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Introduction. N-compact spaces were introduced by S. Mrowka

in [1], where the general concept of an E-compact space was de-

fined: given a Hausdorff space E, a space X is E-compact if

it is homeomorphic to a closed subspace of E for some cardinal

number m. Thus the I-compact spaces (where I is the closed

unit interval) are the compact Hausdorff spaces, the R-compact

spaces are the realcompact spaces or Q-spaces, and the 2-compact

spaces (where 2 represents the discrete space consisting of two

points) are the 0-dimensional compact Hausdorff spaces. The

N-compact spaces are those which can be embedded as closed sub-

spaces in N where N is the set of natural numbers with the

discrete topology.

In terms of category theory, the category of E-compact spa-

ces forms the epireflective hull of E in T , the category of

Hausdorff spaces, i.e., the intersection of all replete reflective

subcategories of T containing the space E [cf.4].
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The main properties of E-compact spaces were given in [2],

where it was asserted that the N-compact spaces are precisely

the O-dimensional realcompact spaces ("0-dimensional" there, as

here, means "having a base of clopen sets"). It is clear that

every N-compact space is O-dimensional and realcompact, but the

proof of the converse in [2] was incomplete and indeed the val-

idity of the converse remained an open question.

The first significant result in that direction was obtained

by H. Herrlich in [3], where he proved that every strongly O-dim-

ensional realcompact space is N-compact (X is strongly O-dimen-

sional iff it is completely regular and 3X is totally discon-

nected) . Attention then focused on the only known example of a

O-dimensional realcompact space which is not strongly O-dimen-

sional, a metrizable space A introduced by P. Roy in f5] and

described in detail in [6]. The main result of this paper is

that A is not N-compact; and so it is established that the

class of N-compact spaces is properly contained in the class of

O-dimensional realcompact spaces. Now the chief unsolved problem

in this area is whether the N-compact spaces are all strongly

O-dimensional.

All spaces are assumed to be Hausdorff.
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1. N-Compactness• Theorem 1 gives conditions equivalent to

N-compactness. The equivalence of (i) and (iii) was first proved

by Herrlich [3], The full theorem was discovered independently

by a number of workers, including K. Chew, I. Fleischer and

G. Rejas, A. Hager, the author, and perhaps others.

Definition. Let X be 0-dimensional. For each ordinal a

let N be the uniformity on X whose base consists of all

equivalence relations partitioning X into <N clopen sets.

Thus N. is the uniformity whose base consists of all equiv-

alence relations partitioning X into countably many clopen sets.

Each equivalence relation may be looked at either as an entourage

on X x X , or as a two-valued pseudometric, with d (x,y) = 0

iff x = y mod r, or as an open cover whose members are the clopen

sets of the partition.

In what follows, a filter on the Boolean algebra of clopen

subsets of a space X will be called simply a clopen filter. A

filter F has the countable intersection property if D A. ̂  0

iel

for any countable index I; it is not required that F be closed

under countable intersection.

Theorem 1. Let X be 0-dimensional. The following condi-

tions are equivalent:

(i) X is N-compact.
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(ii) X is complete under N.-

(ii1) X is complete under N for any nonmeasurable
cc

cardinal N > X .
a o

(iii) Every clopen ultrafilter on X with the count-

able intersection property is fixed.

A proof that (i) , (ii), and (iii) are equivalent will be found

in [8].

2. Strong 0-dimensiona1ity. Various conditions equivalent to

strong O-dimensionality have been proven over the years, with the

first three conditions of Theorem 2, below, already appearing in

[7,pp.245-247], where the term "0-dimensional" is used for them.

I follow [7,Chapt.l5] in using C [resp. C ] to denote the uni-

formity generated on the completely regular space X by the

real-valued [resp. the bounded real-valued] continuous functions.

This paper adopts the following definition of strong O-dimen-

sionality: a strongly 0-dimensional space is a completely regular

space such that, given two disjoint zero-sets Z.. and Z», there

exists a clopen set C such that Z.. c c and Z- D C = 0. This

is probably the most satisfactory internal characterization of

these spaces and leads immediately to the result that every

strongly 0-dimensional space X is 0-dimensional. (Given x e X

and an open set U containing x, choose a continuous f:X -• R

such that f(U°) = 0, f(x) = 1. Let Z 1 be f"1(fl}) and
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Z = f" (fo}); we thus obtain a clopen set e c u such that

x e C). Hie following theorem establishes the validity of the

characterization given in the introduction.

Theorem _2. Let X be O-dimensional. The following con-

ditions are equivalent:

(i) X is strongly O-dimensional.

(ii) 3X is totally disconnected.

(iii) Every finite cover of X by cozero-sets can be

refined to a partition of X into finitely many

clopen sets.

(iii') Every countable cover of X by cozero-sets can

be refined to a partition of X into countably

many clopen sets,

(iv) Every zero-set is a countable intersection of

clopen sets,

(v) C = N X

(vi) C* = N .
o

Furthermore, conditions (i) through (iv) are equivalent for

any completely regular space.

This full theorem has been known to I. Fleischer and

G. Rejas, A. Hager, and possibly others.

Using the equivalence of (i) and (v) and the fact that com-

pleteness under C is equivalent to realcompactness [cf.7,p.226},
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we obtain the following

Corollary. Every strongly O-dimensional realcompact space

is N-compact.

This corollary was first proven by H. Herrlich in [3] using

different methods. (However, interestingly enough, this corol-

lary was already contained implicitly in [2,p.431]).

3. £. Roy's Space Is Not N-Compact. The main result of this

paper is Theorem 3, which establishes proper containment of the

category of N-compact spaces in the category of O-dimensional

realcompact spaces. The space used is P. Roy's space A [5,6],

which is metrizable [6,p.125] and has the cardinality of the con-

tinuum, and so is realcompact fcf.7,p.232]. It is also O-dimen-

sional [6,p.127] and, in view of [6,Lemma 5.9] and the fact that

every closed set in a metric space is a zero-set, it is not

strongly O-dimensional. Furthermore,

Theorem 3. A is not N-compact.

To prove this, we exhibit 2 distinct free clopen ultra-

filters on A, each of them having the countable intersection

property. Unfortunately, A is a very complicated space, and the

definition of any of these ultrafilters requires one to lean heav-

ily on the whole description of A found in [6]. Due to lack of

space the definition will not be given here, but a future paper
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will contain both a definition of these ultrafilters and a proof

of their essential properties.

Very roughly speaking, the simplest of these free clopen

ultrafilters (of course, any one of them is sufficient for es-

tablishing Theorem 3) has as members all clopen sets that take

up a big chunk of A. These "fat" clopen sets form a clopen ul-

trafilter with the countable intersection property (indeed, the

m-intersection property for any cardinal m < 2 ) because of a

radically uneven split: given any clopen set A, either it or

its complement (but not both) is "fat", and each fat one takes up

so much of A that even m of the "thin" sets (m < 2 ) will

not cover all of A. Preeness follows from the fact that, loose-

ly speaking, a clopen set cannot take up a big chunk of A and

yet have a diameter much smaller than that of A itself, regard-

less of the metric that is chosen for A« And since A is

0-dimensional it follows that a fixed clopen ultrafilter must

contain sets of arbitrarily small diameter.

4. The Other Containment. The major remaining problem was men-

tioned in the Introduction and may be simply restated as follows:

is every closed subspace of N strongly 0-dimensional for all

cardinals m? If the answer is affirmative, it would immediately

follow that the category of strongly 0-dimensional realcompact

spaces is closed under arbitrary products and under the operation
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of taking a closed subspace, for the category of N-compact spaces

is thus closed. And it is not even known whether the product of

two strongly O-dimensional spaces is strongly 0-dimensional; in-

deed, as far as the author knows, it is not known whether the

Sorgenfrey plane is strongly O-dimensional, even though the

Sorgenfrey line is strongly O-dimensional, being Lindelbf

[cf. 7,p. 247].
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