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A CHARACTER ZATION OP REGULARITY IN TOPOLOGT

Gswal d Wl er*

Ve ehow in this note that the topol ogi cal separation axi om T; (which we do
not intend to inply Tz ) can be regarded as a continuity condition for the con-
vergence of filters. W express this condition intw quite distinct ways. This
rai ses questions about connections between various continuity conditions for
relations. W have only a partial answer to these questions.

Let (E~C) be atopological space. W denote by E* the set of all fil-
ters on $ which converge for "r- to some point of E. For XC E, we put

X+ = iL<p£E* : XE<j>\ . Then 0* =0 for the enpty set, and
(xru)* = x*ni* , *ex* U XxXEX ,

for subsets X, Y of E, x£E, and i :-|I CE: x6x}. W regard con-
vergence of filters for TT as arelation q : EX —=E , witing a}q x if <p
converges to x . This relationis amppingif and only if (Etr) is a Haus-
dorff space. For XCZE, wehave qg(X*) =X, the closure of X for ~cr .

It seens natural to inpose a topology on E* by using the sets U , with
U open for X' , as a basis of open sets. The preceding paragraph shows that
this works, and ve denote the topology of E* thus defined by ~c* . Wth this

notation, w; state the follow ng theorem
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(i) (E,T) is.a T, space.

(it g: (B t*) == (E'tr) is_left continuous.

(iiit) (E~n) dis an R, space and g is uppér aepj —eont i nuous.

Proof. Assune first T3 and consider f : A—+ E* and g: A—E wth
f continuous and f(a) convergingto g(a) for all af£A . |If U is openin
E and g(a) £U, then g(a) 6 VCTV CU for sone open V. For this V,
we have V &f(a) , and V6f(x) inplies g(x)E£-V. Thus a Crf'**) and
f"l(\/*) d g~ J(u) . This shows that g~1( u) is open, and hence g continuous.
If q is left continuous, then q is upper senm-continuous by Theorem 2.
If iqy, let A be the spacévu'thtvxo points a, b, andwth £b" open,
but not closed. Put f(a) =f(b) =i and g(a) =x, g(b) »y . Then f is
continuous and f(u) qg(u) for uEA. Thus g is continuous. If V is an

open nei ghborhood of x , then g~1(v) is open and af g~](v) . Thus

g"l(\/) »A, and y~. V. This shows that also *y gx, and E is, lq.

Assune now (iii), andlet P beclosedin E and x£. E\F. If iqy,
t hen .yq x, and yEF wouldinply x £EF=F . Thus x**q *(F) . It fol-
lows that i £V* for an open set V with V*r\ g"}(F) * 0, But then x €V,
and VnF=q(W) f\F=0. Thus E satisfies T’,'

The fol | owing exanpl e shows that R, cannot be omtted fromTheorem3. The
space with two points and three open sets (used in the proof of the Theoren) is
TQ but not T.l , and hence a fortiori not TJr or Ry. But one sees easily
that q is bcth upper and | ower sem-continuous for this space.

The significance of |ower sem-continuity of q is not clear to this author.

The fol low ng curious result does not help with this.




Theorem4, q : (E*,-c*) — (Efx) s lower sem-continuous if (Ei~cC)

is afinite topological space.

Proof. W shownore: all sets q~1(x) are openin E* . Since q~1(x) IS
the set union of all q'~1(x) , X6. X, it suffices to consider q'~1(x) for
x£ E . The set intersection of all neighborhoods of x is an open nei ghborhood
V of x since E is finite, and obviously q‘*l(x) =V for this set.

(One further exanple: for the space with three points and six open sets,
q is lower sem-continuous (by Theorem4), but not upper sem -continuous.

V¢ conclude with the following remark. Al results of this note remain
validif E* is taken as the set of all convergent ultrafilters on E and fil-

ters are replaced by ultrafilters throughout.
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ON REGULARTY FOR COONVERGENCE SPACES

Gswal d W er*

Cook and Fischer in [2] and independently Fleisther in [4] defined regular-
ity for convergence spaces by a partial converse of the inverse limt property.
V¢ wish to showin this note that their regularity conditionis infact a con-
tinuity condition for filter convergence. Since convergence is in general a
relation and not a mapping, this requires a definition of continuity for rela-
tions. W furnish such a definition which should al so be useful elsewhere.

Cook and Fischer proved that regularity in their sense is inplied by the
t opol ogi cal axi om T,J , fornulated in terns of filter convergence. Biesterfeldt
[Il pointed out that the converse inplicationis alsovalid. However, his proof
wor k- oniy for T2 spaces; we shall give a proof for all spaces.

V% have to establish some notations. W wite y £pfor filters (E) Y
onaset E if i)s is finer than I<?, ie.e. if <pdy. W define a conver-
gence space (Eq) as a pair consisting of a set E and arelation g from
filters on E to E, subject only to the two Frethet axions, as follows.

L1 If xTE ad *=jxCE: x£X], then X qx.

L2 |If ’qu and yV"(,p, then also yq x .

The third axioia used by Cook and Fischer [2] will not be needed.
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Let (Eq) be a convergence space. W& denote by E* the set of all fil-
ters on E which converge for g to some point in E, andwe consider g as

arelation from E* to E. W put Xt = £<pEE* : X<£<p} for X<Z E . Then
(1) (xm)* = X*m* and XEX* <£«> X(EX

for subsets X, Y of E and X£E . For afilter Ybon B, we define a
filter (pt on E, called the compression of (f, by putting

(2) *E<E» 4= X*E (p

for XCE , One verifies easily that 0* is indeed a filter. If 0 is the
filter on the set cf all filters on E with (p as basis, then 0*~ 960,
the Kowal sky conpression defined in[5]; see [6] for a proof of this.

The closure of a set XC-E wthrespect to g is the set X =q(x*)
| f (}1 isafilter on E, then the sets X with X£(T1<_ forma filter basis;
we denote jy §<T the filter on E with this basis. This allows us to fornmulate

T3 interns of filter convergence, as follows.

Tj. (’7qx al ways inplies {}qu.

The fol I owing theoremis due to Cook-Fi scher [2] and Biesterfeldt [I].

Theoreml. A convergence space (Eq) satisfies T, if_and only if the

J— ]

following axiomschenn js.valid for (Eq) .

(Reg) Llet | beasetand f: | —>E and g : | «—E [mppings.
1f f(b) converaes to g(b) forall bE£l andif cr is_afilter on | such
that (f(«))s converges toapoint x(£E, then g(«) converges to x .

Proof. If the data of (tieg) are given, then b {~1 and X£zt(b) inply
g(b)£~ , and thus f(B) CXt =="> g(s)d X for sets BCl and XCZ E.




It follows immediately that o<r) 43p for afilter ff on | and cp = (&), »
and now T-’ and L2 inply that o<3) converges to x if (f(or))s does.

For the converse, let | in (Reg) be the graphof g and f and g the
projections, i.e. t(<ptx)-”Cp and g(S:P,x) <=x if §gPqg, x. If I CE, let
Sc«in(X*X X)". Thenclearly f(sy) *X* and g(S) - 1. If <pEE* ,
then the sets Sx wth X£<>§> fdrmafilter basis; we denote by S<p the fil-
ter on | withthis basis. (ne sees easily that (fAS-r))#"S'h and g(S?) :5,_1‘.
I'f we apply (Reg) WithCT289>, then T,} results.

If f: (Eq) -5(Fr) is a continuous mapping of convergence spaces, then
the induced filter mapping mps E* into P* . Thus f induces a mapping f* :

E¥ —P* | W note wthout proof that
(3) ey <> WESP ,

for Tm£ E* and YCZP . This is ageneral filter property.

Let again (Eq) be a convergence space. W introduce a convergence struc-
ture g* on E* as follows. W put (pg*<p, for <pf£E* and a filter 0
on B, if O 4g*, andwe put inadditio'n <fig*x for x£E if <&_qx .
Thus q*(0) ~depends only or >1Y .\ have the followng result.

Theorem?2. (E*,q*) Ls.a convergence space. (£>q* &* for every filter ek
on B wth O+6E* . 1f 0g*p mr?_qx, then.(4qgx. ILf: (EQ

-V (P, r) is_acontinuous mapping of convergence spaces, then f* : (E, qg*)

—> (F*,r*) 1s also continuous.

Broof. Xed> "=4> 16 X <£=> X(#, and thus (");+ <, and
cj:q*<3>, iIf <p£EE* . L2 for g* is obvious since If* £<?V if O .<"6 .

The mddle parts of the Theoremare obvious fromthe definition of g* . The




last part follows immediately fromthe definition of g* , the inplication
f(x) ay =t f*(i) =y*, and the following bit of filter algebra.
lemma 1. Lf f : (Eq) = (P,r) is.amp of convergence spaces, then
TH)) - (") sad,  (F(0)) - o@D

f£or YCP and afilter (f) on E* .

Pool' J W note for the first part that
PEMNTHI) <o rPIET &> 1EPY) &> TNEP .
Now use (?) once nore. The second part is established by
(M), €= TP &> (1)) = e
e tined, & 1EME,) .

Thi s proves the Lemm.
We define mappings j : E—FE* and Pd : E** —*E* by putting j(x) =i
for XxES ad-x(") - (fa for OL£rE™* « (E*)* .

Theorem?. j : (Eq) - (B, q*) and «#: (BE**,¢**) —(Eq) are con-
finuous maps of convergence spaces.

Proof. W have j(x) CI* <==$ X<CY for subsets X, T of E by
the second part of (1), and it follows imediately that (j(g?))# * ;£ for afile
ter (3>£E* . Thus j(t];?) qc i if Q?q X , and | is continuous.

For the second part, we need the fol l owi ng | emm.
Lemma 2- ("e(F))* * (*%9* for afilter 5% fin E** .

Proof. If XCTE, then
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XE@R(F)), €= rexlF) & (MeF ,
and Xfi(Fq); <> **<EE-» «H> (*o)*££"
Snce  (Pex'H*) <#=" (p*EX* <> Xe@d, <= e

for (fie E** , we have x"'(x*) = (X*)* , and the Lenma is proved.

Nowlet .J" g* 0. If ("=<f) and jP, qffi for sone (7? £r5 . then
®=(fa. ad JNg* $* . If JF*.<& then CFj*~.0*, adagin
{"P‘ q* Zrx o gprtnenala X(<3~) g* (™ by lamina 2 and the definition of g* ..
Thus ,5C is conti nuous.

The last part of Theorem?2 shows that T (Eq) « (E,q*) and Tf =f*
define an endofunctor T of the category of convergence spaces. There is enough
filter al gebra scattered in this paper to prove that T and the nappings j and
QCare the ingredients of a categorical triple (T, j,«£) . The existence of
such a triple seens to be characteristic for topological regularity. V¢ planto
take this up el sewhere in a nore general context.

Let now (Eq) and (P, r) be convergence spaces. V¢ call arelation u :

E—F left_continuous, from (Eq) to (Fr) , if for every continuous nap-

ping f : (Ap) .—2 (Eq) , where (Ap) is anarhitrary convergence space, and
every mapping g : A—P such that f(a) ug(a) for all uf£A, the mapping
g is continuous, from (Ap) to (Pr) . Ve shall not study this concept in

depth here; we note only the follow ng result.

[heorenft. Let, (~0 and (Pr) be convergence spaces. A_mapping u :

E.—s*j _isaleft continuous relationfrom (Eq) Yo (Pr) _if andonlyif u

lsacontinuous mapping. Jf u: (Eq) 2 (Pr) and v : (Pr) 2« (Gs) are

left continuous relations, then vu: (Eq —*(Gs) is.left continuous.
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Proof. A continuous mappi ng obviously is |eft continuous as a rel ation.
Conversely, if amapping u: Eee—>F is aleft continuous relation, then g=u
for f =idE inthe definition. Thus u is a continuous rmappi ng.

If u: E—+F and v: P—-2G are left continuous, and if f : A2 E
and h: A—=2G satisfy f(a) (vu) h(a) for all a<€£A, thenthereis g:
A—P such that f(a) ug(a) and g(a) v h(a) for all af£A. If f is
continuous, then g is continuous, and then also h is continuous. Thus v u
is left continuous.

Theorem 4 shows that convergence spaces and | eft continuous relations forma
category into which the category of convergence spaces and continuous rappings is
natural Iy enbedded.

V¢ have cleared the way for our main result.

Theorem 5. A _convergence space (E q) ‘satisfies (Reg) if and only if con-

vergence of filters defines aleft continuous relation q : (E, g*) --—-y(E,q) .

Proof. Assune first (Reg) and consider f : (Ap) 2 (E%g*) and g :
A—=*E such that f(a) converges to g(a) for all a(CA. If erpa, then
f(b) g f(a) and f(a) qg(a) . By the mddle part of Theorem2, (ffcr))s q g(a)
inthis situation. Thus g((5) gg(a) by (Reg), and g is continuous. This
proves left continuity of q .

Let now q be Ieft continuous, and consider the situation of (Reg). Adjoin
asingle point z to |I toform A, andextend gr toafilter on A, also
denoted by <T . Put §<p z if q>4<T or <p=t , and allowonly &pa for
afz in | . This defines a convergence space (A p) . Etend f and g to

A by putting f(z) =i and g(z) «x . This does not change f(<8) and gfs) .
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If (f(er))» gx , then f(<y) g* f(z) , and thus f is continuous. S nce
f(a) gqg(a) for a=2z aswell as a£l , it follows that g is continuous.

But then g(& converges to x =g(z) , as required by (Reg).

Gorollary. A separated convergence space (E q) is reqular if apnd only if

g : (E:g*) —$ (2»g) Ls_a continuous_nappina.

Boof. If (Eq) is separated, then g is a mapping, and thus the Corol -
lary just requires putting Theorens 4 and 5 toget her.

V¢ conclude with sone renarks. If (Eq) is a separated regul ar conver-
gence space, then q : (B, g*) -2 (Eq) is not only a continuous nappi ng but
defines an algebra for the triple (T, j,i?%e) nentioned earlier in this note.

To prove this is an easy exercise in filter al gebra.

The spaces considered in [<7 satisfy the followng axiomin additionto L 1
and L 2.

L3. If <j>gqx and J*qy, then ("<>%>») qXx .

Here ~>cy.' =j_| uY : Xr-gp and Y€2y~r» TO968% gpaces are the limt spaces
of [B] and [3]. If (EqQ) is * limt space, thensois (E* qg*) . This follows
imediately fromthe fact, easily verified, that ((pulp)® «cf\ c<d» for
filters (ft and »~ on E* . Thus all our results remain valid for the category
of limt spaces. The only nodification which is needed is in the proof of Theo-
rem5: we nust put qppz for <13>"9"UZ.

If g is convergence of filters for a topology t of B, then one sees
easily th.t (E*,g*) is a neighborhood space, i.e. each <p€ E* has a nei ghbor -
hood filter I\JI« such that <€g* f <E=»> 0~ U, for afilter (/) on FE*

Ingeneral, g* is not the convergence of filters for a topology of E ,, Qe
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sees without difficulty that the finest topology of B* wth filter convergence
coarser than ¢g* has the sets U, wth U open for ~C; as a basis of open
sets. The connections between this topol ogy and T3 for (&*c) have been

studiedin[7].
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