NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



LINEAR DIFFERENTIAL EQUATIONS
WITH DELAYS:
ADMISSIBILITY AND CONDITIONAL
EXPONENTIAL STABILITY, II

by
J. J. Schaffer*

Report 70-46

November, 1970

*This work was supported in part by NSF Grant GP-19126

/elb

n

£EB 3

vorsity Libraries
Carggg‘l: aslion Url\gl'ergg
Pittshurg: A 152

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY




Linear Differential Equations with Delays:
Admissibility and Conditional
Exponential Stability, 1II

by

J. J. Schaffer

1. Introduction.

In [2] and [3], C. V. Coffman and the present author
reported on a first attempt at applying to linear differential
equations with delays the methods of functional analysis de-
veloped for linear differential equations by Massera and
Schaffer (see especially [4]) and for linear difference
equations by themselves in [1l]. The primary purpose of
these investigations is to relate properties of the non-
homogeneous equation such as "admissibility" ("for every
second member in some given function space there is a
solution in some given function space") and certain forms
of conditional stability behaviour ("dichotomies") of the
solutions of the homogeneous equation. The irreversibility
of the process described by an equation with delays made
it appear advisable to reduce the problem to the simplest
kind of irreversible process, that described by a difference
equation.

In a recent thesis (the substance of which is to

appear in [5]), G. Pecelli has obtained results of this
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nature for certain equations with delays by constructing
a theory parallelling that of differential and difference
equations, without reduction to either.

In this paper we present a simpler and more powerful
attack on the problem along the lines of [3]. Specifically,

we consider on [0, ) an equation of the form

(1.1) u+ Mu=r

and the corresponding homogeneous equation

(1.2) u+ Ma=0

in a Banach space E, ultimately to be assumed finite-
dimensional; r 1is a continuous vector-valued function:
the "solution"® u is defined on ([-1, o), and M, the
"memory functional', takes a continuous function u
linearly into a continuous function Mu in such a way
that the value of Mu at any given value t of the argu-
ment depends on the values of u on [t-1,t] only.

The assumptions of our main result (Theorem 7.3)
are that M transforms bounded functions "boundedly"
into bounded functions, and that (1.1) has at least one

bounded solution for each bounded r--in the tradition of
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[11, (21, (31, (4], "(E:E) is admissible for (1.1)".
The conclusion describes the behaviour of "slices" of
length 1 of solutions of (1.2) and its restrictions
to [m, ®) for real m > O: roughly speaking, the
slices of bounded solutions tend uniformly exponentially
to O, and there exists a complementary finite-dimensional
manifold of solutions of (1.2) whose slices tend uni-
formly exponentially to infinity and stay away uniformly
from those of bounded solutions: this behaviour is a
kind of "“exponential dichotomy", in the sense of [1].

This paper can be read entirely independently of [3].
This entails some repetition--indeed, the sequence of ideas
follows [3] rather faithfully--but appears justified by

the following remarks.

In ([2] and [3] it was assumed that the memory
functional, apart from a term depending on the “present"
value of u, had a gap behind the "present". This per-
mitted an inchwise explicit construction of the solutions
of (1.1) and (1.2) from the theory of ordinary differ-
ential equations. In abandoning the assumptipn of the
presence of this gap, we have to do without the explicit
construction; however, not only does our present approach
completely subsume the results of [3] (to show this

requires some messy routine computation, plus an obvious
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adjustment of scale), but it also simplifies the technical
aspects considerably, in doing away with overlapping slices
of different lengths and complicated computational verifica-
tions. Although we still rely heavily on [1], the final
results no longer exalt slices with integral endpoints
above the others.

Reliance on the theory of difference equations allows
us to avoid all consideration of possibly unbounded operators
and all explicit representations of M --say as a Stieltjés
integral--~and other, more technical complications of [5];
the use of a compactness argument first presented in [6]
allows us, for finite-dimensional E, to achieve the descrip-
tion of the behaviour of the solutions of (1.2) with no

extra assumptions.

As in [3], we have dealt here only with a concrete
example of the "continuous case"; however, the same method
is also applicable to the "Carathéodory case", where (1.1),
(1.2) only hold locally in £l , and where boundedness is
replaced by membership in translation-invariant spaces of
measurable functions. This and other matters, related to
the present paper as [2] is to ([3], will be dealt with
elsewhere,

The author wishes to record his indebtedness to
Professor C. V. Coffman for his valuable suggestions during

our detailed discussion of all aspects of this work.
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2. Spaces.

Throughout this paper, E will denote a given real
or complex Banach space; in Section 7 we shall assume
that its dimension is finite. The norm in E, as in all
normed spaces for which no other symbol is prescribed, is
denoted by || ||. If X, Y are Banach spaces, [X-Y] de-
notes the Banach space of operators (bounded linear mappings)
from X to Y, and we set ; = [X=X] .

We shall be dealing with sequences and with functions
defined on intervals of the real line. We denote by w the
set {0,1,...} of all natural numbers, and set Wy =
new: n2> m}, m=0,1,... . The notation for intervals

of the real line is the usual one.

If m, m' are real numbers [natural numbers] with
m' >m, and f is a function defined on [m, @) [on
whﬂl s then f[m'] shall denote the restriction of £
to [m', ) [to w[m']] .

Assume that X is a Banach space. For each natural
number m we denote by E[m](x) the linear space of all
functions f: “ﬁm]-*’x and by L?;](X) the Banach space
of all bounded ones, with the norm [J£} = sup{||£i{n)] :
nezaﬁm]} . For each real m we denote by E[m](x) the

linear space of all continuous functions f:[m, o) = X

and by g[m](x) the Banach space of all bounded ones
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among them, with the norm [fl = sup{||f(t)]| :te [m, @)} .

In all these notations the subscript is omitted when m = O.

Finally, we denote by E the Banach space of all
continuous functions £ :[-1,0] 2 E, with the norm

DE0 = max{||£(t)] : te[-1,01}.

The following example illustrates some obvious nota-
tional conventions. Suppose that g ¢ 4;0 (E) ; then (gl
is the element of 4® (R) given by [gl(n) = Qg [,
n=0,1,...; and f§gl = fflgll 4is the norm of g as

an element of £® (E) .

3. Slicing operations.

Let m > O be a given real number. For each t > m

we define the linear mapping TI(t) :K (E) »» E by
- ~[m—l] ~

(3.1) (N(t) £) (s) = f(t+s) se[-1,0], fe¢ B[m-l] (E)
Thus T(t) maps f into the "slice" of f between t-1
and t, transplanted to [-1,0] for convenience. (Note
that indication of m is omitted; this will not cause any

confusion.)

When m is an integer and fe Kim-1] (E), we define




71
(3.2)  @wf)(n) = LW@E newy , £e Ky oy (6

Thus <« is a linear injective mapping of g[m-l]' (E) into

g[m] (E) . We record the obvious description of its range.

3.1. Lemrﬁa. Assume the integer m > O and ge¢ '%[m] (E)
given. Then g =-wf for some fe¢ E[m— 1] () 4if and ohlx
if (g(n))(0) = (g(n+l)) (-1), n=m,m+l,... ; if so, then £

_'_g bounded if and only if g is bounded, and then [Kfl =1H0gl.

4. The memory functional.

We now make precise the assumptions on the "memory
functional" M that appears in (1.1). It is linear
and maps continuous functions into continuous functions,
and the value of Mu at t is to depend only on the
slice of u between t-1 and t. Specifically, we

assume the following:

(Ml) tM: 5[_11 (E) > K(E) 4is a linear mapping such

that if te [O,0) and u, u'e¢ 5[_11 (E) satisfy I(t)u =

I(t)u', then (Mu)(t) = (Mu') (t) .

Assumption (Ml) rermits, for each real m > O,

the "cutting down" of M to a linear mapping M

[m]
I.S[m-l] (E) _)E[m] (E) 2 Each uce¢ E[m—l] (E) satisfies
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u=V[m-1] - for some VvV G’IS[_ l] (E), and we may set M[m],u =

(MV)[m] ; since t > m implies M(t)v = N(t)u, assumption

(Ml) shows that M u thus defined does not depend on

[m]

the choice of v. If m' >m > O, these cut-down memory

functionals then satisfy

uezg[m

(4.1) Mt % mt-1] = (M[m]u) [m'] 1 (E).

It is obvious that (M implies the existence, for

1)
every te [0, @), of a linear mapping ﬁ(t) :E—->E such

that

(4.2) (M[m]u)(t) = M(t)I(t)u t>m> 0, uGEE[mrl](E)'
We shall generally impose the following additional

assumption:

(My): The restriction_gf M to S[_l](E) is a

bounded linear mapping M.C : [_1](E)-*'C(E).

If M satisfies (M and (M it follows at once

) ,)
that M(t) is bounded, i.e., in [E—E], for each t, with

(4.3) Ml = sup (llif(£)]| : £e [0, )]

We note in passing that tl--)ﬁ(t) : [0, ®w) — [E -+ E] is

then continuous in the strong operator topology; t*a-Hﬁ(t)“
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is lower semi-continuous, but need not be continuous.
Conversely, given a strong-operator-continuous and uni-
formly bounded function t \—’ﬁ(t) : [0, @) — [E~>E],
formula (4.2) with m = O defines a linear mapping M

that satisfies (M and (M

) ) -

5. Soiutions.

Henceforth we assume given the space E and the

memory functional M satisfying conditions (M and

1)

(M2).

For every regg(E), a solution of (1.1) is a

function ueag[_l](E) whose restriction u to [0, ®)

[O]

is continuously differentiable (the derivative is ﬁ[ €

0]

K(E)) and that satisfies ﬁ[ + Mu =r on [0, wm).

0]
More generally, for every real m > O, a solution of

(1.1)[m] is a function uezg[m_l](E) whose restriction

u[m] is continuously differentiable and that satisfies

u + M

[m]

m' >m >0 and u is a solution of (l.l)[m], then

[m]u = r[m] in [m, ®). In particular, if

u[m'—l] is a solution of (1'1)[m'] on account of (4.1).
These definitions and statements of course also apply to

the homogeneous equation (1.2).
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A function ue%[m—l] (E) is a solution of (1.1) 1if

and only if

t
u(t) = u(m) - I ((M[m]u) (s) - r(s))ds, t>m.
m

Existence and uniqueness theorems for the initial value
problem follow as usual from Banach's Contractive Mapping
Principle, and inequalities for the solutions from Gronwall's
Inequality. The inequality || (M q0) e < HMCH[]H(t)uD:

an immediate consequence of (4.2) and (4.3)? plays a
basic role here. We omit the details. In view of the
linearity of the equation, the results are summarized as

follows.

5.1. Lemma. For each real m > O there exist linear

mappings P(m) : E — Kim-1] (E) and Q(m) : K(E) — K1) (E)

such that, for every wve E and every re E(E), the function
u=P(mv + Q(mr is the unique solution of (1.1) [m] with

I(m)u = v ; and

| (B(m)v) (£)]] < I]VI]eXp(HMCH (t-m)) t2m, veE

(5.1)

) |
l@mz) (0] < ([ lz(s)ds)exp (M ]l (t-m) t3m, rek(m).
m ~
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We note the following corollary of Lemma 5.1 and the
preceding discussion on "cutting down" the domain of the

equation.

5.2. Lemma. If u is a solution of (1'2)[m] for

some m > O, then

pn(t)ul < 00t )ubexp (M|l (t-t))) , txt 2m .

6. The associated difference equation.

We construct a certain difference equation in E in
such a way that the values of a solution are the slices of
a solution of (1.1). For this purpose, we define the

linear mappings

A(n)

-I(n)P(n-1) : E—E
(6.1) n=1,2,...

B(n)

I(n)Q(n-1) : E(E) —E
and observe that (5.1) implies

A(n) € %, lam) | < explM.| n=1,2,...

(6.2)

0B()xl < [ (wr) (n) Dexp ||M,| n=1,2,..., reK(E)
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We set A = (A(n)) € £?a](§) and define the linear
mapping B : K(E)— g[ll(g) by (Br)(n) = B(n)r, n=1,2,...
With A thus defined, we consider the following

difference equations in E :

(6.3)

x(n) + A(n)x(n-1) £(n)

(6.4) x(n) + A(n)x(n-1)

i
O

and their restrictions

(6.3)[m], (6.4)[m] to n
m+l,m+2,... for mew. Here f ¢ 5[1](E)'

6.1, Lemma. Let me¢w and reK(E) be given.
A function x ¢ S[m](E) iﬁ.i solution of
if and only if x = Wu

(l.l)[m] .

(6'3)[m] ﬂ
f = Br

for some solution

u of
In particular, x

is a solution of

6.4
( ) [m]
iﬁ and only EE

(1'2)[m] .

X = Twu

for some solution u of

Prdof. If u is a solution of (1.1)[m] and n > m,
then u

[n-2] is a solution of (l.l)[n_1]7 by Lemma 5.1
we have

(wu) (n)

IT(n)u = H(n)u[n_2] = n(n)(P(n—l)n(n—l)u[n_Z]

+ Q(n-1)r) = -A(n)I(n-1)u + B(n)r

-A (n) (wu) (n-1) + (Br) (n)

2
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and so xXx = wu 1is a solution of (6.3) [m] with f =
Conversely, if x 1is a solution of (6.3) [m] with £ = Br,
let u Dbe the solution of (1.1) [m] with HO(m)u = x(m) .
By the first part of the proof, ~wu is a solution of

(6.3) [m]’ but (wu) (m) = I(m)u = x(m); therefore wu = x.

It is clear that not every £ ¢ S11] (E) is of the
form £ = Br. It is still possible, however, to relate

equation (6.3) with arbitrary £ to equation (1.1).

6.2. Theorem. For each f ¢ S11] (E) there exists

r e I’S(E) such that
(6.5) D(we) (M0 < K2 (0€(m-2) 0+ 1£(n-1)0) n=1,2,...

and such that the solution w of

{6.6) w(n) + A(n)w(n-1) = £(n) - (Br) (n) n=1,2,...

with w(0) = O satisfies

(6.7) fw(n)] < k(Df(n-2)0+ DE(n) D), n=1,2,... ,

where f£(-1) = £(0) = 0 _and k =—+ || M H .

HUNT LIBRARY
CARNEGIE-MELLCN UNIVERSITY
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Proof. We define ge;g[ll(g) by

(g(n)) (s) = -6s(1+s) (£(n)) (0) + s(3s+2) (M(n) £(n)),

Obviously,

(6.8) (g(n))(-1) = M(n)£(n) (g(r)) (0) =0 n=1,2,...,
(@]

(6.9) | (e (8)ds = (£(2)) ©) n=1,2,...,

and, using (4.3),

(6.10) Dgm) 0 ¢ 3 D€ 0+ M JDEm D = kDE(m) [

n=1,2,...

We extend £ and g by setting £(-1) = £(0) = g(-1) =

g(0) = 0; then (6.8), (6.9), (6.10) remain valid for n=-1,0,
except that the first formula of (6.8) becomes meaning-
less for n = -1.

We now define w ¢ s(E) by

0]
(6.11)  (w(n)) (s) = (£(n)) (s) + | (g(n-1)) (o)do
S

-1{s < 0, n=20,1,...
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It is obvious that each w(n) 1is indeed continuous. We

find w(0) = 0, as required, and, from (6.9),

(£(n)) (-1) + (£(n-1)) (0)

(w(n)) (-1)

~e

(6.12) n=0,1,...

(w(n)) (0) = (£(n)) (0)

further, (6.11) and (6.10) yield
(6.13) fwn) - £(n)l £ Ogn-1)1 < kO £(n-1)1 n=0,1,... ,

and (6.7) follows, since k > 1.
In order to construct r we define, for each ne¢ w[l],

a function z € E[n—Z](E) satisfying

z, = f(n) - w(n) ,

(6.14) H(n—l)zn = -w(n-1), M(n)
but otherwise arbitrary; it is possible to find such a
continuous function because - (w(n-1))(0) = -(£f(n-1)) (0) =
(£E(n)) (-1) - (w(n))(-1) , by (6.12). We define hezg[l](g) by

(6.15) h(n) = g(n-1) + I(n)M n=1,2,...

[n-1]%n

We note that, on account of assumption (Ml), hn depends
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on z, only through its values on [n-2,n], hence is
determined by (6.14). By (6.15), (6.8), (4.2), (6.14),

we have, for n = 1,2,... ,

h(n) (O) (g(n-1)) (0) + (M

[n-1]Zn) (®)

M(n)M(n)z_ = H(n) (£(n) - w(n)) ,

h(n+l) (-1)

It

(9(n) (-1) + M iz ) ()

M(n)£(n) + M(n)T(n)z ., = M(n) (£(n) - w(n)) ,

so these elements are equal for each n. By Lemma 3.1

there exists r ¢ §(E) such that
(6.16) wr = h.

For n ¢ w[1] and n-1<t<n, (4.2), (4.3), (6.14),
(6.7), (6.13) imply

(6.17) | 3y2) ()] = M) N(e) 2| < HMS!H]H(t)znﬂ

VAN

M llmax {0 0(n-2)z 0, 00(n)z 0}

~

HMCHmax[ Qw(n-1)0,0£(n) - w(n) [}

< kM (DEm-2)0 + 0£(x-1) D) .

~
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Then (6.16) and (6.15), (6.17), (6.10) yield
0(wr) ()] < Og(n-1)0 + kHMgH(I]f(n-Z)I] + D£(n-1)10)
<K (DE(m-2)0 + DE(n-1)1) ,

i.e., (6.5), since k > 1 + M| .

It remains to be proved that w and r thus con-
structed satisfy (6.6). For this purpose, let ne w[ll
be fixed and consider the solution u of (l’l)[n—l]

with
(6.18) I(n-1)u = -w(n-1) = I(n-1)z .
Let t, n-1< t<n, be given. From (6.14),(6.11),(3.1),
() = g% (£() - w(n) (t-n) = (g(n-1)) (t-n) ,
and from (6.16), (6.15), (3.1),
£(t) = (h(n) (t-n) = (g(n-1)) (t=n) + (up 1 2) (8) ;
thus én(t) + (M[n_l]zn)(t) =r(t), n-l1{t<n, so

that z, satisfies (l'l)[n—l] on [n-1,n); by (6.18)

and uniqueness, z, and u coincide on [n-2,n]. From
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(6.14), Lemma 5.1, (6.18), (6.1) we have

f(n) - w(n) l'l(n)zn = [(n)u = O(n) (P(n-1)I(n-1)u + Q(n-1)r)

A(n)w(n-1) + B(n)r ,

and (6.6) is satisfied for this arbitrary n ¢ w[l]'

7. Admiésibilitv and the solutions of the homogeneous

equation.

The discussion in the preceding section enables us
to reduce the consideration of equations (1.1) and (1.2)
to analysis of the difference equations (6.3) and (6.4)
by means of the theory in [l]. We shall indeed have to
rely heavily on that paper for the crucial steps in the
proof of Theorem 7.3. M is still assumed to satisfy (Ml)
and (M2), and A, B are defined by (6.1).

We begin with the non-homogeneous equations. We say

that (C,C) is admissible with respect to M--more loosely,
with respect to (1l.1l)--if for every r ¢ C(E) there is a

bounded solution u of (1.1). We recall ([1; p. 154])

that, similarly, (La),La)) is admissible with respect

to A--or with respect to (6.3)--if for every f ¢ L?E](E)

there is a bounded solution x of (6.3).
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is admissible with respect

7.1. Theorem. (g,g

_t_i_g M if and onlz. if (1, ) is admissible with

respect to A.

Proof. 1. Assume that (E,E) is admissible with

respect to M. Let £ ¢ {,f[nl] (E) be given, and choose r

and w as provided by Theorem 6.2. Now (6.5) and (6.7)
imply that r and w are bounded (with [§rlg 2k2|f| s
Bwl < 2k0£[). There exists, by assumption, a bounded
solution u of (l1.1). Then -<wu is bounded, and satis-
fies (wwu)(n) + A(n)(wu)(n-1)= (Br)(n) , n=1,2,... ;
since w is a bounded solution of (6.6), we conclude

that u + w is a bounded solution of (6.3). Thus

a@

1% ,2®)

54 is admissible with respect to A .

2. Assume, conversely, that (Lm,«bm) is

admissible with respect to A, and let r ¢ C(E) be given.

By (6.2), Br e t7);(E) (with §Brl < BrlexplM]]): by

the assumption, there exists a bounded solution x of
(6.3) with £ =Br. By Lemma 6.1, x = @wu for some
solution u of (l.1); and this u is bounded. Thus

(g,g) is admissible with respect to M.

The admissibility of (im ,’{,JCD) with respect to A

implies, under certain additional conditions, an exponential

dichotomy of the solutions of the homogeneous equations (6.4) [m]
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(see [1; Section 7]): roughly speaking, the bounded
solutions tend uniformly exponentially to O, there exists
a "complementary" manifold of solutions of (6.4) tending
uniformly exponentially to infinity, the two kinds of
solutions remain uniformly apart, and together they span
all solutions. Since Lemma 6.1 provides a bijective
correspondence between solutions of (1.2)[m] and (6'4)[m]
(for integral m), Theorem 7.1 will allow us to translate
that result into an analogous implicafion for differential
equations with delays. We shall restrict ourselves here
to finite-dimensional E; this will allow us to make use

of the following compactness result.

7.2. Lemma. If E is finite-dimensional, then A (n)

is a compact operator for n = 1,2,...

Proof. Let n ¢ wr1] and v ¢ E be given. Then
u = P(n-1)v is the unique solution of (1'2)[n-1] with
I(n-1)u = v (Lemma 5.1). By (6.1), A(n)v = -T{(n)u.

Therefore

n+s
(.2) @@v) () = -uims) = -uiel) + [0, 0 @)de
n-
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By (4.2), (4.3), and Lemma 5.2,

(7.2) ([, 1w (o)l HMgHﬂH(c)u[] < HMEHﬂn(n-l)ul]exp".MSH

olviexsingl,  n-lgogn

~

Combining (7.1) and (7.2), we find

n+s'!
(7.3) ||@mv)(s') - @@mv)(s)] < f I MW (o) |lde

n+s

N

(s1-3) || 0w Dexplgl

-1{s {s' L O.
Formulae (6.2) and (7.3) show that A(n) maps the unit
ball of E into a bounded equicontinuous set of continuous
functions [0,1] — E; when E 1is finite-dimensional, it
follows from the Arzeld-Ascoli Theorem that the closure
in E of the image under A(n) of that unit ball is
compact. Hence A(n) is a compact operator in that case.
We now state our main result, to the effect that ad-
missibility of (g,g) with respect to M implies a kind

of "exponential dichotomy" of the solutions of (1.2)[m].
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7.3. Theorem. Assume that E is finite-dimensional,
and that (g,g) .ig admissible with respect to M. Then

there exist numbers yp,N > O such that, for every real m>O0,

éverg bdunded solutioh v of (1.2)[m] satisfies

~y(t-t )

(1)  O0T(t)vi < Ne ° Dn(e )vl for all £t

all £©t 2 m;

There further exist a finite-dimensional linear manifold W

of solutions g; (1.2), and numbers yp',N' > O, %o > 1 such

that, for évé;y real m 2 0, every solution u of (1.2)[m]

is of the form u =v + Yim-1]° where v is a bounded

solution and w ¢ W, and such that every solution w ¢ w

satisfies

_q v' (-t )
e

(ii): IM(e)wl 2 N ° 0 M(e)wl for all 3t >0,

(iii): 0N()wl ¢ A OT(t)w - T(£)vl for all tym) O

and all bounded solutions v of (1'2)[m]‘

Proof. 1. By Theorem 7.1, (ﬁm ,’{:m)

is admissible
with respect to A. We now refer to ([1] and [6] in order
to deal with equations (6.3), (6.4). Specifically,

condition (c) of [6; Lemma 4.2] is satisfied with

b=4a-= LGD; since every A(n) is compact by Lemma 7.2

r~ ~o ~

(one would be enough), we conclude from [6; Theorem 4.3, (b)]
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that the covariant sequence Eo is regular and that its
terms (which are the sets of initial values of the bounded
solutions of (6.4%n]; n =0,1,...) have constant finite
co-dimension in E. We can therefore apply the fundamental
"direct" result [1l; Theorem 10.2] and find that this covari-

ant sequence induces an exponential dichotomy for A .

2. To make this result manageable, we use the
description of an exponential dichotomy given by [1; Theo-
rem 7.1, (c)]. We observe from the proof of that theorem
that we are free to choose the splitting g ; and since
go(o) has finite co-dimension in E, we choose g to be
a (linear) projection along E, onto a finite;dimensional

complementary subspace, say

N

This choice of Z and

the regularity of E, imply that the values at any given n
of the solutions of (6.4) starting on % constitute a
complementary subspace to Eo(n); in other words, if x is
any solution of (6.4)[n], there exists a solution =z of
(6.4) with =z(0) ¢ Z such that y = x - z[n] -—-another

solution of (6.4)[n]—-is bounded.

The combination of [1l; Theorem 10.2] and [1; Theorem
7.1] as applied to our case then yields: there exist
numbers vy, yp!, Ny, Ni > 0, %l > 1, such that for any
integers 'no, n with n > ng 2 0, any bounded solution y

of (6'4)[n ] and any solution 2z of (6.4) with z(0) €2
o ~
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we have
-v(n-n )
(7.4) Jy(n)I ¢ Nye Oy(n )0
-1 V' (n_no)
(7.5) Oz(n)l 2 N} “e Dz(ng)
(7.6) Dz(n))0 < M0z - yn)D .

3. It now remains to translate this information
on (6.4) by means of Lemma 6.1 into the conclusion
of the theorem. We define W to be the finite-dimen-
sional linear manifold of solutions w of (1.2) with
N(0)we Z. 1In the rest of this proof, whenever wWewW,
we set 2z = ww and observe that, by Lemma 6.1, z 1is
a solution of (6.4) with z(0) = H(O)wezg, and that
all solutions of (6.4) starting from Z are of this

form.

Let weW and to’ t be given, with t > to > 0.

Let ng be the greatest integer < t0 and n the
least integer > t. Combining (7.5) and Lemma 5.2

we find

_, v (en)
pn(t)wlexp(M,[| > 0 M(n)wl = 0z(n)0 2 Oz(n ) IN; e

v'(n-n_)
= IT(n)wlN] -1 °

v'(t—to)

> D(e)wiN e exp(-|IM.])
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i.e., (ii) with N' =N! exp(2|M.[).

Let now m > O be given and fixed in the sequel.
If u is a solution of (1.2)[m], we choose an arbitrary
integer n > m and find that u[n_1] is a solution of
(1'2)[n]' By Lemma 6.1, 13u[n—l] is a solution of (6'4{n]7
by Part 2 of this proof, there exists a solution z of
(6.4) with =z(0) ¢ z, i.e., z=ww with w ¢ W, such
that wup, g4 Zpy = m(u[n—l] - Z[n—l]) = w(u - z[m—l])[n—l]
is bounded. Then (u - w[mrl])[n—l] is bounded, and

v =u -~ w[m—l] is a bounded solution of (1.2) [m] °

Let Vv be a given bounded solution of (1.2) [m] °
Let to, t be given, with t > to 2 m. If there is no
integer in the interval [to’t] , Lemma 5.2 implies
~v(t-t -1)

(7.7)  D(t)vD < DO(t )viexplM || < DO(t )vie © explM | ;

~

otherwise, let n, be the least integer > to and n the
greatest integer < t, so that n 2 ng 2 m. By Lemma 6.1,
y = mv[no_ 1] is a bounded solution of (6.4) [no] . Com-

bining (7.4) with Lemma 5.2, we find
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(7.8) D0(t)viexp(-||M[]) £ OR(n)vD = Oy(n) 0

~

-v(n-n))
< Oy(n))0N,e

-v(n-n))
ﬂﬂ(no)vﬂNle

-v(t-t - 2)

< 0n(e)viN,e epoMgH .

Since N1 21 (by (7.4) for n = no), we conclude from

e?Vexp (2[M ) .

~

(7.7), (7.8) that (i) holds with N = Nl

Finally, with v as before and with w e W, t > m
given, let n be the least integer 2> t; again y =
1nv[no_1] is a bounded solution of (6.4)[no]. Applying
(ii) to w, (7.6) to y and 2z = ww, and Lemma 5.2

to Wip1] ~ V s we find

po(e)wl < N'ﬂﬂ(no)wﬂ = N'ﬂz(no)ﬂ < KlN'ﬂz(no)— y(no)ﬂ

MN'ITHag)w - Tng)vl = MN' DT, (W 35-v) 0

< MN'IT(E) (W gy - V) DexpliM |

~

MN'II(t)w - T(t)vDexp|Ml ,

~~

i.e., (iii) with Ay = MN' exp|M|.

~
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Remark. éonversely, the conclusion of Theorem 7.3
implies, via Lemma 6.1, that Eo is a regular covariant
sequence and induces an exponential dichotomy for A. From
the "converse" theorem for difference equations, i.e.,

[1; Theorem 10.3], it follows that (£®,1t®) is admissi-
ble with respect to A; and hence, by Theorem 7.1, that
(g,g) is admissible with respect to M. Thus the converse
of Theorem 7.3 is valid. Since the proof, as outlined,

is straightforward and requires no fresh insight, we omit

it here.
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