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T R I P a n d J U N C

by Oswald Wyler

Introduction

Adjoint functors [3] and triples (also known as standard constructions [8]f

monads, and triads) were born at about the same time, and it was noticed very

soon that every adjunction induces a triple and a cotriple. Again at about the

same time — some years later — Eilenberg and Moore [2] and Kleisli [4] showed

that every triple (and dually every cotriple) is induced by an adjunction.

In fact, a given triple is induced by many adjunctions, and Kleisli provided in

a sense the finest, and Eilenberg and Moore the coarsest, adjunction which

induces a given triple. Maranda [6] and Linton [5] extended the universal pro-

perties of the Eilenberg-Moore and Kleisli constructions to natural transforma-

tions between triples on the same category. Recently, Pumpllin [7] constructed

categories with all adjunctions and all triples respectively as objects, and he

extended the construction of a triple from an adjunction, and the Eilenberg-

Moore and Kleisli constructions of adjunctions from triples, to functors between

these categories. The universal properties of the constructions then became

adjointness properties of the functors constructed from them.

In the present report, we modify Pumplun's theory by introducing a more



natural category of adjunctions* The main tool for this is a theorem on con-

jugate natural transformations which we believe to be new, but which may well

have been in the folklore — at least of some folk — for seme time. Special

versions of it have been in print for a long time. The category of adjunctions

— which we call JUNC — is in fact a double category in the sense of Ehres-

mann [l], and as such it acts transversally on the two categories of triples —

called TRIP in this report — introduced by Pumplun.

We usually present proofs in this report up to the point of drawing the

diagrams, but we leave the chasing to the reader. Our diagrams are mostly dia-

grams of natural transformations, and the Five Rules of Godement, and in par-

ticular Regie Vf will be used very often.

1. The double category^^JOMC

1.1. Conjugate natural transformations

An adjunction (F,U;w, £_) from a category Ji to a category c$, called

source and target of the adjunction, consists of two functors U : Ji ^ ^ and

F : ^ — > f i , and of two natural transformations t) : Idfe7 — ^ U F and £ :

F U — > I d A , subject to the conditions

U £ . - M U = idU , £ F «> F 7? = i d F .

We call rj the unit, and £ the counit, of the adjoint situation.

Note that • denotes the fltransversalw composition of natural transforma-

tions of functors between the same category, and that we do not use a symbol for

the "lateral" composition of functors, or of a natural transformation preceded



or followed by a functor. This will be a consistent practice.

We consider now two functors and two adjunctions, with sources and targets

indicated by the following diagram. No commutativity is implied.

With these notations, we prove the following theorem.

Theorem. The following three conditions for natural transformations /t

and LU are logically equivalent, and each of them defines a bisection between

natural transformations jUL : Q U

(i) ̂ O F O .

f\ J P P

( i i ) P£O

( i i i ) The diagram

c A)

C , P A)

, P A)

C , Q Ufl A)

C ,

J11(P1 Q C , P A)

is commutative for every pair of ob.iects A of A and C of
— — 0 — _

Proof. The top of diagram (iii) relates f : P C >A in Jte to g :



C — > U Q A in ^ Q if and only if f = £a (FQ g) and g « (UQ f) -#o . The

vertical arrows transform f and g into f. = (P f) uf and g, = juo (Q g)

which must be related in the same way as f and g . If (ii) is satisfied, then

Uo>A <'l « Uo f)(Pl

fl •

and diagram (iii) always commutes.

Conversely, if all diagrams (iii) commute, put C = U A , g = id U A #

Then f = £ , g = u^ , and
A x ' A

fl - ^ O U I V A - fei^A^l^A •

Thus ( i i ) i s valid* We must also have g1 = (l^ ^J ( ^ Q Uo)c # Thus

A - ui p^o- ^ 7

and ytt. determines fu. uniquely•

If only ju^ is given, and we define u by the formula just obtained, then

diagram (iii) commutes for C ^ U ^ A , g = i d U A , and (ii) is valid by the

preceding paragraph. But then diagram (iii) always commutes.

One proves dually that (i) <£=p (iii), and that there is a unique f< for

which (i) and (iii) are valid if only JUL is given.

Definition. We call JUQ : Q U Q — ^ V ± P and ju± : ̂  Q — > P P Q conjugate

natural transformations, from the adjunction (P ,U ) to the adjtinction (FlflL) ,

if they satisfy (i), (ii), (iii) in the theorem just proved.



We note that our theorem is well known, and the definition well established,

for the case that P and Q are identity functors.

1.2. Double categories

Definition, A double category JD consists of the following.

(i) Categories JD at and JD r with the same class of morphisms. These

morphisms are called cells of JD •

(ii) Categories &lat and AtT with the same class ObJD of objects.

Morphisms in A a and Jt r are called lateral and transversal arrows of JP .

( i i i ) Functors d*at :JZ>tr—->/ltr and d f : $ l a t ~H>A l a t (^ = 0, l ) ,

and functors i d l a t :Atr~>£>tr and i d t r : Jt1** —»JD ***

Composition in $ ) l a t and in J^at is called lateral composition of JD and

denoted by -i- or no symbol, and composition in j£> and in J\_ is called

transversal composition of JD and denoted by T" or just • •

These data are subject to the following conditions.

(iv) d j a t i d l a t = UhtT and d * r i d t r = I d A l a t ( L - 0 , l ) . Every

dent

identity morphism of IP r

cell id a U is an identity morphism of JD > and every cell idfcr P is an

(v) ^Sxoc is defined for cells X , fi> if and only if dlat

and yj-oc is defined for cells & , y if and only if d*ry

(vi) If p x « , <Tj-.y, yT~& , o~/9 are defined, then

We call this the middle interchange law.

The data and conditions are somewhat redundant; the purpose of this paper



is not served by parsimony in this respect.

If a cell 6" is an identity morphism of J£> a or of 3 r , then clearly

alat£ - idxat d£ E or £ = id d* £ respectively by (iv) and (v). Thus we

may identify the objects of j[> with the transversal arrows of 3D , and the

objects of 3D r with the lateral arrows of JD • We shall always do this.

Every cell ot of JD induces a diagram

composed of objects and arrows (of both kinds) of $> • We call this diagram the

frame of <X • Frames without cells form a double category in an obvious wayf and

mapping each cell of li> into its frame defines a functor of double categories.

An obvious example of a double category is the double category of commutative

squares over a category o • A less trivial example is presented below.

1.5. The double category JUNC

We define a double category JUNC t with functors as lateral arrows and

adjunctions as transversal arrows, as follows. A frame of JUNC is a diagram

P u u.

of functors and adjunctions (units and counits not shown). A cell of JUNC



consists of a frame and of two conjugate natural transformations /t : Q U
/ o o

Uj P and /ux : F1 Q — > P FQ which fit into the frame. We may use (/xQ

or more elaborate notations to denote such a cell.

Composition of lateral arrows of JDNC is of course the usual composition

of functors. Lateral composition of cells (P ,Q \ fx ,/-<}) : (F fU ) — ^ (F^U,

and (P1,Q1; VQ, v>2) : (?v\) —> (l^V is defined by

= vo Po •

This is clearly associative, and idlat (P,U) = (id U , id P) acts as identity

tr trcell, d and d^ are functors for lateral composition, and it remains only

to verify that (

tions. The diagram

and * are in fact conjugate natural transforma-

U2 V l Qo

shows this by verifying condition (i) for (V/U) and

We compose adjunctions by putting

with ̂ W « U1 ?) Pf • V and I" « £ - P £ # U •

£ F Pf • P Pf JT = 5.P Pf * F ^ ' U

.

We have

P P1 Uf M P1 • P

F fy = id P P1
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and dually U1 U £ - V) Uf U = id Uf U • Thus the composition of adjunctions is

an adjunction* Composition clearly is associative, and (id^f, Id^) , with

unit and counit id Id & , is the identity adjunction on if • Thus adjunctions

are the morphisms of a category, with categories as objects.

Now let (P,Q;/*c,̂ ,) * (^V ^ ( V V and (Q'
—>(FJ fU£) be cells of JUNC which fit together transversally. We define

their transversal composition by putting

<$>./*)o . v±iuo. f o u o , (?^)x - ^ F ; . F I P I .

This is clearly associative, and idtr P - (P,P; id P, id P) , with identity

adjunctions as lateral source and target, acts as transversal identity cell. The

commutative diagram

7i
-»

*lo
\/

U' u , F« R
^

Ji ll ri
U i f l Ui Ul P l f l

p P1

jo o

- ^

V
.70 / 0 0

u i«Mp
0

u i Q 70 F ;

-*

V

u i Ff

o

P u j?' J?" u; u - -
Jo o o 0 l / o o 0

and (p*/1^ are conjugate natural transformations,shows that (|
4"**

by verifying condition (i). Thus we have a category JUNC

The commutative diagram

o o



and the corresponding diagram for f** 9 V. , j>. f <T\ prove the middle inter-

change law crp • v/u = (CT*v)(j:>-/^) 9 and the remaining conditions for a

double category are easily verified for JUNC.

2. The categories TRIP

2.1. Categories TRIP Q && TRIP1 •

We recall that a triple T = (Tf^,yU.) on a category *<f consists of a

functor T : *&—><£ and natural transformations X : Id ̂  • — > T and f^ :

T T — > T such that / u - T p € « idT « y u * x T and ju* T f+ = Ju */&? .

We call 3d the unit and ̂ JU the multiplication of (F .

We define categories TRIP^ and TRIP̂ ^ with triples as objects as follows.

If T and T^ are triples on categories *£ and fe , then a morphism

(P,7r) : T Q — ^ ^ of TRIPQ consists of a functor P : £? '~*^\ and a

natural transformation rr : P T — ^ T. P which satisfies the conditions
o 1

T * p* 0 - ^i p . fir* P/H> " /"l P * T i ^ * ^ T
o •

If (P , 7T ) : T -*>T- and (P,,/?,) : f. — ? f„ are morphisms of TRIP ,
O Q O X J. 1 JL <- O

then (P1,Kr1)(P2,7T2) is defined by

This is clearly associative, and (id *$f id T) is the identity morphism of a

triple (Tf3*,yu) on if. We have

*! Po * Pl^o ' Pl P o ^ o - *i Po ' P l ^ Po - ^ 2 Pl Po

and the following diagram is commutative.
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T2"iPo

This shows that (P. ,7T_ )(P f7T ) is in TRIP . Thus TRIP is a category,l l o o o o ° *

The category TRIP can be considered as a conjugate of TRIP • Objects

are again triples. A morphism (P,7tr) : f — > f. of TRIP, consists of a

functor P : *& — > £1 of the underlying categories and a natural transformation

K : T1 P P T o f and we require that

P = P

The composition of morphisms (P , ft ) : f — ^ f- and (P.f 77t) : f.

is given for TRIP^ by

The proof that

we omit it.

is a category is exactly analogous to that for TRIP ;

2.2. Transversal action of JUNCL on TRIP.

We do not define in general the action of a double categoiy on a category;

the following discussion will make it clear what ie meant by this.

When considering the interaction of JUNC and TRIP f we must always

restrict ourselves to two subcategories JUNC and JUNCL of JUNC which
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correspond to the two categories TRIP and TRIP. .

JUNCQ consists of a l l c e l l s (P,Q; : (P0»UQ) H ^ , ^ ) of JUNC

for which P. Q = P P and V = id K Q = id P P . JUNC -is clearly closed
X O X X 0 0

under transversal and lateral composition, and all lateral and transversal

identity cells of JUNC are in JUNC . Thus JUNC is a double subcategory

of JUNC with the same arrow categories.

Dually, JUNC1 consists of all cells of JUflC for which Q U Q = ̂  P and

^ = id Q U Q = id Ux P . This is also a double subcategory of JUNC.

The intersection of JUNC and JUNC- consists of all commutative frames
o 1

of functors and adjunctions, with identity transformations inside•

An adjunction (F,U,?7,£) with source Ji acts transversally on a triple

on jl , from the left, by the law

(P,U) o (T,3

with X = U X F . » and fi « U JULF • D T £ T P . We have

p U T P x = U ^ F * B T £ T F • U T F U ^ P * U T F >?

= U ̂  F - U T it F - U T ^ P • U T P y = id U T P ,

and similarly for /S~ • p£ U T F . The diagram

U T P U T S T F _ U T lJJj± F

U T E T P U T P

V U T T S T P .̂

fj. F U T P

V U T £. T P

D I £ T t l 1 U T £. T P
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commutes9 completing the proof that (u T F9oS9ju) is a triple. This is the

action of a category on a set with target function, with the formal laws which

one expects. The transversal target of a triple is of course the category on

which it acts. The formal laws are easily verified; we shall not discuss them.

We extend the action of adjunctions on triples to a transversal left action

of JUNC on TRIP by puttingo o

(P,Q, v o, id) = (Q , U 1

for ( P , T T ) in TRIPo and (P ,Q;v Q , id) : in JT3NC

If are source and target of (P,TT) in JUNCQ (i = 0, l) ,

then we must verify that (v' , id) » (P»rr) is again in TRIP , with source

and target (F^I^) * (T±9x JLL ) (* = 0, l) . We have

1 1 o

using v> = id P F and P P = P1 Q in the last two steps. The diagram

V T P U T Po o o o o o

, Tn Pn v T P \ U n T. P £- T P
l l l o o o \ l l o o o

U l T l £ 1 P To F o \ . U l ' r T o P o

Q U T £ T P
o o c o o o

v T T P / » T Po o o o / o o o
U l P/^r Ps°

Tt P.

/



commutes, and this completes the proof.

Transversally, this is again the action of a category on a set with target

function. The transversal target of (P,7r) in TRIP is P , and thus we

have a transversal target functor from TRIP to CAT , the lateral arrow cate-

gory of JUNC . With respect to lateral composition in JUNCQ and the composi-

tion of T R I P Q , the action of JUNCQ on TRIPQ is a functor of two variables.

We have verified the proper behavior for objects, and (v-f Id) • JT clearly is

an identity morphism if (v' , id) and 7r~ are identity morphisms. It remains

to verify the middle interchange law. Thus let (P. f 7C.) : (T.f2f.

^t.+1) in TRIP and (P.,Q.,V. , id) : (F ,U.) — >

for i = 0 , 1 . We must show that, in shorthand notation,

- ^ l o ' i d ) ( V o o ' i d ) )

This follows immediately from the fact that the diagram

in JUNC

U2 P l % Po

commutes, and that P, Q = P P .

The action of JUNĈ  on TRIP]L i s defined dually; we put

(P,Q; id, V2) • (P,- ,T) . (Q , U1n-Po . Ux T j ^ )

for (P,vr) : (TQ , « o , ^ Q ) - ^ . ( T 1 , X 1 , / i 1 ) in TRH^ and (P,Q; id, v>x) :

(FO ,UQ ) in

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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2.3. The functors D. : JUNC. — ;

1 1 JL

For an adjunction (F,U, *?,£ ) , we put

D Q (F,U) = D± (F,U) = (U F, * , U £ F) •

This i s a tr ip le on the target category of (F,u) .
For a morphism (P,Q; y Q , id) : (FQ,U )—J> (F1,U]L) of JUNC , we put

D (P,Q; v , id) = (Q, *^ F ) : D (F fU ) —> D (F. ,U.) .
O O O O O O O O x x

We claim that this defines a functor D : JUNC — ^ TRIP for the lateral com-
0 0 0

position of JUNC , and that D preserves transversal composition, i.e. that

in abbreviated notation, if the lefthand side is defined.

Dually, we define D. : JUNC.—> TRIP. , with the same properties, by

D± (P,Q; id, ̂ ) = (Q, U 1 V 1 ) : J>± (P0,UQ) — ^ J>± i?^)

for a morphism (PfQ; id, v ^ : (FofUQ) —*> (V^U^) of JUNC]L .

We prove our claims for DQ as follows. We denote by S : JUNC — > CAT

the transversal source functor on JUNC , i.e. S (P,Q; v f id) «= P , and

by Z : TRIPo — > CAT the transversal target functor on TRIPQ . S is a func-

tor for lateral composition, and S (̂ >»yu.) = Sju for transversal composition

We define a functor I : CAT — > TRIPQ by putting

Ijl = (ldi^,Pe,yU) with ^ = /^ = id

for a category jh 9 and

I P = (P, id P) : IA--^ I&

for a fxinctor P : A —*3J # This obviously defines a functor I . We note that
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D Q (P,U) = (P,U) o I S (F,U)

for an adjunction (FfU) f and

D p = v> * I S ^
o

for a morphism v> = (v> , id) of JUNC . Now the desired formal properties

of D follow immediately from the corresponding properties of the transversal

action of JUNC on TRIP , and of the functor S .o o

We note that I is a left adjoint coretractor of Z . If JL is a cate-

gory and (T,;>efyL(J a triple on a category *$ , then

(P, *P) : lA~-> (T,X,yu)

in TRIP for every functor P : Jt — ^ ^ * and this is clearly the only mor-

phism from Ijk to (Tf3*,yu) in TRIP with transversal target P . Thus

I is left adjoint to Z,9 and the identity functors Id it : A —•* Z I A define

the unit of an adjunction (l,Z) .

The functor D]L : JWl^ —$> TRIPj^ is treated dually. If we define func-

tors I and Z for TRIP , then we note that I is a right adjoint core-

tractor of Z .

3* The functors E and K

5»1. Triple algebras and free triple algebras

We describe in this section the triple algebras of Eilenberg and Mooref and

the free triple algebras of Kleisli, with the properties which we shall need, but

without proofs. Let (T97C9fu.) be a triple on a category *£.
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Objects of the category % of triple algebras are all pairs (c,u) con-

sisting of an object C of %> and a morphism u : T C — T > C of ^ such that

T
u ^ c = id C and uyk-, = u (T u) . Morphisms f : (A,u)—>(B,v) of £ are

rp

all morphisms f : A — > B of ^ such that f u = v (T f) . Composition in £

is lifted from composition in T ,

We define an adjunction E (T97C9//u) = (p
T
f V

T
9x9 £ T) from ^ T to <g as

follows. U (Cfu) * C for objects, and U f is the morphism f : A — > B

for a morphism f : (A,u) — ? (Bfv) of algebras. This defines a functor U :

g T — > % . We put PT C = (T C,yUc) for objects, and FT f = T F : FT A

> F B for morphisms f : A — ^ B . This defines a functor P : *6> —^g9
 9

with U P = T . For every algebra (C,u) , we have u : (T C,/^.) — ^ (C,u)

in £ , and we put £ (cfu) = u : (T C,yuc) — > (C,u) . One verifies easily
Tthat these data, and ">1 = X , define an adjunction as desired, and that

D E (T,^

We note that u = (U£ ) for an algebra (A,u) .

Objects of the category ĵ L of free triple algebras are the objects of *6'

and P-, on objects is the identity mapping* We find it convenient, however,

to distinguish the object C of $ from the object P« C of $L in notation^

A morphism in i?T (PT A , PT B) is a pair (f,B) with f : A — ? T B in ^ .

Composition in ^ is defined by (g,c) (f,B) = ^ (T g) f , c) , and

id PT C = C*c , C) for an object C of ^ .

We define an adjunction K (T,>e,yu) = (FT, U T , ^ , £ T ) from ^ to *&

as follows. PT f = fcg ff B) for a morphism f : A — > B of ^ , and

UT (f,B) = juB (T f) for a morphism (f,B) of ^ T • One verifies easily that

this defines indeed functors UT : ̂  ~^ <£ and PT : £ — > ^ T , and that
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UT PT = T . We define 2 T : FT UT - > Id ̂ by putting (^ P T ) A = (id T A, A)

for an object A of %. These data, together with 'M- = K* define an adjunc-

tion as desired, and

D 1 K

If (f,B) : PT A — > PT B in %'T and g : A —^ T B in SB , then we note that

(f,B) = (£T P T ) B (PT g) and g = (UT (f,B)) Hk if and only if f = g .

3.2. The functor E : T l f f l ^ — ^ ^

Theorem. Let (P,U) be an adjunction and (T,^ fyu) a triple. For every

morphism (Qfrr) : D1 (PfU) —j>(?9i£f/u) l a TRIPĵ  f there i s exactly one mor-

phism (P,Q; id, v>x) : (P,U) —> E (T,̂ e ,yu) i a JUM^ such that (Q,/r)

= Dx (P,QJ i d / ^ ) .

Proof. A functor Q and a natural transformation rr : T Q — ^ Q U P are

given so that

TT'MQ, = Qr? , / T ^ y U Q = Q U £ P • T T U P - T *rr ,

and we must find a functor P and a natural transformation >->. : F Q ~ > P P

which satisfy

UT P = Q U , TV « UT V Q-w UT, Q-w = UT ^ •

Tand hence also £ . P = P ^ ' V ^

We must put P A = (Q U A, a>^ for an object A of the source of (P,U) ,

where a>A : T Q U A — > Q U A defines an algebra* But then

7A - <»VF'A ,
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and we must put <p. = (Q U £ ) . (n"U)^ in order to satisfy all requirements.

For f : A — ^ B , we must put

P f = Q U f : ( Q U A , ^ ) ^ ( Q U B

Thus the requirements determine P uniquely, but we must verify that we have

defined a functor.

The morphisms (f> A define a natural transformation

<T = Q U £ • VT U : T Q D — > Q U .

Thus each P f is a morphisms of algebras, and hence P a functor, if each P A

is an algebra. Each P A is an algebra if and only if

<p • X Q U = i d Q U f

For this, we note that

Q U = • Ta>

Q U

and that the diagram

Q U £ i d Q U f

T Q

V

Q U F U£

commutes.

A.

There is a unique natural transformation V- : F Q — > P F such that
UT \>x • X Q

UT

= Q 71 . If always 7TQ : (T Q C,̂

, since we al90 have jz • X Q » Q ̂

->(Q U F C,^ p c) f then

Thus we must show that
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7T •yuQ B m F • Tnr . But this says n • u Q = Q U £ F . rrD F • Trr

which rr must satisfy.

, The adjunctions E (Tf^fiu) define a right adjoint core tractor

E : TRIP1 -—>JUNC1 of the functor ^ : JUNC^—>TRIP]L .

This follows immediately from the Theorem. In order to obtain E for mor-

phisms, use the proof of the Theorem for (P,U) = E (Tf f>e' 9

3.3. The functor K : TRIP —>JUNC
o o

Theorem, Let (F,u) be an adjunction and (Tf^efAx) a triple. For every

morphism (Q,7r) : (T,5e,yu) — > D Q (F,U) in TRIPQ , there is exactly one

morphism (P,Q; V Q > id) : K (Tf^f^c) —>(F,U) in JUNCo such that (Q,Kr)

88 Do (P,Q;vo, id) .

Proof, A functor Q and a natural transformation TvT : Q T —>\J F Q are

given so that

7C * Q -?£ s ^ Q f ^7 # Q ^ s U £ F Q • U P 7i? • re T ,

and we must find a functor P and a natural transformation ^ : Q L — ^ U P

which satisfy

P F = F Q jc s=yjF T j Q ^ y F ^ Q ^ P

and hence also P g- = £ P • F \> •

If (f,B) : FT A — > F T B , then (f,B) = (eT F T) B (PT f) , and thus

P (f,B) = ( p % F T ) B (
p PT f) - (£P Q) B (PTC) B (P Q f)

if the requirements are satisfied. Thus P is unique, but we have to verify
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that P is a functor and that P FT = F Q .

P P T f = ( £ F Q ) B

If f : A — > B , then

x)B (F Q * ) B (F Q f)

= (£ P Q)B (PyQ)B(PQf) = F Q f .

Thus P FT = F Q , and P (id FT B) = id (P FT B) follows. The diagram

P Q f F Q l ' g

connnutes for f : A —> T B and g : B — > T C , and thus

(P (g,c)) (P (f,B)) = P (yuc (T g) f , C) .

Now all properties of P are verified.

There is a unique natural transformation ^ : QU_ — > U P such that

vo PT ' Q x = V ' and we ~ 7 * T n u s f o r

al l objects, and 1Z = y F̂  , i f

(Q U^ (f,B)) = (U P (f,B)) /T
A

whenever (f,B) : FT A —> ?^ B . The commutative diagram

Q l f 3J5L

A

U P Q f

X B

BFir,B_
(U £ F Q)

B ?
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shows that this is indeed the case.

Corollary, The ad.iunctions K(T,}£, ̂<) define a left adjoint core tract or

K : TRIP — * JUNC of the functor D : JUNC — ? TRIP .o o -—-——————- o o o

This follows immediately from the Theorem,

4. Duality

Dual double categories do not come in pairs, but in quadruples. If we

reverse the transversal arrows, but not the lateral arrows, of a double cate-

gory JT> , then we obtain a conjugate double category JO , with the same cells,

but with the order of transversal composition reversed. Thus JT> rans and

t!9 C) t r a n S are dual categories, while jr}at and (l> c) l a t are the same cate-

gory. This carries over to the two arrow categories. If we reverse lateral

arrows, but not transversal arrows, then we obtain a transpose double cate-

gory J>* with £}** and (JD*)lat dual, and £> t r a n s and (ID*)*"118 the

same. Finally, we can reverse all arrows to obtain a symmetric double cetegory

The usual categorical duality replaces every category ^ with a dual cate-

gory # o p , every functor F : Ji -9 B with a dual functor P o p : Jlop ~~> B ° P ,

and every natural transformation K : P -—*• G with its dual yUop : G o p — > P o p .

The dual of an adjunction (F.U;^,?. ) s J& ~* B is an adjunction

(F,U;^,£) O p = (UOp, FOp, £ o p, 4jop) :^°P->cft,
op .

The arrow is reversed because left and right are interchanged. The dual of a

triple (T,rjfp) on a category # is the cotriple (Top, fjop, ̂ uop) on



22

The behavior of arrows indicates that categorical duality induces an iso-

morphism of the double category JUNC and its conjugate JUNC . It is easily

seen that this is indeed the case. Since left and right are interchanged in

adjunctions, duality interchanges JUNCo and JUNC- , carrying either of these

double categories into the conjugate of the other.

Duality also provides an isomorphism of TRIPQ with a category COTR- with

cotriples as objects, and of TRIP with a category COTR of cotriples. The

left action of JUNC. on TRIP, becomes a left action of (JUNC.)0 on COTR.

for j ^ i , and hence a right action of JUNC. on COTR. . The functors D.
J J ^

become functors D* : ,(JUNC.) — ^ COTR. which preserve the right transversal

action, i.e. D* (ot.&) = (D*ot) •{*> for appropriate <x and A . The

Eilenberg-Moore construction of coalgebras for cotriples leads to a functor E* :

COTR — ^ JUNC , a right adjoint core tract of D* : JUNC — > CoTR , and the
0 0 O O O

Kleisli construction leads to a functor K* : COTR^ — > JUNC1 , a left adjoint

coretract of D* •



23

R e f e r e n c e s

Categories et structures. Dunod, Paris, 1965.

2* S, Eilenberg and J. C. Moore, Adjoint functors and triples. Illinois J.

of Math. £, 381 - 398 (1965).

3. g^ Kan, Adjoint functors. Trans. Amer. Math. Soc. 8J, 294 - 329 (1958).

4» H, Kleigli, Every standard construction is induced by a pair of adjoint

functors. Proc. Amer. Math. Soc. 16., 544 - 546 (1965).
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