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Abstract

Certain reducibilities which generalize many-one reducibility
are studied. Let Srm be the result of eliminating the bounded
quantifier in the definition of 31. It is shown that Sl differs
from the reducibility grm on sets of the same Kleene-Post degree.

1

Also, a characterization of "En in" is given, which for n
enables us to make more precise the difference between "Aeﬂ?" and

"A S BH .
1




Arithmetical Reducibilities, II
by

Alan IL.. Selman

Introduction.

Concepts and notation present in this paper refer to our
paper [3]. For brevity, Theorem x.y of [3] will be cited here
as Theorem I.xX.y. For the convenience of the reader we repeat

here the following two definitions.

Definition 1. If ® and Y are binary relations defined on the

set of all subsets of w, then ® 1is an Y-reducibility relation,

if R 1is reflexive, R 1is transitive, and for all sets A and B,

if ARB, then AXB.

Definition 2. A gn B ﬁ%VX[B€E?-9 Aeﬂi], n > 1.
X X . .
A Pn B & VX[BeHn—% Aeﬂn], n>1l. A 31 B «> there exist recursive

functions f and g so that Vx(xcA <> dyVz )g(x,y,z)eB).

z< £ (y

The Zh—reducibilities Sn, n > 1, (and to a lesser extent the
Hn—reducibilities Pn’ n > 1), were studied in Chapter 2 of [3].
Also, citing Theorem I.2.8, A Sl B <A 31 B for all sets A
and B so that B #¢g and B # w. It was shown that none of the
reducibilities Sn generalize relative recursion, but it is an im-~

mediate consequence of Theorem I.2.8 and the hierarchy theorem,

Theorem I.2.3, that each Sn does generalize many-one reducibility.




2.
One aim of the present paper is to make clearer the difference
"

between 8§ and "¥ in”.

1 1 The first two sections are largely de-

voted to this end. Central to this discussion is the concept of a
positive reducibility to be introduced in section 1. Also, this con-
cept will enable us to elaborate on the principal‘open questions
raised in [3].

Another aim of this paper is to study certain other reducibili-
ties which also generalize many-one reducibility. In this direction,
our attention is restricted to certain El—reducibilities which arise
naturally from our considerations of the sequence Sn, n > 1. This
study will be taken up in sections 3 and 4. In section 3 we study
a reducibility, Srm’ which is the result of eliminating the bounded
quantifier in the definition of J_.. It is proved in this section

1

that Sl differs from grm on sets of the same Kleene-Post degree.

In section 4 we study the reducibility Sl n e As 1is easily seen

1

(Theorem 6) , Sl N ?l is a proper subrecursive reducibility.

1. Positive Reducibilities.

Definition 3. ILet A and B be any two sets. 1If AeEB, then
n
AEZi in a positive sense if there is a predicate IyS(x,y) which
satisfies the following two properties:
(1) Vx(xeA « IyS(x.y)); and

(ii) S is constructed using the propositional connectives A
and VvV, together with bounded guantifiers. from predicates
Pl,...,Pk,PieEn, i=1,....%k, k > 1, and from predicates f(x,y)eB
and f(x,y,xl,...,xn)eB, f recursive, x ,...,xn not free in g,

1
n> 1.
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Definition 4. A & -reducibility relation R is positive if for
n
cach set A and B so that ARB, AEZ§ in a positive sense.

Theorem 1. If ® is a positive :n-reducibility, then ®? C Sn

Proof. The proof consists of an easy induction argument.
Essentially, if A®B and BeZﬁ, then there is a predicate

S(x,y) which satisfies properties (i) and (ii) of Definition 3;

- and there is a predicate RC which is recursive in C so that

C
XEB «» Bz Yz ...anR (x,2

z ). If all occurrences of B 1in S
1 2 n

l!"”

are replaced by Hlez ...anRc(x,z

5 .,zn), then, because S con-

1°°
tains no occurrences of ~ and no occurrences of unbounded quan-
tifiers, the resulting predicate can be put into prenex normal

form I[IM, where the prefix [l consists of n-alternating gquanti-

fiers, and the matrix M is recursive in C. Thus A€E§.

Remark. It is clear that Theorem 1 will not hold if material im-
plication and negation are used in the underlying propositional
logic of Definition 3 (ii). (Also, see Theorem 3 and the discussion
preceding Theorem 3). Moreover, suppose & is an arbitrary truth
function of two arguments and suppose ¢ is the binary connective
whose truth-table is given by @. Direct examination of the six-
teen distinct truth-functions of two arguments shows that at least
one of the following holds:

(1) ¢ 1is defined in the logic generated by { A,V};

(2) & is a constant function:

(3) negation is definable in the propositional logic gen-

erated by {®,A,V};




(4) ExA(x)¥YB 1is not equivalent to Ex[A(n)¢YB], or
BoidxA(x) is not eguivalent to Ix[BOA(x)].

Therefore, except for the constant truth-functions, {A,V]}
generates the largest underlying probositional logic which can be

used in Definition 3.

Theorem 2. Sl is a positive Zl—reducibility.

Proof. The theorem is a corollary of Theorem I.2.8 for all but
the special cases. For the special cases, B=¢g and B = w

s

observe that if A€E]. then ACE? in a positive sense for all B.

Corollary 1. If AGE? in a positive sense, B # @ and B # w,

then there exist recursive functions f and g so that

Vx(xcA « dyVz )g(x,y,z)eB).

z<£f(y

Corollary 1 is interesting. since Definition 3 allows for
predicates HyS of arbitrary finite length.

Is Sn’ for n > 1, a maximal En—reducibility? Is there some-
thing analogous to Theorem 1.2.8 for n > 17 We conjecture that
the converse of Theorem 1 is true. We state this in the following
Conjecture 2.

An argument identical to the proof of Theorem 1 proves the

following lemma.

Lemma 1. If Aeﬁi in a positive sense and Befﬁ in a positive

C . cy
sense, then AeEn in a positive sense.




Conjecture 1. § is a positive En—reducibility.
n

Conjecture 2. Aeﬁi in a positive sense <« VX[BGZi in a positive
sense — AeﬁiL

By Lemma 1, the implication from left to right of Conjecture 2
is true. By Corollary I.2.1, Theorem 1, and Theorem 2, both Con-
jectures 1 and 2 are true for the case n = 1l. Conjecture 2 im-
plies both Conjecture 1 and the maximality of Sn. In fact for
n> 1, let 3n denote the relation defined by A 3n B(—)Aeii
in a positive sense. (By Corollary 1. Theorem I.2.8, and Theor-

em I.2.2, if B #@g and B # w, then A 31 B &%AEZ? in a positive

2 1

sense.) Then, suppose Sn cRC ":n in", and suppose Conjecture 2

is true. There exist sets A and B so that ARB and A gg B.
n

Thus IX[B 3n X & A¢§§]. ARB and B@%X, but A%Zi- Therefore, R

is not transitive. By Lemma 1, Un is transitive. Hence Un is

a maximal En—reducibility relation. By Theorem 1, Sn o Sn. Hence

3 =8 and § is a maximal ¥ -reducibility.
n n n n -

2. The Relations ”En in".

The following Theorem 3 gives a characterization of AeZi,
B#@ and B # w. A comparison of this characterization for n = 1
with Corollary 1 pinpoints the difference between "AeZ?” and

B

"Aeal in a positive sense',
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Theorem 3. For all sets A and B, B# @ and B # w, the fol-
lowing are equivalent:
(1) AeT;
n
(2) there exists a recursive predicate R and recursive

functions f,g,h so that if n is odd, then
Vx(xechA Hlexz...Exn[R(x,xl’...,xn)

and if n is even, then
Vx(xeAea»Hlex .e s dx Vxn[R(x,xl,...,xn)

2 n-1

v HYy<f(xn)(g(xn,y)eB v h(xn,y)ﬁB)]),

(3) there exist recursive functions f,g,h so that if n is

odd, then
k) > Ex Vx_ ...dx V
X(XeA «= xl x2 xn yy<f(xn)
(F(x,¥,%5...,% )eB & h(xn,y)ﬁB)),
and if ‘n is even, then
v » x_ Vx_ ... 8 Vx &
X(xeA « X VX, X _17%, yy<f(Xn)

(g(x,y,xl,---,xn)eB v h(xn,y)ﬁB)).

Proof. Suppose AeZﬁ, B#d, B# w, and n 1is odd.
Let Ch(z) = z 1is characteristic sequence number. (See [3,Chapter 2,

§1}1.) For some e, Vx(xeA « dx_ Vx ...Hani(H(xn),e,x,x

l 2 X ).’

 ERRRE L

where h 1is the characteristic function of the set B.




Let

Then

Let

Define

Also,

1 —
XeA & Hlexz...Hann(h(xn),e,x,xl,. "xn—l)

e)Hxlvxz...Hxn[Ch(xn) & ¥y < Lh(xn)((Xn)y =1

1
& YeB) & Tn(xn’e’xl""’xn—l)]'

1
R(x,x .,xn) Ch(xn) & Tn(xn,e,x

1’ 1277 % -1’

X )

xeAé%-Hlexz...Exn[R(x,xl,..., 0

& Yy < &h(xn)((xn)y = 1 ¢y yeB) ].
Vy < &h(xn)((xn)y = 1l yeB) <« Vy < Lh(xn)((xn)y =1

& V¥ & — = .
- yeB) vy < h(xn)(yeB (xn)y l)»
acB and b¢B. Define

Y (Xn)y =1

g(xn,y)

a, otherwise.

Y, (Xn)y = 2

h(x ,vy)
n

b, otherwise.

Ty < Lh(xn)((xn)y = 1 = yeB) e« Vy < &h(xn)g(xn,y)eB.

Yy < &h(xn)(yeB —9(Xn)y = 1) «Vy < %h(xn)h(xn;Y)KB-




& v 2
Thus, xeA e Zx ¥x ... 8x [R(X,X;,...,% ) y < th(x )g(x ,y)eB

& Ty < Lh(xn)h(xn,y)zB]. Let f(xn) = &h(xn). Then,

Hx ¥
XEA xl x2

Hence, for n odd, (1) implies (2).

Define

g(xn’Y),R(x’xl’...,Xn)

g (XQY’X )""X ) = .
1 1 n

b ,R(x,xl,...,xn)

Then, R(x,x ,Xn) & Vx < f(Xn)g(Xn,Y)€B‘—*VX < f(xn)

l" . o
.o . ix_V¥x_...d v
gl(x,y,xl, ,xn)eB Thus XxXcA < x, %, xn[ x < f(xn)

...Hxn[R(x,xl,...,Xn) & Ty < £(x) (g(xn,y)eB & h(xn,y)ﬁ.’B).

(gl(x,y,xl,...,xn)eB & h(xn,y)ﬁB)]. That is, (2) — (3), for n odd.

It is clear that (3) — (1).

Now, suppose n is even. AeZﬁ. Thus, for some e,

-1 —
v Ix Vx_ ...H b s on i
X(XcA > x, %, xn-l ann(h(xn),e,x,xl, ’Xn—l) where h is
the characteristic function of B.
xcA & Hx_ Vx_...H3x Vx'Tl(F(x ) s€,X, X a0, X o)
1 72 n-1 "n'n n’ 7’71’ ’“n-1
— Lp: SRCE v & v =
e#Hxl X, X 1 xn[Ch(xn) y < &h(xn)((xn)y 1
O yeB) > To(x ,e,x x )]
YEB) = T\ RS Fgee ¥y
ix Vx ,..d q & V¥ L
©8x Vx . Bx 0 e [Ch(x ) & Wy < hx) (),
1
> YyeB) & Tn(xn’e’xl""’xn—l)]'

As for the case n odd, there exists a recursive predicate

R(x,xl,...,xn) and recursive functions g and h so that




%xcA & Hxlvxz. .. Hxn—l

& ¥y < Lh(xn)h(xn,y)zB]. As before, let f(xn) = &h(xn). Then,

& ¥
- x [R(x,x ..,xn) y < &h(xn)g(xn,y)eB

1°°

xeA ¥ Ex, Tx ... 8x Vx| [R(x,x

5 1 ..,xn)

1’

vV iy < f(xn)(g(xn,y)ﬁB \ h(xn,y)eB)].

Interchanging g and h, and R and R, we have (1) = (2).
(2) — (3) 1is proved as in the case n odd. And, again, it is

clear that (3) — (1). Thus, the proof of Theorem 3 is complete.

Corollary 2. For all sets A and B, B#¥ @# and B # o, Aezi
if and only if:
(1) if n odd, there exists a recursive predicate R and

a recursive function f so that

Vx(xeAfﬁ'Hlexz...Eany HueB HvgB

Y<f(xn)

R(XJX ':XnSY3u3V))7

17"

(2) if n even, there exists a recursive predicate R and

a recursive function f so that

Vx(xeA ¢ ix dueB Hv¢B

e ¥x U
1 xn yy<f(xn)

R(x,x ...,xn,y,u,v)).

l’
For any two sets A and B, we have shown, in Theorems 1 and 2,

that A Sl B eéAeZﬁ in a positive sense. Moreover, by Theorem I.2.8,

Theorem 2, and Corollary 1, if B # @ and B # w, then AEE? in a
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positive sense if and only if there exist f£,g, recursive so
that Vx(xeA < HszZ<f(y)g(x,y,z)€B). Compare this with the

following Corollary 3.

Corollary 3. If B #@g and B # w, then Aeiﬁ if and only if
there exist recursive functions f,g and h so that

Vx(xeA & IyVz y)(g(x,y,z)eB & h(y,z)gB)).

z< £(

3. The El—reduc1b111§y, grm.

We consider in this section the effect of eliminating the

bounded quantifier in the definition of 31.

Definition 5. A Srm B ¢ there exists a recursive function £ so

that Vx(xecA « Zyf(x,y)eB).

Theorem 4.

(1) <

is a Z. -reducibility relation;
rm 1

(2) AL B->AZ B->ALg B;
1

(3) (a grm gd->A=¢g) & (A grm w > A= ®);
(4) B;éﬁ&B;éw»(AeZ:le AgrmB);

5 & BeX
(5) AgrmB Be l—)AeL‘l,

(6) < Z<_ -

Proof. The proofs follow immediately from the definition. We
will present the proof of (4). Suppose AeEl & A # ¢g. Let

acB and b¢B. Define
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a, R(x,y)
f(x,y) =
b, -ﬁ(x’y)s

where xcA &) IyR(x,y). Then, xcA «» Hyf(x,y)eB. Suppose A = g.

Choose bgB. Define f(x,y) = b, all x and y. Then, xecA <> dyf(x,y)eB.

corollary 4. A B + A <, B

Proof. Let AeEl so that A 1is not recursive. Then A gm B
only if B 1is not recursive. Thus, (4) above is not true for gm.
We show now that A gg B -» A grm B. Thus, the bounded

1

quantifier in the definition of J_., Theorem I.2.8 and Corollary 1

l’
cannot be eliminated.

Lemma 2. Let f(x) = x2 + 1 and g(x) = (x+1)2. Then

TxVy (x>0 & y>0 = £(x) # g(y)).

Proof. 1If x2 + 1 = (y+l)2, then (y+1)2 - x2 = 1.

(y+14x) (y+1l-x) = 1. Thus, v + 1 + x = -1 and y +1 - x =1,
or y+1+4+x=1 and y +1 - x= 1. Thus y = -2 and x = O,

or x =y = 0.

Lemma 3. There exist functions & and B8 so that:

(1) Vx(a(x)

O or o(x) = 1), Vx(B(x) =0 or B(x) = 1);

Il
il

(2) Vx(a(x) = 0« B(x°+1) = B((x+1)?) = 0),

Vx(B(x) = Oea-a(x2+l) = a((x+l)2) = 0);
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(3) there is no partial recursive function h so that
a(x) = 0 & dyB(h(x,y)) = O;
(4) there is no partial recursive function h so that

0.

B(x) = 0 e dya(h(x,y))

Proof. Let f(x) = x2 + 1 and g(x) = (x+l)2. For each natural
number, define C(x) inductively by:
(1) =xeC(x);
(ii) yeC(x)— f(y)eC(x) A g(y)eC(x):
(iii) cC(x) is the smallest set satisfying clauses (i) and (ii).
We define functions & and B Dby induction. This construc-
tion differs from the constructions in [3] in that at stage s + 1

not only are initial segments « and B defined, but, for

s+l s+1
£ =
each x < h(as+l) so that (as+l)x l, and for each x < Lh(Bs+l)
so that (8 ) =1, o« and B are defined on C(x), so that (2)

s+l' x

is satisfied, as follows: If yeC(x) and a{y) = O, then B(£f(y))
B(g(y)) = 0. If yeC(x) and B(y) = 0, then a(f(y)) = a(g(y)) = O.
Thus, at stage s + 1, infinitely many values of o are defined.

Condition (3) is equivalent to the following (3!'):

(3') Velix{[a(x) = 0 & Vy({e}(x,y) defined — B({e}(x,y)) = 1)]
or [a(x) =1 & dyp({e}(x,y)) = 0]}.

Condition (4) is equivalent to the following (4'):

(4') VeZx{ [B(x) = 0 & Vy({e}(x,y) defined » a({e}(x,y)) = 1)]

or [B(x) =1 & dya({e}(x,y)) = 0]}.




13.

stage 0. Define a_ = B _ = 1.

Stage s + 1. By induction hypothesis a aﬁd Bs are already
defined. Also, the following conditions are satisfied:

(5) Vx[a(x) defined & a(x) = 0 = B(f(x)) is defined and
B(g(x)) is defined & B(£(x)) = B(g(x)) = O].

(6) Vx[B(x) defined & B(x) = 0 ¥ a(f(x)) is defined and
a(g(x)) is defined and a(f(x)) = a(g(x)) = 0].

(7) Vx[a(f(x)) defined & a(f(x)) = 0 - [B(x) defined &
a(g(x)) defined & (B(x) = Oe>a(g(x)) = 0)1].

(8) Vx[a(g(x)) defined & a(g(x)) = O = [B(x) defined &
a(f(x)) defined & (B(x) = O« a(f(x)) = 0)1].

(9) Vx[B(f(x)) defined & B(£f(x)) = 0 — [a(x) defined &
a(g(x)) defined & (a(x) = 0 a(g(x)) = 0)1].

(10) Vx[B(g(x)) defined & B(g(x)) = 0 = [a(x) defined &

B(f(x)) defined & (a(x) = 0 B(f(x)) = 0]].

5 = 2e, a2e+l and 82e+l shall be defined at this stage so that
, . .

(3') is true at e for all extensions of a2e+l and B2e+l'

Case 1. #x[(a(x) has not been defined or (a(x) has been defined
& a(x) = 0)) & Vy[{e}(x,y) defined — B({e}(x,y) defined &

B({e}(x,y)) = 111.

Note. a(x) defined includes both the case x < &h(aze) and
X > &h(aZe) where a(x) is defined at some stage < 2e. Q(x) =0

includes the case (o, ). =1
2e’' x

RUNT LIBRARY
GARNEGIE-MELLON UNIVERSITY
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Let a be the least  x satisfying the hypothesis of case 1.
Suppose af(a) is already defined and «(a) = O. Then (3') is

already satisfied at e. If a(&h(aze)) is already defined, then

define
. . a(&h(aze))+l
2e+1 = "2ePn(a. )
2e
and 82e+1 = BZe' It is clear that a2e+l and 82e+1 satisfy
the induction hypotheses (5)-(10). If a(&h(GZe)) is not defined,
. 2

then define a2e+1 = aze P&h(age) and B2e+l = B2e' a2e+l and

B satisfy (5)-(10).

2e+l1
Suppose a(a) has not been defined. If a # f(b) and a # g(b),

for any b, then define

h
a2e+l = a2e' f px(X)' i’
th(a, )<x<a
2e
where h(x) = a(x) + 1, if a(x) is already defined, and h(x) = 2,
. . - , . C e
otherwise. Define 82e+l Bze' Then, (3') is satisfied at e by
a2e+l and B2e+l' a2e+l is defined so that a(a) = 0. Therefore,

define values of a and B8 on C(a) by the rules:
yec(a) & a(y) = 0 »B(f(y)) = B(g(y)) = 0, and yeC(A) & B(y) =0
o = = 0. i - .
— a(f(y)) a(g(y)) o Then, a2e+l and 82e+l satisfy (5)-(10)
Suppose Hb a = g(b). By clause (6), B(b) is not defined or,

B(b) is defined and B(b) = 1. (In fact, if the latter, then

b < 4h(B, ).) Also, by (7), a(£f(b)) is not defined or, a(f(b)) is
2e
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defined and a(f(b)) = 1. Define
%2e41 T %2e’ . SRR
© € th(a. )<x<a > a
2e
where h(x) = a(x) + 1, if a(x) is already defined, and h(x) = 2,

otherwise. (Then, in particular, a(f(b)) = 1, since £(b) < g(b).)

If ’B(b) is defined, define 82e+l = BZe; if not define
h(x)
B = B " I p P)
2e+l 2e X
© th(B, ) <x<h

where h(x) = B(x) + 1, if B(x) is already defined, and h(x) = 2,
otherwise. Also, define values of a and B on C(a) as described

above. Then (3') is satisfied at e for a and B

2e+l and

2e+l’

o4 and B

se+l se+tl satisfy (5)-(10).

Suppose a(a) is not defined and &b a = £(b). By clause (6),

"B(b) is not defined or., b < Lh(BZe) and (Bze) 2. Also, by

b=
clause (8), a(g{(b)) is not defined or, a(g(b)) is defined and

a{g(b)) = 1. Since a = f(b) < g(b), g(b) is not defined. Define

c‘2e+l = %2e” f pZ(X)'pi' ; ph(X)
th(a, )<xa a<x<{g (b)

s

where h(x) is defined as before. If b < &h(BZe), define 82e+1 =

B_ ; otherwise define
2e

h(x)
B =B, - I P
2e+l £h(52e)33§b X

k)

2e
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where, again, h(x) is defined as before. Define values a and B8

on ¢C(a) in the usual manner. Then, & and B

2e+l satisfy

2e+l
(3') at (e), and satisfy (5)-(10).

Case 1 of stage 2e + 1 is now complete.

Case 2. Vx[(a(x) has not been defined or a(x) = 0)— Iy[{e]}(x,y)
defined & (B({e}(x,y)) not defined or B8({e}(x,y)) = 0)1].

ILet a be the least x so that, for all vy, a # f(y) and
a # g(y), and so that a(a) is not yet defined. Let Db be the

least y satisfying the consequent of case 2 at x = a.

Suppose B({e}(a,b)) is defined and B({e}(a,b)) = 0. Then,
define
h(x)
o =Q, * I P p
2e+1 2e th(a. )<x<a X
2e

h(x) = a(x) + 1, if a(x) defined, h(x) = 2, otherwise. Define
62e+l = B2e' Then, (5)-(10) hold, and (3') is satisfied at e
for all extensions of a2e+l and 62e+1'

Suppose B({e}(a,b)) is not defined. Also, suppose {e}(a,b) #

f(c) and (e}(a,b) # g(c), for any c. First, define

h(x) 1
B =B, - it P ‘P ,
2ol 2% e, )<xc(e) (a,p) X (81 (2D)
where‘ h(x) = B(x) + 1, if B(x) is already defined, and B(x) = 2,

otherwise. Secondly, define
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= * i ph(X) y

%2e+1 T *2e ha. )<xca X
2e

where h(x) = a(x) + 1, if a(x) is already defined, and h(x) = 2,
otherwise. 1In particular, a(a) =1 and B({e}(a,b)) = 0. Thus
(3') is satisfied by & etl and B2e+l at e. Since B({e}(a,b))
has been defined so that 8({e}(a,b)) = 0, define the necessary val-
ues of a and B on c({e}(a,b)) as before. That is, (yec({e}(a,b))
& Bly) = 0) = a(f(y)) = a(g(y)) = 0, and (yecC({e}(a,b)) & a(y) = 0)
— B(f(y)) = B(g(y))= 0. Then (5)-(1l0) are satisfied also.

Suppose B({e}(a,b)) is not defined and dc{e}(a,b) = g(c).
By clause (5), a(c) is not defined or, a(c) is defined and a(c) = 1.
Also, by (9), B(f(c)) is not defined or, B(f(c)) is defined and

B(f(c)) = 1. Firstly, define

8 -8 . 1 ph(x)°p1

26 2% ngp, )gxcle) (a,p) X (9H(20D)
where h(x) = B(x) + 1, if B(x) is already defined, and B(x) = 2,
otherwise. (Then, in particular, B(£f(c)) = 1, since f(c) < g(c).)

Secondly, define values of a and B8 on C({e}(a,b)) in the usual
manner. Now we want to extend aze so that a(a) is defined,

a(a) = 1, a(c) is defined, and a(c) = 1. c < g(c) = {e}(a,b).
Thus, cgc({e}(a,b)). Hence a(c) is still undefined, or a(c) is

defined and a(c) = 1. a was chosen so that, for all x, a # f(x)

and a ¥ g(x). Thus a(a) is still undefined. Define
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h(x)
2e. . px
&h(aze)gxgmax{a,b}

Or'2e+l =0 ?

where h(x) = a(x) + 1, if a(x) is defined, and a(x) = 2, other-

wise. a(a)

1 and B({e}(a,b)) = 0, thus (3') is satisfied at e.

Also (5)-(1l0) are satisfied by this and B (The only

®oetl 2e+1°

important clause in this case is (9), which still holds, since
B(g(c)) = 0, but B(£f(c)) = a(e) = 1.)

Finally, suppose B({e}(a,b)) is not defined and dc{e}(a,b) =
f(c). By clause (5), a(c) is not defined or, a{(c) is defined and
a(c) = 1. Also, by (10), B(g(c)) is not defined or, B(g(c)) is
defined and B(g(c)) = 1. Since f(c) is not defined and f£f(c) <

g(c), g(c) is not defined. Firstly, define

h(x) 1 h(x)

B = B . H p ’p L4 H p
2e+l 2e a,b ?
th(s, )<xe) (a,m) * (P oy a pycxeg (o)

where h(x) is defined as before. 1In particular 82e+1 is defined
so that B({e}(a,b)) = B(f(c)) = 0 and B(g(c)) = 1. Secondly,
define the necessary values of & and B on C({e}l(a,b)). Now
we want to extend a2e so that a(a) is defined, a(a) = 1, a(c)

is defined, and a(c) = 1. Proceed exactly as in the previous para-

L] j '

graph Then a2e+1 and 62e+1 are obtained so that (3') at e

and (5)-(10) are satisfied.

Case 2 of stage 2e + 1 is now complete.
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and B shall be defined at this stage so

£z 22 S 2e+2

that (4') is true at e for all extensions of a and B

2e+2 2e+2°

Stage 2e + 2 1is the same mutatis mutandis as stage 2e + 1.

Define @ and B by a(x) ) 1, and

(aus[x<Lh(aS)] b4 -

ua[x<&h(Ba)])x = 1.

Clearly, @« and B satisfy (3') and (4') and therefore (3)

B(x) = (8

and (4). By induction clauses (5) and (6), a(x) = 0‘—9B(x2+1) =

B((x+l)2) = 0, and B(x) =0 —;a(x2+l) = a((x+l)2)

0. By
clauses (7)-(10), the converses are also true. Thus & and B8
satisfy clause (2).

The proof of Lemma 3 is complete.
Theorem 5. There exist sets A and B so that A gr B, AL, B,

1

and A grm B. 1In fact, the Sl—degrees of A and B are identical

and the rm-degrees of A and B are incomparable.

Proof. Apply Lemma 3 to obtain functions a and B. Let
A= {x|a(x) = 0} and B = [x|B(x) = 0}. Then, there exist recur-
sive functions £ and g so that Vx(xeA €« f(x)eB & g(x)eB), and
Tx(xeB e f(x)eA & g(x)eA). Thus A gr B. (Also, B gr A.) By the
definition of Sl, A ggl B and B ggl A. On the other hand, by
Lemma 3, A irm B and B grm A.

It is also interesting to notice that for two sets A and B,

the existence of recursive functions f and g so that

Vx(xeA & f(x)eB & g(x)eB) does not imply A gm B.
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By Theorem I.2.2 (10), A gr B does not imply A gg B. Also,
1
by Theorem 4 (6), A gr B does not imply A Srm B. Theorem 5 gives

an example of sets A and B so that Q(A) = g(B), gg (a) = gg (B),
1l 1

and grm(A)lgrm(B)' Is there a set A so that ggl(A) = ggl(A) and

gfm(A)|§rm(X)? This question is open. Notice that by the following
argument Lemma 3 cannot be used to obtain such a set A. Suppose
there exist recursive functions £ and g so that xeA & £(x)ZA
& g(x)ZA and xcA > f(x)eA & g(x)ecA. Then, xcA — £(x)#ZA. Also
f(x)#ZA - xcA, because x¢A — f(x)eA. Thus A gm B, which implies
A< B

However, we have already established (Theorem I.2.9) the weak-
er result that there exists a set A so that A and A are $,-

incomparable, from which it follows that A and A are also

rm-incomparable.

4, The Reducibility Sl n Pl.

We consider in this final section the reducibility relation
Sl n Pl. This reducibility is of some interest since it is easily

defined and, as the next theorem shows, is between many-one reduci-

bility and relative recursiveness.

Theorem 6.
(1) s, NP Z((aB)]ag Bl

(2) ((A,B)|A L B) Z R
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Proof.
(1) Follows from Theorems I.2.5, I.2.6, and I.2.2(2).
(2) Clearly A gm B> A ggl B & A gpl B. Lemma 3 and
Theorem 5 give us sets A and B so that =xcA e f(x)eB
& g(x)eB. Thus A ggl B and A gpl B. On the other hand, A and
B are constructed so that A gm B.
Let RX denote a number theoretic predicate recursive uniform-
ly in X, where X 1is a set variable. By a theorem of Nerode [1,
Theorem 11], A is truth-table reducible to B (A gtt B) if and only
if there exists such an RX so that Vx(xeA e RB(x)). gm and gl
can be expressed in this form. A gm B if and only if ¥x(xeA
¢ f(x)eB) for some recursive function £, and A gl B 1if and only
if Vx(xeA ¢« f(x)ecB) for some one-one recursive function £f. In
either case, f£(x)¢X 1is such an RX. We will say that a subrecur-
sive reducibility ® is defined by predicates r® if for all A
and B, ARB is and only if there exists RX so that Vx(xeAé—)RB(x))
and VYVC,D[Vx(xeC « RD(x)) — CRD].
Lemma 4. dA[A ggl A& A gpl al.
Proof. Choose AeZl so that A%Hl. Then A <y B, all B.

1

Thus, A (g A. Zel Thus, A £, A.
1

1 1

1° so A SP A — Acll
1

Theorem 7. A gtt B does not imply A <g B
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Proof. The proof follows from Lemma 4 since A gtt'ﬁ for all A.
Theorem 8. A gg e B does not imply A Stt B.
1 1 :
Proof. There exist recursively enumerable sets A and B so
that d(A) = d(B) and A gtt B (see [2, §9.6]). AeEl, hence
. X X
A ggl B. Since BeEl, BEHl—% B gr X. B gr X— A gr X AeHl. Thus,

A gp B. Therefore A <g p B
1 1

1
s s X X . . . .
Definition 6. @l = (R7(x) |R"(x) is uniformly recursive in X
and VBVC[BGZS—% RBezg]]. ®2 = [Rx(x,y)[RX(x,y) is uniformly
. . C B .C
recursive in X and VBVC[Beul-% R eEl}.

Theorem 9. Suppose B # @ and B # w. Then A gg B < there
1
exists Rx(x,y)e®2 so that Vx(xeA - HyRB(x,y)).

Proof. It is immediate from the definition of Sl that the right

hand side implies the left hand side.
Suppose A gg B. By Theorem I.2.8, there are recursive func-
1
tions f and g so that Vx(xeA e#HszZ<f(y)g(x,y,z)eB). Define

RX(x,y) = sz<f(y)g(x,y,z)ex, Rxe®2. This completes the proof.
X X
Theorem 10. 6, = {R (x,%) |R (x,y)e@z].

X
1 If R (x)e@l,

RX(X), then Rx(x,y)e(S2 and RX(x) = Rx(x,x).

Proof. Obviously, Rx(x,y)e@2 implies RX(x,x)e®

n

define Rx(x,y)
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Open Questions.

1. By Theorem 8, Sl n Pl is not defined by predicates RX

uniformly recursive in X. If Vx(xeAeﬁ»RB(x)) and Rxe® is

l’
, B X .
A gg AP B? By definition of Sl, Vx(xeA R (x)) and R e@l im-
1 1
plies A <g B> therefore it is sufficient to show A < B
1 1

2. 1Is Sl N Pl a maximal proper Zb—reducibility?

Remark. 8, NP ¢ {(a,B)|A <, B}. Choose A and B so that

A gr B but so that for some recursive R, Vx(xcA & x2eB & Vz R(x,z)).
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