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A CATEGORI CAL CHARACTERI ZATI ON OF CH

by

Stanley P. Franklin and Barbara S. Thonmas

An obviously appropriate concern of Categorical Topol ogy
is to characterize categorically various subcategories1 of
TOP (the category of topol ogical spaces and conti nuous func-
tions) . For exanple, the sequential spaces can be characterized
extrinsically as the nono-coreflective hull of the subcategory
of TOP whose objects are just the honmeonorphs of u)0 + 1 wth

its order topol ogy. [F

An exanpl e of a somewhat different nature is Hatcherls re-
cent characterization of non-enpty, conplete subcategories of
CH (the conpact Hausdorff spaces and continuous functions) as
preci sely those which can be defined by a class of identities on
sone space in CH, i.e. given a subcategory of CH there is a

conmpact Hausdorff space X and a class of pairs of maps

o* zz====$x (where * is the singleton space) such that a com

pact Hausdorff space Y belongs to the subcategory just in case

1 Only full and replete subcategories will be considered.
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conmutes for each f:X—Y [Ha].

Anot her renmarkable exanple is the recent result of Herrlich
and Strecker [HS which roughly asserts that CH is the only
epi -reflective subcategory of T2 (the Hausdorff spaces and con-

ti nuous maps) which is varietal [He].

The purpose of this note is to point out that a very ele-
gant theorem of de G oot can be given a categorical fornulation

whi ch yields an intrinsic characterization of CH in TOP.

De Groot's theorem asserts that the conpact Hausdorff spaces

are the only non-trivial, productive, and closed hereditary cl ass

2
of spaces wrch are absotutety ctosed -and preserred uhrder etosed

i mages [W.

For the categorical translation let S denote the Sierpinski
two point space with O the open point and 1 the closed point,
and c:*— S the closed map. Three easy lemmas will now | ead us

to the theorem

2 |If a subspace of a space in the class also belongs, then it is
a cl osed subspace.




LEMVA 1. A subspace F oqj: ct*_space X _i™ closed iff there

is sonme f:X—»S such that

*
Fo>—— > X,
wth i ai extremal nono, is the pullback of
c
* ->9

X
The proof is routine since any such f nust be the character-

istic function of F, and this function will serve.

This lemma allows us to use the notion of a closed subspace

of an object of TOP in categorical characterizations of other

concepts. The next lenmma is part of the folklore ([F],p.33).

LEMVA 2. JEh any category with the extrenmal epi - nono factor-

i zation property

1) _factorization is unique and extremal epinorphisns_ com

ose iff

1i) _for each commutative diagram
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It can be readily seen that TOP satisfies the dual of condi--
tion ii) and hence extremal nobnos conpose in TOP. To show
that the intersection of extremal nonos is again an extrenal

nono consider the conmmutative diagram

B
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X
iY #
N My
v
ft | | |
wher e each m_is an extremal nono, and e is epi. The I
are all nono by a standard uni que factorization argunent. Con-
dition ii) of the lemma yields an h : A—»D for each y so
* Y Y

that the system {A,hy} (with hB:f) is a |lower bound. Then the

unique £: A—HD obtained because PID is alimt is. in fact.

A a a : a a ' 3

a left inverse for the epinorphism e, so each i~ is extrenal.
P




It is now nmeaningful to discuss the "smallest" extrenal

nmono satisfying a given condition and Lemma 3 can be stated.

LEMVA 3. A norphism f:X—»Y .in TOP .is closed iff for each

cl osed F;a—-i—>x the snmall est G»j—a-Y t hrough which fi ac-

tors is closed.

Proof: Consider the follow ng di agram
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)

It is clear that G is in fact f(F) and that the lemma is
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merely a restatement of the definition of a closed map.

Lemma 3 provides the needed categorical translation of

"closed epi"e In terms of it we may now state the main result.

THEOREM CH JLS the only nontrivial productive subcategory K

of TOP which contains closed epinmorphic inmges and satisfies

#
(1) _for any extremal mono FwM 3 X in TOP with

X an object of K. F jLs jan object of K

if *<:_Fr>pﬁx I s _a pullback for sone

* "y § e X




.The proof consists of verifying that our translation is "cor-
rect", i.e., that our conditions are equivalent to those of

de Goot (only "inply" is needed). Thus one need only check
that (1) is equivalent to saying that the class of objects
of K is hereditarily closed and absolutely closed, since the

rest i s obvious.

Note that (1) can be subdivided into two categorica
conditions, the first a translation of "hereditarily closed"
and the second of "absolutely closed". This makes the proof
conpletely trivial but results in an ungainly statenment of the

Theor em

Finally, each of the hypotheses of the Theoremis neces-
sary and independent. There follows a list giving for each con--
dition of the Theorem a subcategory which satisfies the hypo-

t heses except for that condition.

Non-trivial:. The category of singleton spaces

Producti ve: The category of conpact and sequenti al -
|y conpact Hausdorff spaces

Cont ai ns cl osed epi nor phic inﬁges: The category of
zer o-di nensi onal conpact Hausdorff

spaces




(1): The category of conti nua.

(De Groot’s conditions are al so independent: continua work
for closed hereditary, and conpact spaces or ultracorrpact3

Hausdorff spaces for absolutely closed.)

3 Countable sets have conpact closure [B.
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