characteristic p, C a purely
i nseparable finite dinensional field extension of exponent 1,
and & the restricted GLie algebra of k derivations in C
It was shown by Jacobson that there is a Galois correspondence
bet ween subfields of C over R and restricted G Lie subspaces
of )9 In the classical theory of central sinple R algebras,
where C over Kk 1is a Galois extension, group extensions of
the multiplicative group of C by the Galois group of C over
k give rise, via an appropriate enbedding into a ring, to
central sinple k algebras split by C. Hochschild, [5],
wor ked out an anal ogue of this theoremfor the purely inseparable
case where the group extensions are replaced by certain regular
Lie algebra extensions of C by D C regarded as an abelian
Lie algebra. 1In [8], Jacobson gave a nore explicit construction
of central sinple k algebras split by C wusing the existence
of a derivation 9 in $ such that Ker 3 = k and

B = End,(Co This was generalized by Hoechsmann in [6] to

Jrv

di scuss enbeddi ngs of sinple k algebras using the 'cyclic’
derivation approach of Jacobson,

Recently, S. Yuan [11] has generalized Hochschil d’s results
to purely inseparable commutative ring extensions of exponent 1.
It is natural to inquire whether Jacobson's approach can al so be
general i zed to such ring extensions. In this paper we show
that indeed it can if we assune the existence of a derivation d
which will play the role of Jacobson's "cyclic! derivation.

In particular if R is a comutative ring of prine characteristic.




C a purely inseparable commutative R algebra such that C
is finitely generated projective as an R nodule and there
exists an R derivation 9 such that Ker g = R and
Cdl = End,(C), then we obtain Azumaya R algebras split
by C (equivalently central separable R algebras split
by Cy as certain quotients of the ring of differential
polynom als over C. W use this result to conpute the
Chase- Rosenberg group of equival ence classes of Azumaya R
al gebras split by C and ultimtely”® under additiona
hypot heses™ the relative Brauer group of C over R

The main results in this paper arose fromthe possibility
of interpreting Hochschild's results in a Hopf algebra setting
and obtai ning Azumaya R al gebras via Hopf al gebra extensions,

We hope to report on this project in a latter paper.




1. Prelimnaries

Throughout this paper R wll be a fixed commutative ring
with unit of prinme characteristic p > 0.

Let C be a conmmutative R algebra and let S be a
derivation on C such that Ker 3 = R Assune B satisfies

a pol ynom al

1 n
X:a’\t+a-}P+ +at1P+ +atP
h . n

with the a. in R For ¢ in C denote by Lc the endo-
nmor phism of C effected by nultiplication by c. From t he

formul a

O+ Lc)P=B"+ L(S™% + cP ([ 3] p.201)

it Is easy to see that

X(9 + Lc) = L(6¢)
wher e
" -1 2 1-2 \
X (a.cp'/\pL + (3 _V +ouat (BA 1

d{c) = Ei=0 ai[c + o )]

is an element of R  Furthernore
6 : C'¥R'

Is a group honorphism

Let A be an Azumaya R algebra [4]. Followi ng [11], we call
C a splitting subalgebra of A if C is a maximl conmutative
subal gebra of A such that A is a projective |left C nodule.
By [3, Prop, 2.4, p. 37] the map cp : C®A° ~) End. (A given by
cplc ®a¥x = cxa is an isomorphism Let A(C R denote the

group of equival ence classes of Azumaya R algebras with splitting

subal gebra C, defined in [3,p,38]. W refer the reader to that paper

for nore details.




2. Rings of differential polynom als
Let C be a conmutative R algebra with 3 a derivation
of C such that Ker S =R Assune C is a finitely generated
projective R nodule and Horn R(C"C) = C[d]. It is well known
that C determnes a unique up to order deconposition of R
into a direct sum R= @ Re., the e. orthogonal idenpotents
i= X

such that Ce,; 1is a finitely generated projective Rea nodule

of rank r. wi t h I-brn_n(e«(Ce.i,Ce.i) = Ce.ife.ld,U [9,p. 45]. | t
follows from[9. ThmJZOZ] t hat e.ld satisfies a uni que nonic
pol ynom al
2.1 Xi(t) = aqgt + axtP +. . «+ a"t‘Pi +..;n+ tpni
wWth PX =1 Setting X- SXAt) in Ct] =@Ce[t] we
see that 9 satisfies a polynom al
x(tL) —ctOL- -T EAE ST okt z%_. tpl too « antpn
with the a. in R and a a non-zero idenpotent. Furthernore
- c
202 (fFECt]|f(3) =0} = X(t)Ct] [9, Cor.2.5]

Let C[tjd] denote the noncommutative ring of differential
pol ynom als with coefficients in C defined by tc = ct + d(c).

An easy induction argunment shows that
t"c = ct" + B, ((Bc)t"™?* + B, ,Uc)t""~%-K. o, (a'c)

where we use the notation B . for the binom al coefficients® and
ro

so  X(t) is in the center of C[t,9] since tPc = ctP + 3%(c) .
Let a be an elenment of R and define Cft"B*a] to be
the quotient ring obtained by factoring ({tjd,cc] by the two-sided

ideal J generated by X(t)-cc. Note that since X(t)*a is in




the center of C[t,a], J = (X(t)-a)(t,a] and
2.3 dt, a,al :©im:1 Cei[t,eja, aej],

where we use 2.2 to define Ce.l[t"e.l?;, ae.J in the obvi ous manner.

3, Azumaya R al gebras,

In this section we give a conplete description of Azumaya R
al gebras split by C in ternms of the rings (t,3,,a described
in the previous section. W remnd the reader that the term
Azumaya R al gebra is equivalent to central separable R al gebra,
We begin wth a | enmae
Lemma 3.1. Let C be a conmmutative R algebrawith a a
derivation of C such that Ker d = R Assune C is a finitely
generated projective R nodule and Honmg(C,C) = C[3]. Then for
any a in R (t,a,a] is finitely generated projective as a
C nodule and hence as an R nodul e.

Proof: Assume first C is a finitely generated projective R.
nodul e of rank r. Then by [9, Thm 2.4], a satisfies a unique

nmoni ¢ pol ynom al

[ n
X(t) = agt + axtP +...+ a;jtP + ..+ tP
with p"=r. W wll show (Ctj9,a] is actually free over C
of rank = p" . By definition {t'j i J>0} is aleft C basis

for C[tjS]e Since X(t)-, has degree p" no nontrivial elenent
of J = (X-a)dt*d] can have degree |ess than pn. Hence
(tY1o~ i < p® are Clinearly independent and

since they clearly generate (Ct”a] nodulo Js they forma basis

over C for C(C[t,9, a]. In the general case we have by 2.3 that




m 6
dt,a,<x] = ©-; Cej[t,e;Brae;] where Ce; is a finitely generated

projective Re; nodule of rank r. and the conditions of the

lemma are satisfied for Re”~Ce”e”. Hence by the first part of
the proof; Ce”t, e”. aeisafinitely generated projective Ce .1
nodule. Thus (t,a,a] is finitely generated projective

as a C nmodule. Finally C being finitely generated projective

as an R nodule inplies (t,d,a] is also.

Theorem 3.2. Let C be a comutative R algebra with 9 a derivation
of C such that Ker d = R Assune C is finitely generated projec-
tiveasan Rnodul e and Endg(C) = c[g]. Let A be an R algebra con-
taining C. Then A is an al'gebr‘a wth C as a splitting sub-
algebra if and only if ASC[t;B,,] for sone , in R

Proof: To showthat Cft~”a] is an Azumaya R algebra with C

as a splitting subalgebra it suffices by (2.3) to assune C isfinitely
generated projective of rank r as an R nodule. In this case
the mnimal polynomal (2.1) of 3¢ is nonic of degree

p"=r. If q is aprinme ideal of R it is easy to see that

2.7 -qt,aa] g =" Sg>1 ]

wher e 9q is the unique extension of B to ng 81 is the inmage
of a wunder the map R Rq [lo*p. 2] . It follows from

[ 2, p. 180],, and Lemma 3.1 that (t,5,a] 1is an Azunaya R algebra
if it is one locally at very prine g of R The assertion that
C is a splitting subalgebra of {t,3,oc] is again local, hence
by(3.3)we need only show that (t”"a] is an Azumaya R algebra
with C as a splitting subal gebra under the additional hypothesis
that R is a local ring. In this case C is a free R nodule
of rank r = p™ = degree of mniml polynomal X(t) of Bs x(t)
as in 2.1. In viewof Lenmma 3.1% we my wite every

element of (t,9,a] uni quely as a polynomal bg + b* +. ..+ b"tI

where t < p™ Let ceC be arbitrary, W have




tc = LJ?_~ B, . (c'jxc)tk“l, and hence, using the Lie comrutator brackets,
1.0 .K 1

[bo + byt +...+ bjt~c] S{sz bj(t’c - ct?)

3.4
) i J-i
= I by Z:;i.:r=1 By,i(®7C)e

Note that the last expression is a polynomal in t of degree

2 |
less than | wth constant term b-~c) + b,d (c) +...+ b*"3 (c).
Hence for b._ + byt -f.. .o+ b.t* to commute with all ¢ in C
we must have bja(c) + bod %(c) +...+ b*BY(c) = 0 for all ¢

in C However it follows easily from(2.2) that the set

fSé"!°_<1 i <p"l is? Clinearly independent set in End_ (O

Thus the only polynomals in (t,3,a] commuuting with elenents
of C are the zero degree polynomals, the elenents of C W
conclude that C is a maximal comrutative subal gebra of

C[t,d, a]. In addition we have shown that if bo + blt + ..+ b’\tl,

is an elenment of (t,,Sal,t J> 1, there exists sone elenent c in

C such that [b + b,t +...+t3.,t {’,c] N0 and the latter is a
o i u

polynomal in t of degree < £ A central element u of (t,d,cc]
must be in C  and in order to commute with t it nust have

3(uy = G Hence u is in R and (t,d, a] is central. To
show (t, a, cc] is separable, observe that (t,a,a]®R m= Ondt,3,a/|

where m is the maximal ideal of R 9 1is extended to CUnC

and a = a + nCJt,3,aJo Since JE£] = End (C), we have

CnCa = End™, (c/nmC). Let | be a non-zero 2-sided ideal of
On{t,aoc] o Setting ™ * t + nCJt,” a] we effect the conputations
in (3.4 for a non-zero element b in |. By several applications
of the Lie bracket with the appropriate elenents in CnC we obtain
a non-zero elenent ¢ in | DCnC. Since | ndnC is an

ideal of CnC stable under a and CnCfa] = End_y, (CGnC) this
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inplies | DOnC = CnC which inturn inplies | = C/ nC[t"3"a],

Hence d/nCJt”9"a] is sinple and we conclude Qt”rdjQG] s

separable by [29 p.180]. Thus (tjd,a] is an Azumaya R al gebra®

and by lemma 3.1 and the above argunents,, C is a splitting subal gebra,,
Let A be an Azumaya R algebra containing C as a splitting

subal gebra. To finish the proof of theorem 3.2 we need the

followng lenma, a special case of a nore general result proved

in[11l, Lemma 6]

Lemma. Let A be an Azumaya R al gebra containing C as a

splitting subal gebra, Then every R derivation of C to itself

can be extended to an inner derivation of A




Thus given an Azumaya R algebra A containing C as a
splitting subal gebra, there exists a deA such that cd - dc = 3(c)
for all ¢ in C V\éob§erve t.hat X(_d) conmutes with every
el enent of C, since cdpl- dPlc :apl(c) for all i, and
hence is an elenent of C However since 3(X(d)) =
= [X(d),d] = é;‘rloai [dpl*dJ = ox X<y =2 jg5 an elenent of R
It is imediate that we have an R al gebra hononorphi sm from
dt,3,oc] to A such that t—=*d and the elenents of C are
mapped to thenselves. By [4, Cor. 2.6] this is an isonorphism
and A;C[t,s,a] for sone a in R as asserted,

Remark: Derivations satisfying the hypothesis (a] = End (O

exi st* For exanple if C admts a p-basis u., 1 < <rR

over R, then the;_R derivation on C given b;/ QJiA= 1A
-1

AU = AU FERU A i > 1 satisfies the above relation. [11, Lemma 7]

Recall [ 4™ p. 38] that tw Azumaya R al gebras A and A
with splitting subalgebra C are isonorphic under an adm ssible
isonorphism a if a : A, —A, is an isonorphismsuch that it is
the identity on C. Fromhere on until the end of this section,
assune the hypothesis of theorem 3.2; that is, C is a conmutative
R algebra with 3 a derivation of C such that Ker S =R and C
is finitely generated projective as an R nodule with Endg(C) = (a] .

The next theorem cl assifies adm ssible isonorphismclasses of

Azumaya R al gebras containing C as a splitting subal gebra.

Theorem 3.5. The Azumaya R algebras Gt~"S*a-"] and dt, 3, al
are isonorphic under an adm ssible isonmorphismif and only if
3l " a2 =6n)  for some |eC

Proof: Assume a : C[t, 3,a] —* C[t, B,a,] '°2 adnissible




i sonmorphism Since [v(t),c] =T[a(t) ,cr(c)] = or[t,c] = a(S(c)) = a(c)
we have J[cr(t)-t, ¢ =0 for all ¢ in C Hence a(t) =1t + I
for sone -teC In particular a_ = cr(Xt)) = X(a(t) )=X(t+*)=X(t) +6 (1) =
= ag + 6(£) and thus ap - a® = 6(£). Conversely® it is clear

that if cr:—il - a_.2: ME) the correspondence t -~ + | determnes a
wel | defined ring hononorphism a from (C[t, a’\Oli] to dt,a GG
which is the identity on C. By [ 49 Cor. 2.6] a is an admi ssible

I sonor phi sm

The last theoremin this section deals with the nmultiplication

in the abelian group A(C*R) of equival ence classes of Azumaya R

al gebras containing C as a splitting subalgebra. W refer the
reader to [ 43 p.41] for the relevant definitions and further details.
Theor em 3. 6. dthsha_ + al Ct,9,a;] ¢« d "9,a,] where ¢ de-
notes the product in the group A(C'R).

Proof: Set AN = Qt.a”aj”], A, = (Ct,;,3,a]. By [ 4, p.41]
Ay o A :EndA 0A ,\1_®CA2,\ *AS the product of A . and A2
12 |

in A(C'R) where both A, and A, are viewed as left C nodul es,
and A, ® A, as aright A" ® A, nodule. The product A, « A

is an Azumaya R al gebra and the injection C«e "'>E”ﬂl®A2(A1- N A)
given by c—=2"(c®) enmbeds C as a splitting subal gebra of A A
Define <p : C[t"]- -™Enda "a (A(‘ Oc A2) by cp(c) =L(c® ) for all <c
in C and cp(t) :L(t®11+21 ®t) « It is easy to see that -
cp(t) G Endaoan (AL & A;) if and only if cp(t)(I®) = cp(t) (c®)

for all ¢ 1in2'C since |® = c@® in A1 @(1 A,, But

cp(t) o L(1®C) - cp(t)o L(c® )=t® +ietx:-tc®l-c®& = (ct-tc)® +

+ | ®tc-ct) = L[a(c)®] = cp(a(c)), Hence cp is a well defined

ring homonmorphism, Finally cp(Xt)) = Xcp(t)) = X(L(t® +l @) =
= Lta-"l + | ®az) = L[(ai+a)® ] = cp(@* + a,)” hence cp extends to
a homonor phi sm
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cp : C[t,B,taz]- * EndA(%\ (A« & A;) leaving C fixed,

By [4, Cor. 2.6] '@ islan i sonorphism  Thus (t, "a-,+a;] =
Zdt,Sa_] ¢ Ct,9.a;] .

Corollary 3.7. A(C,R) = R7/b(C*). If P(C denotes the group
of isonorphismclasses of proj~ctive C nodules of rank 1 and
P(C = 0; then B(CR = R'/6C', where B(C/R denotes the
Brauer group of Azumaya R al gebras split by C

Proof: Theorem 3.2 and Theorem 3.6 define an onto group
homonor phi sm from R* to A(CPR) via ada'—dtj$(xI « The kernel
of this homonorphismis 8(C+) by Theorem 3.5. The | ast
statenent of the theoremfollows fromthe fact that

if P(C) = 0 then B(C/R) = A(C,R). [4, Prop. 2.13],

Renmar ks: |, the case that R is field' of characteristic p
and C a purely inseparable extension of exponent 1 the above
results appear in Hoechsmann [ 6], and Jacobson™ [7],[8] Qur

proofs follow theirs with m nor changes,

HURT LfIRAtr
CARNEGIE-MENIQK  UNIVEBSTY
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