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Abstract

The object of this note is to give two applications of an
intersection lemma of Ky Fan. First it is used to obtain a var-.
iational property of a strongly continuous function on a weakly
conpact convex subset of a norned space. In the second half we
apply the lenmma to obtain a direct proof of a result on the ex-
tensi on of nonotone sets in topological |inear spaces. It was

establ i shed separately by Debrunner and Flor, Fan, and Browder.




ON A LEMMA OF KY FAN

by
Om Par kash Kapoor

The object of this note is to give two applications of a |emm
of Ky Fan [7, Lemma 1]. First it is used to prove a variant of a

result of Ky Fan restated as theorem 1 below. In the second half

of this note we apply the lemma to obtain a direct proof of a theor
em about the extension of nonotone sets in topological vector spa-
ces. It was established separately by Debrunner and Flor [5],

Fan [8] and Browder [4].

The lemm is

Lemma jL.  Let K be a nonenpty subset of a Hausdorff |inear topo-

| ogi cal space E. Let for each XEK, F(x) be a closed subset of K
such that

(1) The convex hull of any finite subset {Xl'

n
is contained in UF(x,).

Xoroos ,xn} of K

(2) F(x) is conpact for sonme xeK

Then D F(x) " (p.
XGK

We shall use the follow ng notation: the topol ogical vector
spaces wi Il | be Hausdorff and over the reals as scal ars. > and -

denote convergence in the given topology and the weak topol ogy




respectively. A function f wll be called strongly continuous, if
xd*x:"f(xcl —f (x) ; weakly continuous, if xﬂ*x:"f (x &—*f(x) ;
weakly closed, if X X, f(xa) _*y =>f(x) =vy; conpact if it takes
bounded sets into preconpact sets; and conpletely continuous, if it
I s continuous and conpact. The convex hull of a set X wll be de-
noted by co X

Ky Fan [6] has recently obtained the follow ng theorem

TheoremJL Let K be a nonenpty conpact convex set in a normed vec-
tor space E. For any continuous mapping f : K-“E, there exists a

point y,eK such that
llyq - f(Yo)ll = Min [x - f(ys)ll.
xeK

This result reduces to the Schauder fixed point theorem if f(K c: X-
It is of interest to obtain more results of this kind. W have the

follow ng result.

TheoremJ2 Let E be a normed linear space and K a nonenpty,
weakly conmpact convex subset of E. Let f be a strongly continu-
ous mapping of K into E, then there exists a point Y,®¢ such

t hat,

(3) Iy o f(YQIT =Mn [|x - T(y ).

xeK

Proof. For each x&K define
£f(y) 3.
FX) = yeK @ Jy - T Il £ IIx -




For each x, F(x) is weakly closed. For, let y >y, fy } a net
a &

in F(x). By strong continuity of f, f(y)-»f(y). So that
yE o f(y® iy - f(y) and x - f(y®-»x - f(y) . Now because norm

is weakly | ower sem -continuous, we have the follow ng.

ly, - f(ya) I 11 - f(y> |

S liminf |lya - f(ya) I £ lim inf |x - f(ya)ll
ly - f(WIl £ lim inf |lya - f(ya) Il
< liminf |x - f(ya) Il = Ix - f(y)l

and therefore yeF(Xx).

L et fxi,%<_,...,xn} be a finite subset of K. The cgtxi,xz,...,x }]<:
n n
U F(x.). If not, suppose zecx>{Xa ,Xama,...,Xx.} and z/ U F(x.).
i=l i=l
o n
There exist a ,a ,...,a such that a. ;>o0, Ea, =1, and
1 z n L |:| 1
n
z = Sa.lxx.. z/F(xl.) for i =1,...,n means that ||z - f(2) |l >
i=l1
[[X¢ - f(z) ]| for i =1,2,...,n. Hence
n
lliz - Tl = 1l Sa;x; - ()l = lIC a.(x;-1(z)Il < llz - ()],

i=I
which is a contradiction and the conditions of lemma 1 are satisfied
and there exists Y,®K such that Y& H F(x). Hence we have a point
¥ xeK

yoeK with the property ||y0- f(yc) || = Milz [Ix - f(y0)||.
_ xe

In particular we have a special case of Altman' s result [1].




Corollary 1. Let B be a Banach space which is reflexive.

Ur =fx : |X|]| Er}. Let f : Ur—>B be a strongly continuous

mapping satisfying
) IFO) - xI> ~ [IFCOII? - IIxI® for every x with |x]| = r.

Then f has a fixed point in Ur'

Proof. By theorem2, there exists a point yneUr such that
(5) Yo - f(yll =Mn fl|x - f(yg|l : xeu.

V¢ shal |l show t hat Yo Is a fixed point. |If not, we nust have
[|f(ygll >r. Mreover ||yd| =r. If ||yd|] <r, then there is a
point x on the open |ine segment (yo,f(yc)) which is in Ur

I.e., x:Ayo + (I-A)f(yo) for some A such that 0< A< 1 and

err.
By (95)
llyo - (yoH £ 11% * d-~f2) - '(yo'"
= M\Yo - f(yo)ll < llyo - f(yo)ll,
which is a contradiction. Therefore IIanI_ = *". By (4 we have
() If(yo) - Yoll> ~ [IfF(Yo)I* - llyoll® = If (yo) I1* - r*
and by (5
| [o) _

llyg ~ FENI<KHHTTIfiNT - f(yo)ll = eyl - =

(7)

lvo - £yl 1% < (N€(yg) -1y 2.




Combining (6) and (7) we get a contradiction and therefore

Ifey )1l g0 am y s afixed point of f.

Remark 1”. Another interesting consequence of theorem2 is the

wel | - known fact that any weakly conpact convex set K in a norned

space E 1is an existence set, i.e., for each point x in E
there exists at |east one point zeK such that ||x - Z| = Mn [|x - V¥].
yeK

W apply theorem 2 to the constant map f(y) = x for each y in K

Remark 2.- '"2 Banach space, the condition that f be strongly
conti nuous can be replaced by the equivalent condition that f Dbe
weakly closed and conpl etely continuous; that continuity is not

enough can be seen fromthe

Exanple. Take the Hi |l bert space 12, K the closed unit ball in

it, and the function f defined by x = (x X o) =f(x) =

Xy Xy
(ﬁ-||ﬂ|2, §’X2"")' Because |[|f(X)|]|] = 1 therefore f(K ¢ K. If
there were a point ynﬁK satisfying ||y o f(y )A| = NLQKHX - f(y{3|L
it nust be a fixed point of f. But it is easily seen that f has.
no fixed point in K

We now turn to another use of lenmma 1. The foll ow ng theorem 3
inits present formwas proved by Browder [3]. Hi s approach was
based on

(i) The Brouwer's fixed point theorem

(ii) The existence for a finite covering of a conpact space of

a partition of unity subordinated by the covering.




Here we use lemma 1 which is a generalization of Knaster, Kura-
towski, and Mazurkiew cz' s theoremwhi ch was used by them for
their proof of Brouwer' s theorem It may be nentioned that
theorem 3 generalizes earlier results of Mnty [10] and QG vi nbaum
[9] which have interesting applications to nonlinear boundary

val ue probl ens.

Theorem 3. Let K be a nonenpty conpact convex subset of the
topol ogi cal vector space E, and F a topological vector space,
with a bilinear pairing between E and F to the reals which we
denote by (wu) for w in F and u in E W suppose that.the
mapping of Kx F into reals which carries [uw into (wu) is
continuous. Let T be a continuous mapping of K into F and
let G be a nonotone subset of Kx F i.e., for each pair of

el enents [u,wW and [ul’V\ﬁ.] of G we have

(w-w u—ul) > 0.

1’

Then there exists an el enent U of K such that for all [u W

in G

(Tugw, ug-u) " 0.

Proof. Let A= {xeK: [x,wWj"G for any weF} and |et

B=K~A=(xeK: X/ A]. Nowdefine for each xeK, F(x) as follows:

F(x) =K if xeA and

F(x)

[yeK : (Ty-wy-x) ;>0 for all weF for which [x,weG.




We shall prove that these F(x)'s satisfy the conditions of |lem
ma 1. Cearly F(x) for each x 1is a closed subset of K the
function T and the bilinear pairing being continuous on K and
K x F respectively. To prove that the convex hull of any finite
subset {xl,xz, ...,xn} of K is contained in iljz]lF(xl), we con-

sider two cases.

Case 1. At least one of the x.'s is in A So F(x.) =K for

1 1

at least one i and K being convex, we have the truth of the

assertion.

Case 2. xl.eB for each i =1,2,...,n.

n
Let us suppose the co(x ,Xx.,...,x } 1is not contained in UF(x.).
1 2 n : i=l

n n

Let z = £a.xx.1 wher e a.x A> 0, Sa =1 and z/K(xa) for any
i =l i =l

i=1,2,...,n. Therefore there exists w,,w,...,weF such that

12 n
[x*, W]€G for each i =1,...,n and (Tz-w*z-x.} <0, i =1,2,...,n.

Now for any j and k from 1 to n we have

(Tz-wg,z-xK) + (Tz-y , Z'é')
= (Tz-wk,z-xk) + (Tz-wj, z-xj) + (V\/\-V\é,xj-zﬁ().

The first two terms on the right hand side are negative and the

third is non-positive, G being nmonotone; we have for all | =1,2,...

and k =1,2,...,n

(8) (Tz-w. ,z-x") + (Tz-w., z-x.) < 0.




Mul tiply (8) by a.J and sumover | and using the fact that

a. >0 and Sx. =1
DA 3

(Tz-SX W, Xr.) +'(Ty-vv., Z-SX.X.) < o,
J J K K 3 3

(9)
(Tz-Bx .w ,z-x_) < o0, (vz = Boe.x.)

again multiplying (9) by & and sumi ng over k we obtain

(Tz-Soc . w z- 22, xN) <0, or 0<0O,

] ] X
whi ch gives a contradiction. Hence by lemma 1, there exists a

yoeK such t hat yg D F(x), which is equivalent to saying that
xeK
there exists Y,*K for which

(Tyo W, yo-x) ~ 0 for all [x,wWeG

whi ch conpl etes the proof of the theorem

Wen E is a locally convex space: F = E*, the dual with the
t opol ogy of uni form convergence on bounded sets and the bilinear
pairing is the natural one [x,f]—f(x), we have the follow ng par-
ticular case. This corollary has been the basis of "nonotonicity"
nmet hods for the solution of nonlinear equations in Banach spaces.

For nore references see Browder [4].

Corollary 2. (Browder [4], Proposition 1): Let K be a conpact
convex set in a locally convex linear space E, G a nonotone sub-
set of Kx E*, T a continuous mappi ng of K into E*. Then there

exi sts an el enent Ug of K such that for all elenents [uw of G




we have

(Tue-w, ug-u) ~ 0.

In corollary 3, we have a nore special case of theorem 3.
But we give a direct proof for it by using lenmma 2 (below which
is a consequence of lemma 1 and was given in the sanme paper by
Ky Fan [7], Browder [2] proved corollary 3 and used it for ob-

tai ning sone fixed point theorens.

Lemma 2. Let K be a nonenpty conpact convex subset of a Haus-
dorff linear topological space E and A is a closed subset of

K x K having the properties
(10) (x,x)eA for every xeK,

(11) for each fixed yeK, the set {xeK : (x,y)/A) is convex (or
enpty).

Then there exists a point y,"K such that K x [y, ° A

Corollary 3. Let E be a locally convex space, E* the dual of E
K is a nonenpty conpact convex subset of E If T : K-*E* is a

conti nuous mapping, then there exists a point Y,eX such that
("(Yo)>yo-x) ~ 0, for all xeK

Proof. Let A= {(x,y)eKxK: (Ty,y-x) ;> 0}.
By continuity of T, A is closed ¢ Kx K  Let Ay= [x © (x,y) A
and | et xl,xzeAy and 0 £ "< 1, z = Axl + (I-x)x2 we have there-

fore (T(y).y-x) < O and (Ty,y-x;) < O




10.

(Ty,y-2) = (Ty,y-Axp - (1-N)x,)
= MTy,y-X1) + (1-A) (Ty,y-Xp)
<0
..o (z,y)/A and zeAy.

A is convex for each yeK
y

By lemma 2, there exists Y €K such that K x {yo} c A
. . . O -
i.e., there exists y0 in K such that (Ty ,y-x) ;> 0 for al

xekK.

Remark 3. It nust be nmentioned that theorem 2 of this note is far
frombeing satisfactory. W feel that the condition of strong con-
tinuity is too strong. The result should be true for conpletely

continuous functions. Then Altman' s result will followin its full

strength. W hope to inprove upon the present formin the future.
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