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TRIP and JUNC

by Oswald Wyler

Introduction

Adjoint functors [3] and triples (also known as standard constructions [8],
monads, and triads) were born at about the same time, and it was noticed very
soon that every adjunction induces a triple and a cotriple. Again at about the
same time — some years later — Eilenberg and Moore [2] and Kleisli [4] showed
that every triple (and dually every cotriple) is induced by an adjunction.

In fact, a given triple is induced by many adjunctions, and Kleisli provided in
a sense the finest, and Eilenberg and Moore the coarsest, adjunction which
induces a given triple. Maranda [6] and Linton [5] extended the universal pro-
perties of the Eilenberg-Moore and Kleisli constructions to natural transforma-
tions between triples on the same category. Recently, Pumpliin [7] constructed
categories with all adjunctions and all triples respectively as objects, and he
extended the construction of a triple from an adjunction, and the Eilenberg-
Moore and Kleisli constructions of adjunctions from triples, to functors between
these categories. The universal properties of the constructions then became
adjointness properties of the functors constructed from them.

In the present report, we modify Pumpliin's theory by introducing a more




natural category of adjunctions. The main tool for this is a theorem on con-
jugate natural transformations which we believe to be new, but which may well
have been in the folklore — at least of some folk — for some time. Special
versions of it have been in print for a long time. The category of adjunctions
- which we call JUNC -- is in fact a double category in the sense of Ehres-
mann [1], and as such it acts transversally on the two categories of triples —
called TRIP in this report — introduced by Pumpliin.
We usually present proofs in this report up to the point of drawing the

diagrams, but we leave the chasing to the reader. Our diagrams are mostly dia-
grams of natural transformations, and the Five Rules of Godement, and in par-

ticular Régle V, will be used very often.

1. The double_category JUNC

1.1. Conjugate natural transformations

An adjunction (F,U;‘?.EL) from a category )Q to a category Y?, called
source and target of the adjunction, consists of two functors U : Jl“*ﬁf and
F: ¥—ARA, and of two natural transformations 1] : Id¢ —>UF and £ :

FU —Id A, subject to the conditions
U£~',7U=idU, gFoF’7=idF.

We call 17 the unit, and & the counit, of the adjoint situation,
Note that - denotes the "transversal"™ composition of natural transforma-
tions of functors between the same category, and that we do not use a symbol for

the "lateral" composition of functors, or of a natural transformation preceded




or followed by a functor. This will be a consistent practice.

We consider now two functors and two adjunctions, with sources and targets

indicated by the following diagram. No commutativity is implied.

Ao —E 5 A
‘ N
Fo on F1 Ul
g, — %

With these notations, we prove the following theoren.

Theorem, The following three conditions for natural transformations Mo

and /“1 are logically equivalent, and each of them defines a bijection between

natural transformations M, ¢ Q Uo~—-——,)U1 P and oyt Fl Q—>P Fo .
(1) peg For @7, = Uiy 77 Q.
(ii) PE U = 8 PeF M .

(iii) The diagram
‘ &
A(F ¢, 8) —>E (c, U )

b lq
'
ﬁ,l(PFOC,PA) ‘g’l(QC,QUOA)
\fl(,u,c » P 4) Clac,pu))

Rl(Fch ,PA)»f-"g——ain(Qc , U] PA)

is commutative for every pair of objects A of A‘o and C of ‘do .

Proof. The top of diagram (iii) relates f : F, C—>A in f£, to g:




C—>U A in € ifend only if f=¢g, (F ¢) and g= (U, f)7‘,C . The

vertical arrovs transform f and g into f; = (P £) Horg and g = Mo, (Q g)

which must be related in the same way as f and g . If (i1) is satisfied, then
Ep, (Fy &) = (&) Py (Fype ), (F) Q)

= (PEO)A (Hl Uo)A (Fl Q Uo f)(Fl Q '70)0

(P‘Eo)A (p Fo Uo £) Vﬁ. Uo Fo)C (Fl Q'70)0

(Pg) (Pg, F ) (P F070)C pg = Py, =1,
and diagram (1i1) always commutes.

Conversely, if all diagrams (1ii) commute, put C = Uo A, g=id Uo A,
Then f=£°A ’ gl=/uoA , and

f

1 = Py By = (g Py (Fyp)y -

Thus (ii) is valid. We must also have g = (U1 fl) (71 Q UO)C . Thus

Mo = Uy By Ty Uoe 7120, s
and /“1 determines Mo uniquely.

If only /‘"1 is given, and we define Mo by the formula just obtained, then
diagram (iii) commutes for C = U4, g=3dU_ A, and (ii) is valid by the
preceding paragraph. But then diagram (iii) always commutes.

One proves dually that (i) <=2 (iii), and that there is a unique f4 for

which (i) and (iii) are valid if only Vo is given.

Definition., We call Mo ¢ QU, —>1Uy P and M1+ F Q—>P FO conjugate

natural transformations, frem the adjunction (F‘O,Uo) to the adjunction (Fl’Ul) ,

if they satisfy (i), (ii), (iii) in the theorem just proved.




We note that our theorem is well known, and the definition well established,

for the case that P and Q are identity functors.

1.2. Double categories

Definition. A double category JD consists of the following.
(i) Categories P8t ana DT with the same class of morphisms. These

morphisms are called cells of D .

(ii) Categories _&1 at and Jltr with the same class CbZ> of objects.
Morphisms in /21""‘ and ﬂ,tr are called lateral and transversal arrows of I’ .
(iii) Functors diat DT — AT ana dzr :Il)mt —>}Llat (c=0,1),

and functors idlat :)Q,tr —)E)tr and idtr : I’gl at —>1D lat .

lat . nd in Alat is called lateral composition of JD and

Composition in D
denoted by .I. or no symbol, and composition in .Dtr and in j{tr is called
transversal composition of DD and denoted by T or just - .,

These data are subject to the following conditions.

(iv) di“t ia®® - A ana T 1™ = 1AM (C=0,1) . Every

1
cell id'®% U is an identity morphism of J)2*

, and every cell 1d'F P is an
identity morphism of DY .

(v) AL« i defined for cells x , /3 if and omly if A°° A= a®®x ,
and Yy is defined for cells % , Y if and only if dzrx = d{rtx .

(vi) 1f p,’;_u, o'.:i_y, FiT R, ch‘fJ’ are defined, then

(TR L (y7x) = (SLy)T (Bie) .

o -

We call this the middle interchange law.

The data and conditions are somewhat redundant; the purpose of this paper




is not served by parsimony in this respect.

If a cell & is an identity morphiem of J)ht or of D tr , then clearly
£= 1412t diatﬁ or £ =ia"™ d:rg' respectively by (iv) and (v). Thus we
may identify the objects of ]Dlat with the transversal arrows of /) , and the
objects of Dtr with the lateral arrows of J/) . We shall always do this.

Every cell o« of ZD induces a diagram

tr
do X
Aoo ? Aol

lat lat
do X dl e 8
tr
4, T
Lo 4

composed of objects and arrows (of both kinds) of JD . We call this diagram the

frame of X ., Frames without cells form a double category in an obvious way, and

mapping each cell of D into ite frame defines a functor of double categories.
An obvious example of a double category is the double category of commutative

squares over a category €. Aless trivial example is presented below.

1.3, The double category JUNC

We define a double category JUNC , with functors as lateral arrows and

adjunctions as transversal arrows, as follows., A frame of JUNC is a diagram

Ae ‘_—'P;*'? A,

€, —2 8

of functors and adjunctions (units and counits not shown). A cell of JUNC




consists of a frame and of two conjugate natural transformations /u,o t Q U0 —_
. . . ca s
U; P and Mot FQ —>P F, which fit into the frame. We may use (uo,,ul)
or more elaborate notations to denote such a cell.
Composition of lateral arrows of JUNC is of course the usual composition
of functors. Lateral composition of cells (PO,QO; Fos ,ul) : (FO,UO) — (Fl,Ul)

and (P,Q5V,v;) ¢ (F,U;) —> (F,,U,) is defined by

(vf’l‘)o = voPo' Q'Il./“o ’ (')/u)l = P1/"‘1")1Qo °

This is clearly associative, and id &% (P,U) = (id U, id F) acts as identity
cell. d;t)r and d;r are functors for lateral composition, and it remcins only
to verify that (v/u)o and (v/u_)l are in fact conjugate natural transforma-

tions, The diagram

\7}2 9%
Y Y%7 Q171 0 AR
vo Fl Qo
Qlf’Lo Fo Q1 Ull"'l U2 Pl"‘l
v PP’

o

shows this by verifying condition (i) for (V/Q)o and ('»'ltl)l

We compose adjunctions by putting
(F',U',?]',e") o (F,U,~7,£) = (FF, U U,j’,é’) ,
with‘i" =U'1} Fu7' and £ = £+Fg'U ., Ve have
EFF e FF'7 = gFF' « F/UPF « FFUYF - F Ry

= ¢FF » Fr]F'v Felp « FF'I:?' = idF F




and dually U' U €. '7' U'U = 1d U' U ., Thus the composition of adjunctions is
an adjunction, Composition clearly is associative, and (1a€¢, 14 ‘f) , Wwith
unit and counit id Id § , is the identity adjunction on ¥ . Thus adjunctions
are the morphisms of a category, with categories as objects.

Now let (P,Q; pies pty) = (F,U ) —>(Fy,0,) end (QR;p,, ;) ¢ (FE,0)
—> (F},UJ) be cells of JUNC which fit together transversally. We define

their transversal composition by putting

- - ! C [ 4 L d ' = ' *
(Pepdy = U p, s PoU, v (QeH)y = j By Fipy
This is clearly associative, and T P = (P,P; id P, i@ P) , with identity
adjunctions as lateral source and target, acts as transversal identity cell. The

commutative diagram

> >
1 ] L
‘71 R U1 7]1 F1 R
P ] ' [
270 U1 f1 Hhhe
V4 \ 4 \ 4
' e ' ' >
o Fo U1 ,'71 Q Fo
(] [ [] ' [ 1]
RUo oFo U10'7701?0 ul Ul“l Fo
(4 \ 4 (V4
v r M LN F M
0O 0 0 o0 1/50 "0 0

shows that (@« ,u)o and (f -/u)l are conjugate natural transformations,

by verifying condition (i). Thus we have a category J'UNCtr .

The commutative diagram

%

7
R1 fo Uo 5o Qo Uo

B [mar

J
A\ 4

7
1
5% Ul Po U2 > Po




and the corresponding diagram for /Ml ’ vl y § y » Oy Drove the middle inter-
change law TP VM= (o> V)(f«-/&) , and the remaining conditions for a

double category are easily verified for JUNC,

2. _The categories TRIP

2.1. Categories ’I‘RIP0 and TRIP:L .

We recall that a triple T = (T,z, /«A) on a category € consists of a
functor T : ‘{?—-‘>\f and natural transformations J¢ : Id ¢ -—>T and pm :
TT —>T such that peT> = idT = pceeT and Lo T = Lo pu T,

We call 7¢ the unit and gL the multiplication of T .

We define categories ']'.‘RIPo and 'I‘RIPl with triples as objects as follows,
If 'I'o and "I"l are triples on categories f;) and E)l » then a morphism
(P,7) : To ——>T1 of TRIPO consists of a functor P : g; '——'J’f?l and a

natural transformation 77 : P '.['o ~—>Tl P which satisfies the conditions

R‘-Pj(ozyt’lp' ,r.P/(,(D =#1P'T17to)'rT0.

Tl ~— T, are morphisms of TRIP_ ,

e

1f (PO,T:O) : T —>T and (B,7)

then (Pl’ 1c-l)(P2, 752) is defined by

(Pl, rrl)(Po, 7:0) (P1 Py’ P eP 7:.—0) .

1 1
This is clearly associative, and (Id ¥, id T) is the identity morphism of a

triple (T,%,t) on € . Ve have

Ty Pee By e By R =B, oy Py =2, B By

and the following diagram is commutative.
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pa
. <

>
Plﬂo To Pl Po/“'o
Trl J?o To P1 Tl no P1 Ro
L - . »
Plﬁl Po
T, By 7, ™ hE mP
> >
. m, P

o™ % tp By By

This shows that (Pl,Trl)(Po,‘Tro) is in TRIP . Thus TRIP  is a category.
The category TRIPl can be considered as a conjugate of TRIPO . Objects

are again triples. A morphism (P,7t) : To —> Tl of TRIP, consists of &
functor P : fo —> g) 1 of the underlying categories and a natural transformation

JT ¢ TlP-—>PT° , and we require that

n")&?:PXo’ n‘o/uleP,uo./tTooTl;t.

. . 2 . . m - .
The composition of morphisms (Po’ n’o) : To—-—9 Tl and (Pl’ ITi) : T1->T2

is given for TRIP1~ by

(B, 70 )2, 75) = (B P , B A_ sy P) .
The proof that TRIPl is a category is exactly analogous to that for 'I‘RIPo H

we omit 1it.

2.2, Transversal action of JUNC, on TRIP;

We do not define in general the action of a double category on a category;
the following discussion will make it clear what ie meant by this.
When considering the interaction of JUNC and TRIP , we must always

restrict ourselves to two subcategories .Zl'UNCo and JUNC:L of JUNC which
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correspond to the two categories TRIPO and 'I‘RIP:l .

JUNC =~ consists of all cells (P,Q;VO, vl) : (FO,UO) ——>(Fl,Ul) of JUNC
for which Fl Q=P Fo and Y, =id Fl Q=i1id P Fo . JUNC0 -is clearly closed
under transversal and lateral composition, and all lateral and transversal
identity cells of JUNC are in JUNCo . Thus JUNCo is a double subcategory

of JUNC with the same arrow categories.

Dually, JUNC. consists of all cells of JUNC for which Q Uo = U1 P and

1
'Po =3id Q Uo = id Ul P . This is also a double subcategory of JUNC,
The intersection of JUNCO and JUNCl consists of all commutative frames

of functors and adjunctions, with identity transformations inside,
An adjunction (F,U, '7,2) with source f acts transversally on a triple
(T,Je,/.t) on ﬁ. , from the left, by the law
(r,U) » (T,2¢,) = (UTPF,Mu) ,
with:’{=uxF.7 and A= UMF+ UTgTF. We have
F-UTF;’Z = UpaFe UT£TF e« UTFUXF « UTF7
=U,,ngUTJCFvUTgF-II’l"F'7=idUTF,

and similarly for g «>U T F . The diagram

UTFUTETF, _ UTFUMF

UTETPUTF [UTgTTR UTETF
V yrrserr VY UTWF V
7
ULWFUTF UpmTF UpF
.J, UTeTfr V UMmF Y
re P




commutes, vcompleting the proof that (U T F,%2, F) is a triple. This is the
action of a category on a set with target function, with the formal laws which
one expects. The transversal target of a triple is of course the category on
which it acts. The formal laws are easily verified; we shall not discuss them,
We extend the action of adjunctions on triples to a transversal left action

of JUNco on TRIPO by putting
(P,Q, '\)o, id) L (P’ ]C) = (Q ) Ul.rr FO ¢ vo To Fo) ’

for (P,7) in TRIP  and (P,Q;>0, id) : (F,U o) —>(F,U;) in JUNC_ .
If (Ti,l’i,/,Li) are source and target of (P,7) in JUNCO (i=0,1),
then we must verify that (v , id) « (P,/r) is again in TRIP_ , with source

and target (Fi,Ui) . ( )Ry My ) (1 =0,1) . Ve have

T . Q.?c"o = U aF - VOTOFO . QaneoFo . Q7°

Uym P e Uy PXFy o ¥ Fye Q7o

U)c PF ’71

Qs

using V. = id P Fo and P Fo = Fl Q 1in the last two steps. The diagram

\)OTFUO'I‘ / QU T g, T F

0 00
:r’FUTF / QU}A.OFO\
U PT £, T
U'TFVTF‘ UTP&*TF
1 o
UTEPTF UTT‘TF'
U1 ‘I‘1 Fl Ulrr UlTlr‘F _ 17T Fo
Ul '1‘161 TlPF N Ul"LlPFQ

7 7
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commutes, and this completes the proof.

Transversally, this is again the action of a category on a set with target
function. The transversal target of (P,77) in TRIP is P, and thus we
have a transversal target functor from TRIPo to CAT , the lateral arrow cate-
gory of JUNC . With respect to lateral composition in J'UNCo and the composi-
tion of TRIPO , the action of .J'UNC0 on TRIPO is a functor of two variables.
We have verified the proper behavior for objects, and (Vér 14) « 7 clearly is
an identity morphism if ()’o, id) and 7 are identity morphisms. It remains
to verify the middle interchange law. Thus let (Pi, TCi) : (Ti,l’i, ;41) —

(T1+1' )(i+1’ s i+l i+1’Ui+1)
in J'UNCo y for i=0,1. We must show that, in shorthand notation,

) in TRIP and (Pi,Qi,vio, id) : (Fi,Ui) —> (F

- i ¢ = i v i e ( T
(7 o18) - (02 Lid) e 7)) = (4 ,40)(» ,id)) « (7).
This follows immediately from the fact that the diagram

N

7
Ql "’oo To Fo vlo Po To Fo

4

Q'1 U1 Tro Fo U2 P1 )To 1;‘0
WV
-3 >
Vlo Tl F1 Q'o U2 TT?L F1 Qo

commutes, and that Fl Qo = Po Fo .

The action of JUNC:L on 'I'RIPl is defined dually; we put

(P,Q; 14, v)) o« (7)) = (@, Uy F e Uy 1))

for (P,n) : (TO, "‘o’l‘o) -—->(T1,x1,/¢1) in TRIP and (p,q; ia, "1) :

(FO,UO)—-7(F1,U1) in JUNC, .

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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2.3. The functors D

; ¢ JUNCi ——-;’TRIP:.L .

For an adjunction (F,U, M€ ) , we put
D (F,U) = Dy (r,u) = (U F,7 ,UsF) .

This is a triple on the target category of (r,u) .

For a morphism (P,Q; Yoo id) : (FO,UO) —> (Fl,Ul) of JUNC , we put
D, (P,Q; v, id) = (Q, Yo Fo) : D (FO,UO) —> D (Fl,Ul) .

We claim that this defines a functor Do : JUNCo —> 'I‘RIPo for the lateral com—

position of JUNCo , and that Do preserves transversal composition, i.e. that

D, (p-p) = p- (D p) ,
in abbreviated notation, if the lefthand side is defined.

Dually, we define D, : JUNC1 4 TRIPl , Wwith the same properties, by

1
p, (P,Q; id, ”1) = (q, Ulyl) 2 Dy (FO,UO) — D (Fl,Ul)

for a morphism (P,Q; id, vl) : (FO,UO) ~—>(F1,U1) of JUNC, .
We prove our claims for Do as follows. We denote by S : JUNCo —> CAT

the transversal source functor on JUNC , i.e. S (P,Q; Yo id) = P, and
by 2 : TRIPO —>» CAT the transversal target functor on TRIPo « S is a func-
tor for lateral composition, and S (5) ~p) =8 M for transversal composition.

We define a functor I : CAT —> 'I‘RIP0 by putting
IR = (Idﬁ,ae,/u) with x=p=1id IaF
for a category ﬁ , and
IP = (P,3dP) : IA—>IR

for a functor P : A -—>B . This obviously defines a functor I . We note that
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D, (r,u) = (P,U) o I8 (F,U)
for an adjunction (F,U) , and
D » = »veISv

for a morphism ¥ = (Vo, id) of JUNCo . Now the desired formal properties
of Do follow immediately from the corresponding properties of the transversal
action of JUNCO on “l‘RIPo , and of the functor S .

We note that I is a left adjoint coretractor of Z . If A is a cate-

gory and (T, ./~4-) a triple on a category & , then
(P, 2P) : IA—>(T,0¢,p)

in TRIPo for every functor P : £ —> ¥ , and this is clearly the only mor-
phism from IR to (T,%¢,m) in TRIP  with trensversal target P . Thus
I is left adjoint to Z., and the identity functors IdR : & —> Z I define
the unit of an adjunction (I,Z) .

The functor Dl : J‘UNC1 —> TRIPl is treated dually. If we define func-
tors 1 and Z for TRIPl , then we note that I is a right adjoint core-

tractor of 2 .

3, The functors E and K

3.1. Triple algebras and free triple algebras

We describe in this section the triple algebras of Eilenberg and Moore, and
the free triple algebras of Kleisli, with the properties which we shall need, but

without proofs. Let (T,’)C, ,u) be a triple on a category ‘é).
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Objects of the category ‘@T of triple algebras are all pairs (C,u) con~-
sisting of an object C of & and a morphism u : T C —>C of ¥ such that
ux, =1d C and up, =u (T w) . Morphisms f : (A,u) —>(B,v) of é’T are
all morphisms f : A—>B of &£ such that fu=v (T f) . Composition in E‘T
is lifted from composition in T .

We define an adjunction E (T,x,/u) = (FT, UT,Dc, ET) from {;’T to € as
follows., UL (c,u) = C for objects, and U £ is the morphism f : A —>B
for a morphism f : (A,u) —> (B,v) of algebras. This defines a functor ot .
' —> €. Veput F' C=(TCp) for objects, and F £=TF:F A
4 M B for morphisms f : A —>B . This defines a functor o E—g T ’
with UL FL =7 . For every algebra (C,u) , we have u : (T C,/AC.) —s (C,u)
in €7 , and we put £T (Cyu) =u s (T C,/AC) —>(C,u) . One verifies easily

that these data, and ’7T = X , define an adjunction as desired, and that
D E(T,2,u) = (T,2,u) .

We note that u = (UgT)A for an algebra (A,u) .

Objects of the category EQT of free triple algebras are the objects of ‘é?,
and FT on objects is the identity mapping. We find it convenient, however,
to distinguish the object C of £ from the object F’I‘ C of %)T in notation.
A morphism in %’T (Fp A, Fy B) is a pair (f,B) with f:4A ~>T3B in €.
Composition in E’l‘ is defined by (g,¢) (£f,B) = (ch (Tg)f,c), and
14 Fy C = (k, , C) for an object C of ¢ .

We define an adjunction K (T, ./u) = (E‘T, UT,Z,ET) from &:D to &
as follows. Fp f = (7(B f; B) for amorphism f : A —>B of ¥, and )
UT (£,B) = Mg (T £) for a morphism (f,B) of cé’T + One verifies easily that

thie defines indeed functors U'I' : ?T —2 @ and F‘I‘ : € -—7‘6’ , and that
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Up Fp =T . We define g : Fp Up —> Id & by putting (g Fp), = (1d T 4, 4)
for an object A of f, These data, together with '7,1, = ¢, define an adjunc-
tion as desired, and

Dy K (T,5¢,m) = (T,«7,/u) .
ir (£,B) : FoA—>F, B in €, and g:A—> TB in ¥, then we note that

(£,B) = (& Fplg (Fp &) and g = (Up (f,B)))eA if and only if f =g .

3.2. The functor E : TRIP1~—>JUNC

1

Theorem. Let (F,U) be an adjunction and (T,Je,/u) a triple. For every
morphism (Q,77) : D (r,U) —-—-}(T,x,/.() in TRIP, , ¢t is exactl mor-
shisn (P,Q; id,»,) : (F,U) —>E (T,%2,u) in JUNC, such that (Q,/T)

= Dl (PoQ; idw.vl) .

Proof. A functor Q and a natural transformation - : TQ —> Q U F are

given so that
77e2eQ = Q-7 , TepMQ = QUEF o TUF o Tor ,
ond we must find a functor P and a natural transformation Pl : FT Q—> PPF
which satisfy
T T T
U P =QU , 7t=le, Q”17=Ul)1°9¢Q9
and hence also &_T P = Pg - vl U.
We must put PA = (QU A, 7DA) for an object A of the source of (F,U) ’

where ?A :TQUA-—>QUA defines an algebra. But then

?A - (UTeT P)A ,
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and we must put ?A = (QUg) A (rru) A in order to satisfy all requirements.

For f : A—>B, we must put

Pf = QUf : (QUA,¢,)—>(QUB,pp) .

Thus the requirements determine P uniquely, but we must verify that we have

defined a functor.

The morphisms @ A define a natural transformation
q‘ = QUeg€e7TU : TQU —QU .

Thus each P f is a morphisms of algebras, and hence P a functor, if each P A

is an algebra. Each P A is an algebra if and only if
SD-.xQU=idQU, c})-ﬂQU:(f-Tsn.
For this, we note that
(/'>.xQU = QUeg ¢ 7TU ¢ QU = QU £ - Q;7U = idQU ,
and that the diagram
_pmeu,
TRU U

FUFPU . QUSFU
>

Pl

TQUg QUFUe QUe

v Ay QUe

>
7 7

commutes.

There is a unique natural transformation Vl : FT Q —>PF such that
T .
v -xQ = Q.'7 . If always 77, : (T qQ C’I“QC) ~>(QUF C'?m) » then

o= U ¥, » since we also have jT-)Q = Q"7 . Thus we must show that




19

TT-,MQ = q')F-T'rr. But this says TT',AQ = QUgPF . wUF » Tr

which 7 must satisfy.

Corollary. The adjunctions E (T,7¢,p) define a yight adjoint coretractor

E: 'lRIP1 -—>J’UNCI of the functor Dl : .J"UNCl —-—-=;~’I‘RIP1 .

This follows immediately from the Theorem. In order to obtain E for mor-

phisms, use the proof of the Theorem for (P,U) = E (T',)e',/,u).

3.3, The functor K : 'I‘RIP0 -—9JUNC°

Theorem. Let (F,U) be an adjunction and (T,%,m) a triple. For every
morphism (Q,77) : (T, 2, ) —>D, (P,U) 4in TRIP , there is exactly one
morphism (P,Q; v, id) : K (T,¢,x) —>(F,U) in JUKC, such that (Q,7%)

=D (P,Q;,, id) .
Proof. A functor Q and a natural transformation v : QT —>U F Q are
given so that
7&:¢Q-9e=q7Q, 7E-Q/.L=U£FQ e UFIC e 5t T ,

and we must find a functor P and a natural transformation VO : Q UT —>U P

which satisfy

"
<
by
°
O
N

PFT=FQ , T = voFT ’ 7Q
and hence alsgo PgT = EP+s F Vg
ir (f,B) : F, A —>F, B, then (£,B) = (s-T FT)B (FT f) , and thus
P(£,B) = (PPl (PR ) = (gF Q) (Fre)y (FQ )

if the requirements are satisfied. Thus P is unique, but we have to verify
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that P is a functor and that P F'I‘ =FQ.

If £f:A-—>B, then

PFTf

(P Q)y (Fr)y (FQady (FQf)

(ePQy(Fpa)y(Farf) = Far .

Thus P F

p=FQ, and P (ia Fyp B) = 1d (p Fq B) follows. The diagram

FQf Pate o _ Fop
Fr

7
/"B "1C yf
FUFQg 4 FUFm, (FUgF Q)

> >
Erap Erqre ERuFgC kmc
FQeg Fr. ) (&FQ)

- b
Pd 7 I

commutes for f : 4 —>T B and g : B—>T C, and thus
(P (g,0)) (P (£,B)) = Py, (Tg)f,C) .

Now all properties of P are verified.

There is a unique natural transformation Yy ¢ Q UT —>U P such that
Y, Fp+ QX = 7Q, sndwehsve e Q¥ = Q. Thus (%FT.)B = Tty for

all objects, and 7T = Vo FT , if
my (@ Uy (£,8)) = (UP(£,B)

whenever (f,B) : Fp, A —>F, B . The commutative diagram

T
4 - 4
T Targ Ty

UFQTS UFmp (TeFQ)y N

~

¥
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shows that this is indeed the case.

Corollary., The adjunctions K (T,%, IL() define a left adjoint coretractor

K : TRIPO — JUNCO of the functor Do : JUNCO—-') 'JE‘RIP0 .

This follows immediately from the Theorem.

4. Duality

P

Dual double categories do not come in pairs, but in quadruples. If we
reverse the transversal arrows, but not the lateral arrows, of a double cate-
gory D , then we obtain a conjugate double category _/_7)0 » with the same cells,
but with the order of transversal composition reversed. Thus Dtrans and

CDc)tmns are dual categories, while IDI 8t and (Dc)lat

are the same cate-
gory. This carries over to the two arrow categories. If we reverse lateral
arrows, but not transversal arrows, then we obtain a transpose double cate-
gory th with Dlat and (.Dt)lat dual, and otras g (mt)trans the
same. Finally, we can reverse all arrows to obtain a symmetric double cetegory
DS - (Dc)t = (!Dt)c .

The usual categorical duality replaces every category ¥ with a dual cate-
gory €°P , every functor F : Jt —> B with a dual functor F°P : {%P — BOP
and every natural transformation /w ¢t F—>G with its dual ,uOP : ¢%P —s FOP .

The dugl of an adjunction (F,U;?,z) A — B is an adjunction
(F.U;'t;.z)Op = (u°P, 7P, &P, nP) 2 BP— P

The arrov is reversed because left and right are interchanged. The dual of a

triple (T,?] ,’4) on a category € is the cotriple (TOP, 7op’ /AOP) on 2’°P .
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The behavior of arrows indicates that categorical duality induces an iso-
morphism of the double category JUNC and its conjugate JUNC® . It is easily
seen that this is indeed the case. Since left and right are interchanged in

adjunctions, duality interchanges JUNCo and JUNC carrying either of these

1 ?
double categories into the conjugate of the other.
Duality also provides an isomorphism of TRIPO with a category CO’I‘RI with
cotriples as objects, and of 'I‘RIPl with a category COTRO of cotriples. The
left action of JUNC, on TRIP, becomes a left action of (JUNCJ.)C on COIR,

i
for j £i , and hence a right action of JUNCJ. on COTRj . The functors Di
become functors Dg : .(JUNCj )lat —_—> CO‘I‘Rj which preserve the right transversal
action, i.e. D:].* (qx.;(%) = (DSa) +{3 for appropriate o and B . The
Eilenberg-loore construction of coalgebras for cotriples leads to a functor E* :
CO’I‘Ro — .JUNC0 ,» a right adjoint coretract of D’; : JUI\ICo —> CU’J‘RO » and the
Kleisli construction leads to a functor K* : CO'.[‘R1 -—-)J'UNCl » a left adjoint

coretract of D‘l* .
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