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ON THE TOPOLOQ CAL CHARACTERI ZATI ON COF THE REAL LI NE
by S. P. Franklin and G V, Krishnarao.

| nt roduction.

In 1936 A* J. Ward ([W4]) characterized the real nunbers

topologically anong the netric spaces. (In fact his proof seens
valid for regular spaces.) He showed that every netric space

that is separable, connected and |ocally connected, and in which

each point is a strong cut point Lis homeonor phic to 3R. Re-
cently.V. B. Buch was |ed by work on continuously ordered spaces
to ask if the sanme characterization holds for Hausdorff spaces.
Here we answer that question negatively and go on to give a new
(and very short) proof of Ward's Theorem (for regul ar spaces)
based on recent theorens ([Wj]) of the late G T. Wayburn, to

whomthis note is respectfully dedi cat ed.

For the conveni ence of the reader we shall quote somne
speci al cases of the results of Wiyburn that we use. Let X be
a connected and |ocally connected Hausdorff space. A nonenpty
closed subset A of X is called an A-set if each conponent of
its conpl ement has precisely one boundary point. Each A-set is
itself connected and | ocally connected and any nonenpty inter-
section of A-sets is again an A-set. For any two points a,b € X
E(a,b) U {a,b} 1is conpact, where E(a,b) is the set of points |
of X which separate a and b.




Addendumto the Introduction
(to be the last sentence)

This theoremis then conbined with even nore recent re-
sults of Rok and of Wattel to give a slightly different topo-

| ogi cal characterization of 3R anong the Hausdorff spaces.




1. Suppose every point of X is a strong cut point. For

every pair of distinct points ab in X let G and C* be

the conponents of X - a and X - b containing b and a

respectively, and B(a,b) = (G HCY) U {a,b}.

LEMVA. Iri .a connected and | ocally connected separable

regul ar space, iri which every point_is_a. strong cut point, every

B(a,b) is an arc.
PROCF. B(a,b) 1is an A-set and hence is connected and | o-
cally connected. It is also a separable regular space with just

two noncut points*

Aaim Every point of G Pl c¢c* separates a and b. |If
not, let "x e_% nr, and let B(a,b) - x =A U Qx be a separ-

ationwth a and b in A e« Then no point of 'C separates
X X

a and b. Take A to be the intersection of all the A-sets,

A“ U {x} with x in B(a b) and not separat'i ng a and b.

X

A is itself an A-set in B(a,b) and hence is connected and

| ocal |y connected. Since B(a,b) is separable, B(a,b) - A

has only a countabl e nunber of conponents each having a single

boundary point in A 'If M is the set of boundary points,

A- (MU{ab}) 1is precisely the set of points of B(a,b) which

separate a and b, Indeed, if x € A- (a,b) does not separ-

ate a and b, x would belongto M But A - M= E(a,b)U {a, b}

a conpact and therefore closed subspace of B(a,b) and there-

fore of A« Now M is an open countable |ocally connected

regul ar subspace of A and hence ([U) a discrete subspace

S




whi ch contradicts the connectedness of A Therefore B(a,b)
consi sts pfecisely of a,b and the points which separate
a and b.

Thus B(a,b) is a conpact separable connected and regul ar
space with just two non-cut points and hence is an arc
(Theorem11. 15 in [W]) .

THEOREM A connected and locally connected separable and
regul ar space, in which every point is .a _strong cut pointy is

honeonorphic to the real |ine.

PROOF. The previous |lema and the separability of the
space inply that it is the union of a countable nunber of arcs;

we can find a subcollection of these arcs, {l,: m an integer}
so that “n and Inﬁl have just one end point in comon,
Remarks. The Lemma and the Theoremboth hold (with the

sane proof) for functionally Hausdor f 3 spaces instead of
regul ar spaces, since it is easy to see that a connected
functionally Hausdorff space with nore than one point nust
have at least the cardinality of the continuum One may al so
derive the second countability of X fromthe proof of the
Lenma and so deduce the Theorem fromthe netric case, However
this does not work in the functionally Hausdorff case. As a
third alternative, one can easily conclude fromthe Lenmm t hat
X is a l-manifold. Since it is separable and is conposed of
only cut points, it is not conpact and is therefore honeonor-
phic to 2R ([Pl Theorem?2). This also holds in the function-

aIIy-Fhusdorff case.
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Conbi ni ng recent results of Kok [Ko] and Wattel [Wat],
| ocal connect edness can be repl aced by either |ocal conpactness
or rimconpactness in this theorem |ndeed, Kok shows [Ko, Theor-
em 1] in a connected Hausdorff space, each point being a strong
cut point is equivalent to (S ) giventhree distinct points,
sonme one separates the other twoo Wattel [Vét, Theorenj shows
that for a connected T._.L~space satisfying (S) , local connected-
ness* | ocal conpactness and rim conpactness are equival ent* Hence

it follows fromthe theoremthat .a separabl e connected |ocally

conpact Eausdorff space in which each point is a, strong cut point

1s honeotaorphic to the real linen This characterises the line

t opol ogi cal | y anong t he Hausdor ff spaces*




2. The counterexanple in the Hausdorff case is construc-
ted froma countable, connected and | ocally connected Hausdorff
space due to F. B. Jones which we describe briefly for the con-
veni ence of the reader. (Another such exanpl e was recently pub-
lished by A M Kirch [K.) Let P be a countable collection
of disjoint pairs of irrational nunbers such that given any
pair (a,b) € Q of rational nunbers and any nei ghbor hoods

Na and N,D inof a and b respectively, there is a pair

(x,y) € P with xeN_ and yeN . Let C=Q UP wth
d

D

basi c open sets of the form

(TOQ® U {pePp°T}

where T is either an open interval in IR or the union of two
such. C then is a countable connected and | ocally connected

Hausdorff space in which-no point is a cut point.

For each x e C, let | be a copy of the half-open inter-
X
val [0,1), withits zero denoted by 0 <, Let W be the dis-
X
joint topological sum (coproduct) of these | and | et
X

A= {Cx|x e C)e Since A is a discrete subset of W the func-

tion f:A"e C defined by f (0)
X
junction space WU'C is the desired separable, connected and

t+ocatty connected Hausdor— space- I-rwhteh-every—porat—is— &
strong cut- pornt that- -5 et horreonerphte- to | R sthace ++ +s
mot—regtt-ar.

X, 1S continuous. The ad-




Three further, and sonmewhat technical, remarks nust be
made. (1) A countable, connected and |ocally connected Haus-
dorff space in which each point is a strong cut point can be
constructed by attaching to each point of C a copy of C

(instead of I ) and repeating this process <w, tinmes, taking the

i nductive limt topol ogy on the union. (2) In fact, any count-
abl e, connected and | ocally connected Hausdorff space will serve
to produce a space such as that in (1). First one takes its

Shi ntrat honbgeneous extension ([Sh]) which preserves all these
properties. If'no point is a cut point one proceeds as in (1).
If each point is a cut point, unwanted conponents can be judic-
iously pruned to nake each point a strong cut point, (3) There

is a countable, connected and |ocally connected Urysohn space4

due to F. B. Jones and A. H Stone. Hence there are such spaces
in which each point is a strong cut point, and countefexanples

whi ch are Urysohn spaces can be constructed.
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I ndian Institute of Technol ogy, Kanpur




1, A strong cut point is one whose conplenment has precisely

t W0 conponents.

2. Including Ti«

3. A functionally Hausdorff space is one in which each pair
of distinct points can be separated by a continuous

real -val ued function,

4. A Urysohn space is one in which each pair of distinct
poi nts have disjoint closed nei ghborhoods. Every regular

space is a Urysohn space.
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