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ABSTRACT

In section 1 we describe first the notion of the (generalized)
honol ogy presheaf of a pol yhedron, and secondly, the outline of a
spectral sequence fromcochains in this presheaf to honvol ogy of
t he pol yhedron. Sections 2 and 3 provide, respectively, a certain
space pair (A xX K) that strongly suggests existence of the spec-

tral sequence, and a series of |lemmas that prove this existence.




A SPECTRAL SEQUENCE THAT RELATES THE HOMOLOGY
OF A PCLYHEDRON TO THE HOMOLOGY PRESHEAF

by

Richard N. Cain

J.O Let X be a polyhedron, i.e., a space for which there can
be found a CWconpl ex structure. Let h = é@ hqg be a honol ogy
theory in the sense of [2]. For open sets U for which X-U is

a subconplex of X under sone CWstructure, consider the groups

P(U) =h(X XU .

They form the honol ogy presheaf P over X

Jd.1L Let X be given a CWconplex structure. Let U= {u ][ iel}
be an open covering of X such that the index set | is finite
and each U' is the conpl enent of a correspondi ng subconpl ex of

X. By Cn(U,P) (for n=20,1,...) one neans the group of all fam

ilies §={2"|i.=(i_ ....i Yel™™N with the properties
. * u . n .
(a) each ?~GP(U°-eenu'™, (b) 8&* =0 if i ,...,i are not
ot . 0] n
distinct, (c) 5% = (sgn7r) 2 if i'" =( ,_,...,i ,y for sone
* TT(O 7r (n)
permutation TT: {0,1, ... ,n}-»[0,1,...,n}. These groups c"(U; P)

form a sequence
2f(U:h(X)— C (P ~>C (UP =4 ...,

inwhich 6 and the 57s (n=20,1,...) have the definitions




(d) for each 8eh(X), t(6) = (9].. - 11itiel}? (e
A

for each
AT
A,A—L2J
. . . +
5ec"(U;P) and iy = (ig.....i el -,
n+1 i
ng, i t .If t . . , .
5By ¥ = B (-1) §, . (¥ = (i. . .4 I S SR D I
(67%) t:O( | Xj X- Ut T LO JtL_.l £+1 n+l

J.2 Wth h(X) and £ onitted from U , call the remaining se-

guence C(U). W shall obtain a spectral sequence E fU),E £U) e e g

and a filtration FH(X) = h(X) ~ FA(X) =>Fh(X) ~ ... such that

C(U) ;’E;L(U),

n n+l ~
0 Fh(X)/F™h(X) ZE__(U).

J..3 More significantly, what we obtain is a diagramof exact hel-

i ces

o) 1 2,
h {(xX) ¢+ B (u) € -, B (u) € "B (U
q( ) “— q( ) i — q( ) — q( )

helix helix helix
#0 #] #2
3 9] CL0 Bl CI‘l

o 1 2
C (usP C (U;P co(usp
( q) ( q) ( q)

such that anpn = 5% This will be recogni zed as a bi graded exact

coupl e whose spectral sequence satisfies the description clainmed in

1.2. Here, Pq stands for the presheaf of groups

Pq(V = hy (X X1,

while the definition p*, af, B)é(U) (i"O will be apparent from the
sequel .




2.0, In the case of standard honology there is a biconplex whose
spectral sequence is the desired one: to get the biconplex, sim.
ply replace h by the cellular chain functor throughout the con-
struction of C(U). However, this approach cannot be extended to
non-standard h. An alternative approach is outlined next . (See

2.4 for the essential conjecture.)

AJL Let A be sonme functor from subsets of | (and their inclu-
sion maps) to (affine) sinplexes (and their sinplicial inclusion

maps), wth the property that, for each’ S C Xg the nunber of ver-
tices on AS is the sanme as the nunber of nenbers of s. Wthout

| oss of generality, assune (AS)O = s.

AN2 A certain subspace K of AlIxX wll next be defined: for

each s ci wite XS for X- fl u!', and set K = UA(I-{i})xX.l.

i es i€l
Pr oposi ti on. K= UACXx Xy .
Proof. K is certainly contained in the latter, which we shall de-

note tenporarily as K+*, for the ith termof K 1is the same as the

cth termof K- if c¢c=1 - {i}. Conversely, for any c ci and
s =1 - ¢ we have Ac x X . = A(l-s) x X = UA(I-S) XX ¢
X—C S . 1
i es

UA(I-{i}) xX3 ¢ K Thus, R* ¢ K, so they are equal. Q
i es _




2.3 There is a diagram (N=dimA)

VN AT XX AATIXX)
#
+ Helix No.O

s [ _—

VN-1(AIXX0 AlN_9XXUK) s

[ AN

1 _—

hq+N_2(AI XXi Al N 3 XXUK) o

(AL _xXXUK, AI_. .xXUK)

hq+N- 1 N-1 N-2

(AT, XXUK, AIN_3><XUK)

hq+N— 2 N-2

+
f

heped A AU

q

hefA XK, K

i n which each helix is exact and each circuit on the right is com-:

mutative. This diagramis a bigraded exact coupl e whose spectr al

sequence El, E2, ... has

f = ZG NI - NAN- | - s AT 5 XXUK)

dl = S (vertical homomorphiam on right of diagram)




n
F hcr Nen (AIxXX, OAIXX)

n F "GN | n(AIXX, AAIXxX)

FPh(AIXX, OAIxX) = In[h(AlxX, Al ~jAXXUK) -*h(Al xX, dAIXX)].

j24 Merely judging fromthe work of [ 1] and Proposition 2.2, we

c'onj ecture that the above spectral sequence has the properties an-
nounced in section 1.2. (see below for proof). Incidentally, it is re-.
grettable that the steps in the construction so far are not functori al
with respect to U (assumng X fixed) unless | is held fixed,

but there probably exists .a proof that at |east the resulting spec-

tral sequence is itself functorial in U.

Remar k. For standard honol ogy, the spectral sequence of 2.0 is

functorial in U because C(U is.

3.0 W nowprove the conjecture of section 2.4, using nethods of

117 .
3.1 Lemmma. For n =20,1,...,NI, there is an isonorphism

Rkt 1 «AMKT 1, XXUK, AKT | XXUK)
g+N-1-n  N-1-n N2.-n

!

e Ilq+N_l_n((A(I-s), da(I-s)) x {x, xs)),
di m As=n
which carries each direct summand via a map induced by inclusion

of space pairs.




Proof, W note first that dimAS =n iff dimA(l-s) =N- 1- n
(by counting the nunber of vertices in AS and A(Il-s), respective--

ly) . The union UA(l-s) is therefore Al Ny and so there are
< -

I sonor phi sns

h A(l X1 Apl x UIA(I-8)xX
© Qr.l_N_I_n( (_S)X N _.,S)X s ( ) )
dim As=n y
\L" t (excisions)
® "reni i L(A-S)XXUALvT 0o XXUK, Alr o XXUK)
) g+N-I-n N~2-n N-2-n
dim As=n n2
(direct sum

hq+N' | _ n(Al N- | _ r.'XXUKl AIN_ 2_nXXUK)

(Note: Inverifying the excisions, note that K= U mt Al - 8) XX,
S

where int of a sinplex means the sinplex mnus its bounding faces,.

Then, wite A(1-S)XX USA(I-S)XX as int A(l-S)XX U SA(I-S)XX.
S S

The rest is easy.) Q

312 lemma. There is a commutative di agram

»

N
hgen-1- (AR 1 pXXUK Al o XXUK)

—~

. N N-2-n(AIN-2-nXXUK: Al 3 pXXUK)

I

*
LY
LY

0y




involving n =0,1,...,NIl, where G stands for sinplicial or-
iented chains (with indicated local coefficient system) and d is

the sinplicial boundary operator.
Proof. The dual of the proof givenin [ 1], with (AxXXK) in
pl ace of ((i(f), and using Proposition 3.1.

(Note: The boundary operator d has the following formulas for

sinplicial oriented chains: (1) If C (1* = (i

me ey 1.0))
1* UK
is the unit chain for the oriented k-sinplex whose ordering
K t
(io, ...,h ) is positive, then d ?ﬁ = (-1 Qut (ii) Equival ent--

t==0

ly, if we work with alternating non-degenerate functions ? of

k + 1 variables in |, referring to these 8 as chains, then

Vi) == ) T A (i, - M) L)

iel

3.3 Lenma. There is a commutative diagram

d
hq+N(AIXX’ IAIXX) hq+N-l(AIN—1xXUK' AL g XXUK)

.

Cu( Al hg(X) ) )

> ‘N-1 ).

(AI:hq(X,XI_(_)

Proof. Anal ogous to preceding. []




3.4 Let co be an orientation of the sinplex Al.

Proposition. There is a diagram

. d » d
C(Al; h(X)) ——» Cy ((ATth (XX (1)) ——

s~

N TN 1

.

T
£ : 5
hg(X) — C (U Pyg) —
that is conmmutative to within sign.

Proof. Let T. send a k-chain ? (see preceding note) into the
K

foll ow ng n-cochain 17, where k = N-l-n: for each

i, = (i, ...,0 ) with i, ...,]i di stinct,
0 n on
iy
n "'gj*
where j .= (j 5. . .s5j. ) are chosenin | so that (i**j*) ew. Then,
" 0 K
for 14 = (lo,... ,ins1) and i”j”0), we have
IO T PP g £ 1l
(s> - D" = s (-nF .. ,
t=0 R TR Iu eV}

|Xi*
wher e i"f]"(t)eto. Now,
L3, 0
R SN t
= ltl*j*e(—l) ®
<

fé.-tj*e (-1) n+1 (-1) tw.




Therefore 2. . = (-1)"™(-1)"' 8§ . and consequent |y,
‘g (-1)"™(-1) (1) q y
. . n+l
t A\ X i i\t e = (-1p"*1{dE) . ,
(6) = (-) 805 |y x,, Il

i.e. we have coinmutatively up to sign, as required. []

J§J§ Remark. The projection A x X— X induces an isomnorphism

hq(AI xX, K) = hq(X, uXX).- (This is seen by nethods of [ ].)
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