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Observation and Prediction for the Heat Equation,II

V. J. Mizel and T. I. Seidman

Introduction. Consider an insulated uniform body occupying a bounded

open subset R of R" with piecewise smooth boundary OR. Under
proper normalization the temperature u = u(t,x) satisfies

u, = Au t> 0, xe R (1a)
=0 t> 0, (1b)
where u, denotes the (outward) normal derivative defined at all

points of OR except the negligible subset for which a normal is
not defined. Suppose it possible to observe the boundary value

f(t,-) = u(t,-)]aR throughout the time interval 0< t< T. 1Is it

then possible, given this data alone, to predict w(x) = u(T,x), X € R,
and furthermore is the problem "well posed"? More precisely, we ask
whether the mapping

A: frw (2)
from the linear manifold M of boundary values assumed by solutions

of (1) to the space LZ(R), is well-defined and continuous, topo-
logizing m by the norm of L2((O,T)xBR).

In our previous paper [5] we succeeded in showing that the answer is

affirmative whenever R 1is a c¢ylindrical region, i.e., when

m-1

R = (a,b)x® for some bounded open subset ® of R with




piecewise smooth boundary. The purpose of the present note is, first,
to show that the answer is likewise affirmative when ® is the
m-ball and, second, to discuss the problems involved in extending
these results to a more general class of regions R.

As in the paper»[S], the argument proceeds by using separation
of variables to reduce this problem to a problem in the theory of
approximation by exponential sums (Dirichlet series). The significant
new aspect of the present problem is‘the necessity of developing uniform
results concerning Dirichlet series approximation: results which are
valid for every series whose exponent sequence A = {%l,kz,...}
belongs to a prescribed class of sequences. As far as we know,
such uniformity problems involving a class of exponent sequences
have not previously been considered (except en passant in [1]).
For this reason, our results in this direction are presented in
somewhat greater generality than is needed directly for our application

(see §4).

8§2. We begin by noting that the mapping given in (2) is well-defined
for every bounded R with piecewise smooth boundary and every T > O.
This follows from the fact, implied by the unique extension property
for the heat equation, that the only solution to (1) which satisfies
the additional condition
u(t,x) =0 0< t< T, X € OR

is u = 0; see e.g. [5].

We now restict ourselves to an investigation of the mapping A
for the case of an m-ball, which without loss of generality we may

take to be of radius 1. The separability of the Laplacian for the




m-ball ensures that we may write any solution of (1) in the form

u(t,x) = i?ncine—xintﬂi(w)Rin(r), (3)
with t > O, w varying over the unit sphere, and r ¢ [0,1],
So X =1rweRr. (We refer to r as the 'radial' variable,
w as the 'angular' variable.) The [Qi] are the orthonormalized
'angular' eigenfunctions of A for R, the {Rin] are the corresponding
radial eigenfunctions for the Neumann boundary condition (1b), and
the {Ain] are the eigenvalues of ‘A pertaining to this boundary

condition. 1In writing (3) we have used the fact that in R

A = r1-m g%{rm~l g%] + r-zL

where I 1is a partial differential operator involving only the

'angular' variable w. It follows that
N, = v.Q, , i>1, (4)

(Note that the operator I. has multiple eigenvalues so each distinct

eigenvalue may appear several times in the sequence {vi}.) Likewise

2,2
Rint ¢ Rint? (Ain - \)i/r )Rin =0 (5)

1
Rin(l) = 0, Rin(o+) bounded.

We also have the normalization conditions

r i
oR

1
r -1
<Ry SRy > = JoRin(r) R, , (1) "dr =0 n # n (6b)




Ryp(D) =1, (6c)

and we set

! 2 m-1
N = jo IR, (0] %" tar. (64)

With the above normalizations the coefficients {cin} satisfy

-2A, t
i

2.2 n

T |e Nin

< @ for t > O, (7)
i,n

in|

since u(t,s¢) ¢ L2(R) for all t > O.

From the expansion (3) and from (6c) and (7) we see that

-A._t
£(t,x) = L(Z ¢ e in ) Q4 (w) X =w € OR, (8a)
in o< t< T,
-Aint
w(x) = =z (cine )Qi(m)Rin(r) X =1rw € R. (8b)
i,n

Using (6a) we have £(t,x)

T £.(t)Q. (w), with
i * 1

-A,s
£,(8) = i cipe =
= < £(t,2),0) >y = [ £(t,2)0,du
(9)
o< t< T, i=1,2,....

We introduce the following notation: for any sequence A = (xl,xz,...)
with "0 < Al < A2 < ... We write
— _ =At 2
[Al = sp {e :A € A} € L (0,m)
[Al, = 5P (e™ ¢ A) € L%(0,T).
Then let {Ln = LQ:n > 1} and {&g = Lﬁ’T:n > 1} denote linear

functionals--assuming they are well defined--such that




I
™
o2

2
Ln:w » bn whenever ® kE € [Al cL (0,m)

T _ 2
Ln:¢ - bn whenever p =Z bke € [AJT c L (0,T).
We will be concerned in particular with the eigenvalue sequences
A1 = {kln}n > 1 obtained from the boundary value problem (5). 1In

terms of the above notation and using equation (9) , we may express

the coefficients [c } appearing in (3) and (8) by

_,T ., _,T , .
Cin T Lin(fi) - Lin(<f’ni>8R) i,n2> 1,
A T
where for brevity we have written Lgn for L . Thus (8b) can
be written as
T -KinT
[Af] (x) = w(x) = ianin(<f,0i>aﬂ)Qi(w)Rin(r)e x =1rw € R. (10)
3

It follows that if each of the {Lgn} is continuously extendable to
all of [A.i]T c L2(0,T) and if we can obtain sujitable estimates
for the Htgn“ then we can estimate |Al|l. 1In fact, we have from

(6) and (10) that
2 2.2
[wlg = 1,nM n(KE,0,5) 3o | NS e

-2A, T
in

-2\N, T
T 2 in
< i?n\\& 121<£,05501 70, oy Nin®

-2\, T
T 2.2 in 2
< supi{ﬁ“Lin“ Nin® } lfI(O,T)xBR’
since by (6a) and the completeness of the [Qi],

2 2
23 1<£,9:>1 10, m= 1 £l (0, 7) xo8

(For convenience we will consistently use | |, with subscripts




for the range of integration, to denote integral L2 norms of
functions, and we will use || ||, without subscripts, to denote
operator norms of linear functionals and transformations.) Hence

we have the estimate

2\, T
inoy, (11)

1212 < sup, (2 W7 187 e
A, T

By the Hahn-Banach theorem, the functional Lz =1,

(defined initially on sp{e-Xt:A € A})) is continuously extendable

-\t
to [A]T if and only if the function e n’ 0< t< T, satisfies

At Nt 5
e ¢ [A- (An}]T = spf{e :k ¥ n} < L°(0,T). (12a)

In this case,

-\t -A, t
-1 .
“LE“ = inf[|le " - w'(O,T):w € sple k :A, € Ak +n}]

-ALt
dist (e s [A - [xn]]T). (12b)

Thus our prediction problem reduces to obtaining suitable estimates,

uniform in i, of the quantities{Nin} and

T -1 “Mnt
“Lin“ = dist (e sIA = N 1) (13)
§3. 1In this section we examine the sequences Ai and {Iﬁn]
given by (5). For the purposes of this section we may suppress the

subscript 1 and consider the eigenvalue problem:

R'+(7\-\)2/r2)R=O, 0<r<l,

R!!? +M
r

R(O+) bounded, R'(1l) = O, (5")




in which v appears as a parameter. We take v > 1, this being

valid for the eigenvalues vy given by (4) (see, e.g., [2]) We

seek the eigenvalues X = xl,kz,...amieigenfunctions R = Rl’RZ""

satisfying (5') with the normalization: . R(1l) = 1.
It is convenient to set z, =V%n in which case we can express

zn,Rn in terms of Bessel functions:

r1—m/2

Rn(r) = Jv(znr)/Jv(zn), and (14)

VA =z is the nth zero of J!.
n n AV}

This leads to the formula

A
n

2 1 2 m-1. 2 2
N = joRn(r)| r dr = jo Jv(z) zdz/AnJv(zn) .

On multiplying Bessel's equation by sz and integrating by parts

between O and z  ~We now obtain the uniform estimate

2 _ 1 2
N = 2(l -V /xn) < 1/2. (15)
Note that this also shows that %n 2_v2 > 1.

We proceed next to obtain a uniform lower bound for the separations

(zn+l - zn), namely we show that Zo+1 - Zp > 1/2. Note first that
with the change of scale rey=rz, ﬁ(y) = Rn(r), the differential

equation of (5') becomes
Rer + Bedfee (1 - V2yH)R = o (16)
Passing now to the polar phase plane variables (cf. [3])

ym_lﬁ' =p cos B, R = p sin 6,




one obtains the system

- v ym_3)]p sin 6 cos® ,

1- m-1 2
o' = Iy - (y
(17)
- - -3 .
o' = Y1 m cos2 6 + [ym 1. vzym ] sinf .
Note that the condition ﬁ'(zn) = 0 1is equivalent to cos e(zn) = 0.

For each interval [zn,z ] we have vy Z_Zn'Z_V >1 so 06 >0

n+1l

and we may find a (unique) subinterval (a,B) C Gzn,zn+1] for which
sinf 6(y) < y7?™ for y e (a,B)
sin2 g(a) = a2—2m , sin2 8 () = o.
: . l1-m 1-m
On this subinterval, by (17), we have 0' 2y < 20 so that
B -
6(8) - o) = [ 6ray < 2a™(8 - o).
a
But
1-m . .
a = |sin 6(B) - sin O(a)| < 6(B) - 6(a),
and this gives the desired lower bound for the separation:
Z ,1 - Zp > B - a2 [8(8) - O(a)]/max{6' (y):a L v < B)
(18)

> [sin 8(B) - sin 8(x)1/201™™ = 1/2.
(Although (18) gives uniform estimates of the separation of zeroes

of Jb for arbitrary v > 1, much more accurate asymptotic estimates

are available (e.g., in [7]).

§4. The present section is devoted to obtaining the needed estimates

for the quantities HL?n“ occurring in §2. 1In pursuing this goal

we develop, as mentioned earlier, results for approximation by Dirichlet




series which are uniform over certain classes of sequences.

We begin by referring to results of L. Schwartz ([9] §6,§9)

(see also [1l] and [4]). We restate these in a form convenient for our

purpose. In what follows a reqular sequence A = (Al,Kz,...) is one

for which zkl/kk converges and for which there is a positive lower
bound for the separations (kk+l' Kk).
Theorem (Sl): If A is a regular sequence then each function

Fe [Al © LZ((QOD) posesses a unique Dirichlet series expansion of

the form
_ n
F(r) = Endne (19)
which converges for complex T = t + icC in the halfplane t > O.
Moreover, there exists a positive function CA, defined on (0,®) by

+A -(A_=-A))t
e ~V27 3 <1+—-) 29 (2w " Pah

’ , 20
mEn A - (20)

which is bounded on each interval [to,co),tb >0, and for which

-(A_-€e)t -(Ny-€)t
5 \\{,m\e n < Mpye 1T for € > O. (21)
n
Consequently, for each F e [A] © Lz((lao),
-(N,=-€)t
€t F (£ + i0) | < |F|(O’a))CA(t)e 1 , for all O e < M.

Theorem (SZ): If A is a regular sequence and T > O, then every
function F € [A,]T is the restriction to (0,T) of a unique function

F* € [Al, and there exists a positive constant CA

o independent of F,

such that

A
1P 0,0) 2 [Fl (0,1 2 7IF*| 5 )
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We now wish to consider classes of sequences which obey a stronger
separation requirement than regularity. To wit, given 8 > 1

and 8 > O, we consider all sequences A satisfying

1/8 1/8
ISR DL n>1

(24)

xi/a > 26,

The regularity of such sequences is clear. Moreover by the results
in §3, the sequences Ai determined by (5) satisfy (24) with
6 = 1/4, B = 2.

The following result is a uniform version of theorems (Sl) and (SZ)'

Theorem 1: Iet £ denote the class of all sequences A satisfying

5,8
(24) for a prescribed pair 6,B with 6 > O, B > 1. Then there exists

a positive function C on (O,m), bounded on each interval [to,ao),

5,8

t > 0, such that
o

et A --()\l_E)t '
e IF e+ o) | < IFl (g, ) (E) e < 1Fl(0,@)%,p(®)
(25)
when A ¢ Sé 8 and 0 ¢ g_éB.
3
Moreover,for each T > O there exists a positive constant Cs 8,T
b ’
such that
A 5.8, for all Ae g5 o (26)
Proof: Define a positive sequence M = (ul,uz,...) as follows
w)¥® = 5+ e j > 1. (27)

We will show that we may take

C g (t) = M(e/2P).
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Since M is regular, M is, by theorems (Sl), bounded on each

interval [to,oo), t, > 0. Hence it suffices to verify the inequality

- (A58t - (w 6Py /2P

sup(cHt]e 1 ihe g, o)< cMie/2he T (28)
which by (20) is equivalent to

An - 6Pyt

Zn(l + )El)\ I
P)t/2P =2
M. Wathy -(u.-6")t/2
<5l +=sh2%n |A—XKie I

j 2r ki uj-uk
for all A € £5 8
3

Suppose A € £5 8 is fixed. By (24) and (27) there exists for each n
E
an index jn such that

AN_ € [, .
n € By ¥y

and n £ m implies j_ ¥ j,- In order to show that (28) holds
it is sufficient to show that each term on the left is dominated by
an appropriate term on the right. We show in fact that for each n

and for j = jn one has

_sB B B
%n 5 Rn+%m —(%n 5)t _l +u -(uj—é )yt/2
30 1 |5 e < (1+3DHn I“—]T |e : (30)
mEn 'n ‘m k5 "3k
Note that

A- 0f 2 10 - 1P - 116f 2 1P - 2P)/2P16P = /2t
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Thus

Ao —(?\n—és)t -(u'-j-<53)'c/2B

W 2
(l+§jr1:r1-e g(1+2—;—e s

and it remains only to compare the infinite products in (29).

by (24) we have, for k =1,2,...,

LB LB 26k,

ntk
so,since j = jn > 2 for all n,
Cn=k,1/8 _ (i=2K)6 _ i-k
A, $G-Ds <73
n>1, k>1
A . .
oy 1/8 < 36 < L
Mtk ((3-1)+2k) 6 ~ j+k
That is,
A M A (]
~ -k
v il g
n 3 n+k j+k

which implies that for both m > n and m < n,

’Kn+xm| 'ui+uj+(m-n7

An-xm

H57H5+ (m-n)

On noting that any discarded factors of the right hand product

Now

in (30) are greater than 1, we see that (29) has been proved.
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To complete the proof, we note that by Theorem S, there exists

2
cé‘) O for each A e § and we set
- - 4 A, .
°p = S1,5,8 1nf{cT.A_e £}
we need only prove that S > 0. If, indeed, we had Cp = O, then

there would exist a sequence A in & and a sequence of exponential

polynomials P, ¢ sp{e_xt:% € Ak} such that

]Pkl(o ®) = 1, k =1,2,..., (31a)
’
lPkl (o1 o, k » ®. (31b)
By (22), and (25) we have
eEt[Pk(t + io) | g_cé,a(t) for t > 0, 0 € g_aB, (32)
where Cé B(t) is uniformly bounded on any interval [to’GD)"to > 0.
3

Thus, a standard result on normal families of analytic functions
implies the existence of a subsequence of {Pk}-—which we again

denote by {Pk}--which converges to an analytic limit function P.

Since the convergence asserted is uniform in any compact subset of the

right half-plane, it follows that P > P in, e.g., L2(T/2,T).

By (31b), this shows P =0 a.e. in (T/2,T) whence, as P is
analytic in the right half-plane, we conclude that P = 0. Now,

using (32) we also have Pk > P =0 in L2[T,ao), so

2
xl (o,m) * 1P

2
e,y > ©

(using (31b)),which contradicts (3la). Hence Cp > 0.

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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Remarks 1. 1In the above theorem the class Ls 8 was obtained by
2

applying a map %k = w(zk) (here, o(2) = zB) to uniformly separated

sequences (21’22"‘°)' In fact, & was specified by giving o,

(i.e., B) as well as the separation of the z's, and a lower bound

for zq > 0. The proof of the theorem was tailored to the exponential
nature of the mapping ¢ considereds but one might also consider more
general mappings. It would seem of interest to determine reasonable

sufficient conditions on ¢ for the analogous theorem to be valid.
2. Although we have emphasized the spaces L2((Loo) and L2(O,T),

analogous results hold for rF spaces with p # 2. 1In fact

Theorems (Sl) and (Sz) apply for p # 2 (cf. [9]) and a correspondingly

revised proof for Theorem 1 is also available.

3. It should be noted that if A € Sé 8 satisfies a restriction of
s

the form

N/B s (x+ Do

then the comparison sequence could be taken as the following subsequence
of M,

Mo = (Mr ’Mr +17°°
o o

),

In that case the limit on € in (25) could be increased to

0< € g_(ro+ 1)PsP  while if ¢ is held fixed C; B(t) >0 as r - o.

§5. At this point we are ready to state and prove the anticipated
result concerning the 'observation and prediction' problem

Theorem 2: The 'observation and prediction' problem is well-posed.
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That is, for any T > O the mapping

A

2
ol o myxap € T (O,MXR) »ul,n ¢ 1°(@)

is a well-defined, bounded (indeed,compact) linear map for solutions

of the Neumann problem (1) for the heat equation on the m-ball.

Proof: For m =1 this follows from the principal result of [6].
For m > 1 we may continue to assume R 1is the unit m-ball and use

the expansion (3). As noted in §3, the sequences Aﬁ,{Rin}obtained
from (5') have v = vy > 1. Thus we have the uniform bound

Nin < 1/2 while by (15) and (18) each sequence !\.i is in Sé 8
3

with &6 = 1/4, B8 = 2. Applying Theorem 1 together with (21) gives

et 7\int
e

z | 4inlle < Cs,p () o< eg (1/4)2 (33)
n

Noting Theorem (52) we have

T

Yin(F) = 4, (F)
so, using (23) and Theorem 1,

Iiall < Wag /ey g o (34)

Substituting (34) into (33), squaring and discarding cross terms gives

1K A e C
lz'i h ge 6’3

2
in | (T) /5 g, m

for each i, This, in view of (11]) and the bound on N? , gives a
in

bound for A:

\\A“ g. e-eTcé,B (T)/ﬁ cﬁ,B,T. (35)
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To show that A is compact we observe that the map £ » w
can be factored as

f flt(T' > u(T',+) b u(Tye) =W

with O < T!' < T. The restriction map is certainly bounded; the
second map is of the sort shown above to be bounded, with T'

for T; the third is the solution operator corresponding to the
initial value problem for (1) and this is well-known to be compact.
Thus, as a product of bounded maps with a compact map, A is compact.
An alternative proof could be given, using Remark 3 following

Theorem 1 and the fact that v, 2 @, to show directly that A

is the limit in norm of operators of finite rank.

Corollary: The 'observation and prediction! problem is well-posed
(indeed, the linear mapping A:f » w is compact) when the codomain
is taken to be IP(1 { P ® and the domain m is topologized

as a subset of Lr(2 {r< w).

Proof: This follows from the theorem and two observations,
(1) In considering the factorization of A given in the proof
above, it is easily seen that the solution mapping

u(T',*) - u(T,*), for the initial value problem is actually

compact from LZ(R) to PR) for al1 p> 1.
(2) Since (0O, T)XOR has finite measure, the inclusion map

r
from L™ ((0,T)xdR) to L2(O,T)XBR is continuous for r > 2.
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§6. We now wish to summarize the work of the preceding sections in
more general terms.

Let {Hp] be a complete set of (orthonormalized) eigenfunctions,

indexed in some order, for the Laplacian for the region R/ with

the Neumann boundary condition (1b); let {Xp} be the corresponding
eigenvalues and set ep(t) = exp[—kpt]. Then, analogously to (3),

any solution of (1) has an expansion of the form

u(t,x) =% cpep(t)Hp(x) t> 0,x € R, (36)
p
so that
2
A:f = h L ((0,T)x0R
X cpep p € ((0,T) )
p (37)
2
w = T)H L™ (R
- g cpep( ) o € ®R),
where

Clearly, if A is continuous then the linear functionals
m_ on WM given by

P

wm :f =2 ¢
p

must be well-defined and continuous since, by the orthonormality
of H
{p},

va(f) = cp = <Af,Hp>R/ep(t).

Conversely, we may express A in terms of these functionals:

Af =z m(f)e_(T)H
p P p p

so that continuity of A follows from having suitable estimates

for the quantities Hmbﬂ.
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Our approach, in this paper and in [5], has been to partition

the set {p] of indices into subsets vi(i =1,2,..). Letting
m: =sp{ £ cehl}cmc Lz((o,'r)xaa)
i per. P PP

i

we may consider the restrictions ﬁ% of «»b to mi (p € vi)

and write

f=% f, =2( £ c_eh),
i * i pem, PPP
f e mi
A
Af = T A f, =3( € n_(f,)e (T)H)
it i pem, P p
where Ai is the restriction of A to mi. Then
2 _ 2
|aflg == [a;£;19
i
A 2
=T I |m (f)e (T)]". (38)
i pem, b p
Hence
2 A2 2
Ion ,
IAfIQ < E( z l\”p“ ep(ZT))lfll (0, T) XOR
peT,
(39)

A 2 2
< s\;p[p;i\l%ﬂ ep(z'r)} zlfi'(o,T)xaR

In the case of the m-ball, the subspaces mi were actually

orthogonal (each being associated with a single Qi) sO

2 2
’ijlfi| (0,T)x>2 = | £l 0, ) x3% (40)

and it follows from this and (39) that

1al® < sup;{ = \\:'x‘wp\\zep(zl')]. (41)

€T .
P 1
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In order to estimate the quantities HQ?H appearing in (41)
we observe that the {ﬁ%] can be expressed in terms of functionals

[LS’T} of the type discussed §4. 1In fact, for any ¢

<fi’hq?aﬂ(t) p;;.cp<hp’hq?BRLp(t)’
i
and hence
T 2

where Lg is the functional which selects the coefficient of eq

for elements of

g 2
[A = sp{ep:p € Wi] c L (o,T).

ile
Equation (42) leads to the appraisal
A T
ol < e/ Inglag

so that (41) implies (compare (11)):

2 T2 2
\a sup{ = ||47|°/|n e (2T1)}. (43)
LR A RN ERNC

Now by (15)

2 2
Ihylag = Nin

1
<5 (44)
Hence (43) implies

lall < supl = Wejlle, (m)/VZ,

i pemy
which on applying theorem 1 leads to the appraisal (see (35))
-€T 2
lall < e ey g(M N2 ey o py 0L e < (/D)7

In the case of 'cylindrical' sets, considered in [5], the

spaces mi are by no means orthogonal, so (40) fails to hold.
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We succeeded in that case by noting that there is available the

following replacement for (40):

2 o2 2
?'fil 0,mxe = £l 0,mxs < 10,7 %30 (45)

"which stems from the orthogonality of the fil(O,T)xB where B8 = {0O}x®

is the base of the cylinder R = [0,1]x8. Currespondingly (42)

and (44) were replaced by
A T 2

2 _
[hq|ﬂ = 1.

Another, more powerful, approach which seems more likely
to extend to the case of a general class of regions R, involves

the replacement of (39) by a condition of the form

z|f K (Tt,T) xR < K’ €17 (0, T) xoR (46)

for some choice of T!' ¢(0,T) and a corresponding constant K.

In this situation we are led to appraise the quantities {Qp}
not in terms of the functionals [L T} used earlier, but rather

in terms of the functionals (Lpl} where T, =T - T'. Note

first that the function g; = <fi’hq?5R given by

<fi’hq>aﬂ(t) = Iz c<h hq>aﬂe (t),...
pGTFi

when restricted to the interval T' < t < T, corresponds by a

translation of variable to the following function on (O,Tl):

g;(T+1)= ¢ cp(hp,h(faReP(T')ep(T) 0 1< Ty,

peT
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Hence we have the formula, parallel to (42)

T

A _ _ 1 .12
wa(fi) = cq = *q (gi(T'+f))/lhq| eq(T'), (47)

where L: selects the coefficient of eq in elements of

(Ayly = SBlegiper;) < 12 (0,1p).

This leads to the appraisal
T
Ay e ] < llegh lgi<T'+r>|(O,Tl,eq<-T->/|hq|§R
T1 2
ﬁ.“Lq “ |<fi’hq>|(T:,T)eq(‘T')/lhqlaR

T
< g TE5] (o my xopSq =T /10yl g
Hence (38) implies

T
2 1,2 2 2
|af|s <z = \,w,p I (T,’T)XaReP(Z(T-T'))/Ihp|aR

i pem;
<x(z Y e (27)) | £]7 (48)

i per, p hplgﬂ p'°71 il (T, T) xR
< sup{ = HLT]’HZ/ e (27.)} x| £, |2

i per, P hplgap 177 7Pl (T, T xR ”

Combining this with (46) we deduce that
T
1212 < ®?sup( = lle M/, e (2m)))
i per; P hplaﬂ p
ep(Tl/Z)

T
S.Kzsyp[[ z H&plﬂep(T1/2)] sup 2,
i per; peT . p'oR
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Therefore under the very mild condition that, say

|hp|§; e (T,/2) < K < @ for all p, (49)

we have

T
1
|4 2)}.
lall < xx, sxi:p(pevi\\ o ey (1,/2))

Finally, assuming that the partitions are such that the sequences
Ay = {%pzpevi}
all belong to some 55 8’ so that theorem 1 is applicable, we have
3
the desired boundedness assertion,
lall < K1Cs g (Tl/2)/C5,B’T. (50)

We have shown above that the inequality in (46) is sufficient

for boundedness of A. What is particularly striking is that it
is also necessary if A is to be bounded for all choices at T > O.

More precisely, we have the following result.

Theorem 3: Suppose that the functions hp = HpIBR have the property

that for each € > O

{lhp|gé ep(e)} is bounded. (51)

Suppose also that for a given T > O there exists a partition

of [%p} into subsets
Ai = {Ap:pevi]
satisfying:

(H1) Ai € £ for some § > O,8 > 1 and all i,

5,8
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(H2) for some T' < T there are associated to every

f e gE(hpep] c L2((O,T)XBQ) functions

:pevi} c L2((T',T)XBR) satisfying

£, € sp(hpe

p

v f e L2((T',T)xR) .

i~ fI(T',T)xaR

Then the following relation holds

2 2
E‘fil(T',T)xaR <K If'(O,T)XBR’ (*)

and the solution operator
A:f - u(T")
is bounded.

Conversely, if the functions {hp] have the property that
for each € > O

z|h_|
p PO

Rep(e) converges (52)

then the boundedness for every T > O of the solution operator
A:f - u(T,*)

implies that (*) is valid for every partition of [kp] and

every T > T' > O.

Proof: The proof of the first assertion is as given above once
we notice that (*) follows from (H2) by the uniform boundedness
principle.

In order to verify the converse we note that the expressions

f. = % cphpep, with cp = <Af,HP>Rep(—T), satisfy

1 €T
pemy
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2 2
|fi' (T',T)XBR S. [Pez'y:r. |Cp' lhplaQ 'epl (T',T)]
1

T | h e (T') |e
< [pe'n'ilcp| . pIBR p | p| (O,Tl)

< = [Icpl ep(T'/2)]2 pX

Pem, PeT

2
[lhplaR 'ep|(0,Tl)ep(T'/2)1 .

1

i = 53— it is easil een b 52
Since IePI(O’Tl) g-lepl(o,oo) 2xp , it is easily seen by (52)

that the second factor on the right side is bounded, uniformly

in i, by a constant D2. On summing over i we obtain

2 Zlfc,| ep(T'/2)12

2
| £, ] <D
;i (T, T) X3R p

which, by the formula (38)for |A'f|2, where

A' = fl(O,T'/Z)XBR > u(T'/2,%) € L2(R), yields
2 2 2 2
?lfil(T',T)XBR < D% Nag, L7 1€, 01 /2) xR 2

as was claimed.

In view of theorem 3 we have been led to make the following

conjecture.

Conjecture. For each piecewise c® region R the sequence {hp]

satisfies (51) and the set {%p} can be partitioned into subsequences
A, = {kp:pewi] satisfying both (Hl1) and (H2) of theorem 3.
It is clear that the "“observation and prediction" problem will be

well posed provided this conjecture holds, but we have been unable as

yet to ascertain the truth of the conjecture.
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