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1. Introduction.

In this paper we consider the linear differential equation
(1.1) vy (2 + Dpy 2y =z + 4 p (DY) = o,

where the functions pj(z), j=2,...,n, are regular in a simply-

connected domain D, which does not contain 2z = =,

Equation (1.1) is called disconjugate in D, if no (non-trivial)

solution of (1.1) has n 2zeros in D. (The zeros are counted by

their multiplicity.) Equation (1.1) is said to be m-m disconiju-

gate in D if n = 2m and no (non-trivial) solution of (1l.1) has

two zeros of order m in D.

Necessary conditions for disconjugacy of equation (1.1) in
the unit disk as well as sufficient conditions for m-m disconju-
gacy of self-adjoint equations of the type (1.1) are given in this
paper.

In section 2 we consider the effect of a linear Mdbius
transformation of the independent variable =z on the form of
equation (1.1). Modifying a result of Wilczynski [10], we assert
(Theorem 1) the existence of certain combinations of the coeffi-

cients of equation (1.1) which remain invariant under the group

This research was sponsored by the Army Research Office Grant No.
DA-ARO-D-31-124-G951 and Air Force Office of Scientific Research
Grant No. AF-AFOSR-62-414.

G _
On leave from Technion-Israel Institute of Technology, Haifa.

RUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY

MAR2 1 '69




of linear Mobius transformations. These invariants, which we
denote by Ij(z), j=2,...,n, play an important role in our
study of disconjugacy properties of equation (1.1).

Making use of Theorem 1, we obtain in section 3 bounds for
all the coefficients of the disconjugate equation (1.1) and all its
invariants. Thus, we prove (Theorem 2) that if equation (1l.1) is

disconjugate in |z| < 1, then

(1.2) ENEY g———f—hl—))—J, lz| <1, §=2,...,n
-z

and

L3 ey <BAgs L el <L 5= 20,
-z

where A(j,n) and B(j,n) are constants which depend only on 3j
and n. Theorem 2 extends a former result [7, Theorem 5], where
a bound was given only for the first non-vanishing coefficient of
the disconjugate equation (1l.1).

By a procedure essentially due to Fano [3], we obtain in
section 4 a differential equation of the type (1.1), such that

this n-th order equation and the second order equation
w'(z) + s(z)w(z) = O

are simultaneously disconjugate or not disconjugate in D. Using
then a result of Hille [4], we show that (1.2) and (1.3) are of
the correct oxrder of growth.

Finally, in section 5, we generalize a recent result of Kim

[6, Theorem 2.1}, and give (Theorem 3) sufficient conditions for




m-m disconjugacy of self-adjoint differential equations of order
2m., This is done by utilizing again the existence of the invariants

(Theorem 1) as well as a sharp integral inequality obtained by
Kim [6, Theorem 3, 3],




2. Linear invariants associated with equation (1l.1).

We start with a remark concerning the form of equation

(1.1) and the choice of the domain D. Consider the differential

equation

(n-

2.1) y™ (20 + Mp 2y P (2 + $p, 2y (214, 4p_(2¥(2)

where pj(z), j=1,2,...,n, are regular functions in the simply-
connected domain D, not containing 2z = ». Let €(z) be a
regular one-to-one analytic transformation which maps the domain

D onto the domain A. Set

(2.2) y(2) = wll(z)]1(2), ~(2) # O.

It is easily verified that by making a proper choice of 171(z),
Say N

l-n

-5 Z

r(z) = [2'(2)1 °  expl| -p,(t)at],
equation (2.1) is transformed into the differential equation
2.3) w0+ Q@™ )+ L+ g (0w = o.

Furthermore, (2.3) is disconjugate in A, if and only if (2.1)

is disconjugate in D. Hence, without loss of generality, we may
assume, as we did in (1l.1), that the coefficient of y(nhl)(z) is
identically zero. Moreover, it is sufficient to consider discon-

jugacy properties of equation (l.1) in the unit disk. This will

be done in sections 3 and 5.




Suppose now that {(z) is regular and one to one in D,

and set
1-n

(2.4) v(z) = wit(z)]1[L'(2)] ° .

Equation (1l.1l) is transformed by the substitution (2.4) into equa-
tion (2.3), and we are concerned now with the relations between
the coefficients of these equations.

For second order differential equations (n=2) it is well

known (e.g. see [5, p. 394]) that

(2.5) py(z) = q,lL)11e' ()17 + 2(L(2),2),
where

_ :'”(Zz _ —3_ En (Zz 2
(2.6) ((z),z)} = ' (z) Z[C'(Z)]

is the Schwarzian derivative. For higher order differential

equations (n > 2), a similar relation holds [10, p. 24]; namely,
(2.5')  py(2) = qyit(=x) 1ML (217 + 2L (r(2),2).

(2.5') can be verified directly; see also [7, Theorems 3 and 4].
As is well known, the Schwarzian derivative (2.6) vanishes identi-

cally, if and only if {¢(z) 1is a linear transformation of the

form

_ az+b
(2.7) t(z) = eztq> 24 - bc # 0.

In this case, (2.5') is reduced to

(2.8) P,y (2) = qylL(2)11E (2117,




We say now, that pz(z) is an " invariant of weight 2" of the
differential equation (1.1) under linear transformations of the
type (2.7).

Simple relations like (2.8) do not hold between the other
coefficients of equations (1l.1) and (2.3). However, (2.8) turns

out to be the simplest case of the following theorem.

Theorem 1.

Let equation (1.1) be transformed into egquation (2.3) by

the substitution (2.4), where {(z) is given by (2.7). Then,

for every index Jj, 2 < j < n, there exists a linear combination

(2.9) I.(z) = L.[p,(z) p.(z)] = % a. pl39) Gy, 5= 2 n
. j jp2 3oy j ' it j,SS s 3000 ylly

such that
(2.10) 1,(2) = 3,11 @)Y, 2 <5<,
where
T (0 = Lalay(L),een,qs(l)] = 3 a, q{37%) (¢)
3 jra2 Rl ey oo JsS7s .
The coefficients a.’s are given by
(2.11) a, = DG e i, § =2 n
: j,s ~ T si(s-D)I(3-8)(23-2)1 ° 20000 3T S5eeenn,

and are uniquely determined up to a multiplicative constant.

Thus, theorem 1 asserts the existence of invariants of

weights 2,3,...,n, when equation (1.1) is subject to a transfor-

mation (2.7).
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Invariants associated with linear differential equations were
studied by Brioschi, Forsyth, Fano, Wilczynski and others. 1In
{2], Brioschi considered general transformations ¢(z) and
established the existence of non-linear invariants of weights
3,4,...,7. These invariants may be reduced to linear invariants
of the form (2.9), if {(z) 1is assumed to be a linear transforma-
tion of the form (2.7). As we have already seen, (2.8) also holds
only for ¢(z) of the type (2.7). Wilczynski [10, p. 26-32] consi-
ders linear transformations ¢(z), but he assumes that pz(z) = 0.
However, by applying slight modifications to Wilczynski's proof,
one can show that it actually works evén if p,(2) £ 0, and thus

establish Theorem 1.

Remark, We note that the coefficients pj(z), j=2,...,n, of
equation (1.1l) not only determine the invariants Ij(z), j,= 2,...,n,
but are also uniquely determined by them. Indeed, if Ij(z),
j=2,...,n, are given regular functions in the domain D, it

follows from the very form of (2.9) that

py(2) = I,(2), py(2) = 14(z) - ay ,p,y(2) = I4(z) + 3T,(z).

Thus, successive elimination of pz(z),...,pj(z) from (2.9) leads
us to
(2.12) (z) = %b 103-8) 5y, 5 =2 n
. Pj 2> j,s"s s 3 PERRY
where the constants bj,s’ s=2,...,3, j = 2,...,n, are uniquely

determined by (2.11). More specifically, if we complete the




schemes of constants a, and b, S = 2,.0.,3, J = 2,...,n,
3,8 3,8
given by (2.11) and (2.12) respectively, by setting aj s = 0,
2

bj s = O for s=3j3+1,...,n, j=2,...,n, we obtain two

3

. . _ n - , n .
triangular matrices A = [aj,s]Z and B [bj,slz’ and B is

the inverse of A.

We add the following corollaries to Theorem 1.

Corollary 1.

Let equation (1.1) be transformed to equation (2.3) by the

substitution (2.4), where {(z) is given by (2.7). f the co-

efficients of equation (1.1) are such that

pz(z) = p3(Z) E .. = pk_l(z) = 0, pk(z) /é 0, 2 S k.§ n,

then the coefficients of equation (2.3) satisfy a similar relation;

namely

n

q(0) = gy(L) = ... =q 4(£) =0, 2<Lk<n,

and

p(z) = qlC(z)10e (z) 1"
(cf. [1l0, p. 26]), [7, Theorem 4], [6, Corollary 2.1].).

Corollary 2.

Let

(2.13) y(n)(Z) + (;)p;(z)y(n_z)(z) + ...+ p:(Z)y(Z) = 0,

*
be the adjoint equation of (1.1), and let Ij(z) and Ij(z),

j=2,...,n, be the invariants of equations (2.13) and (1.1)

respectively. Then




(2.14) Ig(z) - (~l)j1j(z), 5=2,...,n.

By the definition of the adjoint equation, (2.13) is given

by

](n—2) ](n“3)

y™ (2 + ) ip,(2y(2) - D ipy(2)y(2)

Hence,

by(2) = pyl2), Pglz) = -py(2) + 3p,'(2),

and in general

t-1 (

(2.15) p,(2) = (-1, (2) + T ¢, b,
r=2 ?

t—r)(Z), t = 2’...,n.

ExXpressing p:(z) in terms of ﬂt"n(z), r =2,...t-1, by means

of (2.15) and substituting in I;(t), we obtain a linear combina-
tion of péj;s)(z), s =2,...,j which is an invariant of weight

j. Since by Theorem 1 the linear invariant of weight 3j 1is
uniquely determined up to a constant factor, it follows that I;(z) =
kj Ij(z), 3=2,...,n. The constants kj’ j=2,...,n, are

determined by the coefficient of pj(z) in I;(z); hence kj =

(-133. (c£. 12, p. 2371, (10, p. 46].)

Corollary 3.

In order that equation (1.1) will be self-adjoint, it is

necessary and sufficient that all the invariants of odd weight

vanish identically; i.e.

(2.16) =0, i=1,2,...[B=

I2i+l(z)

+...+(-1)npn(z)y(z)=0.
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If equation (1.1) is self-adjoint then (2.16) follows from

(2.14). Converéely, if (2.16) holds then the differential
equation is self-adjoint. 1Indeed, by (2.16) and (2.14) the invariants
of the given equation coincide with the respective invariants of
the adjoint equation. Since the coefficients pj(z) are uniquely
determined by the invariants, (see the remark following the proof
of Theorem 1) it follows that the differential equation coincides

with its adjoint.

Corollary'4.

If ¢(z) is given by (2.7), then the substitution (2.4)

transforms adjoint equations into adjoint equations. In particular,

equation (2.3) is self-adijoint if and only if equation (1.1) is.

Theorem 1 and its corollaries play an important role in our
study of disconjugacy of equation (1.1) in the unit disk. We note
that the most general one-to-one analytic transformation which
maps |z| < 1 onto |f] < 1 is given by

ele(z—zo)

(2.17) C(2) = Toz5, lzol <1, 0 <6< 2m, |z| < 1.

For every choice of the parameters zZ, and 6 in (2.17),
equation (1.1) is transformed by the substitution (2.4) into a
differéntial equation of the type (2.3). Since disconjugacy is
preserved by this transformation, both equations are either dis-
conjugate or not disconjugate in the unit disk. Finally since

(2.17) is of the type (2.7), Theorem 1 can be applied to yield the

relations between the coefficients of equations (l1l.1) and (2.3).
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Furthermore, any necessary condition for disconjugacy should be
satisfied not only by the coefficients of equation (1.1) but by
the coefficients of equation (2.3) as well. Hence, as will become
apparent in the following sections, it seems more intrinsic to
express disconjugacy conditions in terms of the invariants Ij(z)

rather than in terms of the coefficients pj(z).
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3. Necessary conditions for disconjugacy.

We apply now Theorem 1 in order to obtain necessary conditions

for disconjugacy of equation (l.1l) in the unit disk.

Theorem 2.

Let the coefficients pj(z), j=2,...,n of equation (1.1)

be regular in |z| < 1, and assume that (1.1) is disconjugate

in |z| < 1. Then,there exist constants A(j,n) and B(j,n),

—

depending only on j and n, such that

J (5-s) A(4,n) .
(3.1) |1.(2)] = | ©T a. p.’ (z)] < - |z| <1, 3 =2,...,n,
' 3 |s=2 j,s' s (l—IZIZ)J
and
(3.2) lpy(z)| « —BUB ) <1, 5= 2,00
(1-1z]%)

In particular

(3.3) A(2,n) = B(2,n) = (n+l),

and this result is sharp. Moreover, for 3 3,...,n, (3.1) and

(3.2) are of the correct order.

We remark that the necessary conditions for disfocality of
equation (1.1) in |z| < 1, obtained in [8, Theorem 7], are of the

same order as (3.2).

The following lemma will be required in the proof of

Theorem 2.

Lemma 1.

Let hy(z), k= 1,2,..., be a regular function in |z| < 1.
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1

(3.4) |h, (2)| { ——==—=, lz| <1,
hy LN
then
(s) C{s,k)
(3.5) | (z)] < , lz]l <1, s=1,2,...,
hk (l_lzlz)s+k

where C(s,k) are constants depending only on s and k.

Lemma 1 can be proved by applying the Cauchy integral formula
for the derivatives. While in general we shall be concerned only
with the existence of the constants C(s,k) and not with their
magnitude, it is worth noting that better estimates for the constants

C(s,k) are obtained by a method given in [8, Lemma 4).

Proof of Theorem 2.

Let
(3.6) y (2 = 2"211 + pa2t, 2] <1,
t=2
and
(3.7) vy(2) = 2"7N1 + 2%, 2] <1,

t=2
be two solutions of equation (1.1), Substituting (3.6) and

(3.7) in equation (1l.1), the constants and t=2,3...,

at Bt,
are determined by the coefficients pj(z), j=2,...,t, of (1.1)

in the following way:

HUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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p,(0) (n-1)
Ay =~ 775 s By T7 2(n+1)_P2(°)’
(n-2)p3(0)+3p2'(0) (n—l)(n—2)p3(0)+6(n—1)pz'(0)
Az =7 3T (n+1) s B3 77 31 (n+l) (n+2)
2
(3.8) (n-2)(nf3)p4(0)+8(n—2)p3'(O)+12p2”(0)-6n(n—l)p2(0) ,
Qg =7 4% (n+1) (n+2)
(n-1) (n-2) (n-3)p, (0)+12(n-1) (n-2)p5' (0)
Bg T - 41 (n+1) (n+2) (n+3) -

36(n-1)p, "(0) -6n(n-1) “p5 (0)
4! (n+l) (n+2) (n+3)

and

nl(n—Z)Ipt(O) (s)
Y% T &I (n-t) ! (n+t-2) ! + Qt[pj (z)]’z=0’ t=3...m,

n!(n-l)!pt(o) N (s) ) |
by ST Emon T T kP (2] ,0p, = 3,..00m,

‘where Qt and 5; are polynomials of the arguments pgs)(z),
s = 0,...t-3, j =2,...,t-1.

Since equation (1.1) is disconjugate in |z| < 1, it follows
from [7, Theorem 1] that the function

yq(2) _ ®
L~ =21+ zgvtzt], lz| <1,
t=

(3.9) f(z) =

is univalent in |z] < 1. This assertion can easily be confirmed.

-1
1) = £(z,) = ab ", where |21|,|zzl <1,

Indeed, suppose that f(z
then the non-trivial solution ayl(z) - byz(z) has (n-2) =zeros
at the origin (this follows readily from (3.6) and (3.7)) and two
zeros at z4 and z,. But this contradicts our assumption that

equation (1.1) is disconjugate in lz] < 1.
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According to (3.9) the coefficients Ye are given by
_ 2
(3.10) vy = ay = Bys Y3 = Q3 = 835 ¥4 T Oy = Byt By - ApBys
and
(3.10') Vt=at b ﬁt+ rt[a2,-on’at_l,ﬂz’ooo,ﬁt—ll, t=4,5,ono,

where T, is a polynomial of the specified arguments. Insertion

t
of (3.8) and (3.8') in (3.10) and (3.10') leads us to

Pz(o) (n-2) n-4
Y2 5Tl 0 Y3 T Imn () P3(0) - hmp Ry (O
(3.11) |
_ n!(n-2)!p, (0) ol (S)(Z)]I = 3.4 n
Ye T- n-t) L (E-1) ! (n+t-1) ! t' P z=Qs -~ TrUrtttet

where G, is a polynomial of the arguments pgs)(z), ) 2,.0.,t-1,
S = 0,...,t-7.
Having established the relations between the coefficients

Ye of the function f£(z) and the coefficients pj(z) of the
differential equation (1.1), we are ready to proceed with our proof.
As has already been mentioned, disconjugacy of equation (1.1) in
the unit disk implies the univalence of the function (3.9) there.
Applying now the area-theorem to the coefficients of the univalent
function (3.9), we obtain

o
(3.12) (e-1) |7, |% < 1.

t=2

Hence,

(3.13) lye) < (=12 e o 2,3, .
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Combining (3.11l) and (3.13) we shall obtain upper bounds for

|p2(oﬂ,...,|pr(0)|. Utilizing then Theorem 1 and Lemma 1, (3.1)
and (3.2) will be established by an induction on j. We proceed
now with the details.

Setting t =2 in (3.13), it follows by (3.11) that

(3.14) Ip,(0)] < (n#+1).

Applying now the transformation (2.17), equation (1l.1) is trans-
formed by the substitution (2.4) into equation (2.3). According

to Theorem 1 and (2.17) we now have

(3.15) 1,(z,) = 3,08 (z)17, 5 =2,...,n,
where Ij(z) and Jj(z) are the invariants of equations (1.1)
and (2.3) respectively. For j = 2, it follows from (3.15) that
(3.16) py(2z ) = I,(z) = 3,(0) (L' (2)1% = q,(0) (L' (291>

y Pal2d = 2120 2 o 92 ol
Since disconjugacy is preserved by a transformation of the type
(2.17), equation (2.3) is disconjugate in ICI < 1. Hence, according
to (3.14)
(3.1471) la,(0)] < (n+1).

In view of the fact that for transformations of the type (2.17)

2
(3.17) 2 (2] -f—}—ﬂ‘—z 2] <1,
- =

it follows from (3.14') and (3.16) that

(n+1)
(1—|Zdl

(3.18)  [1,(2z )| = |p,(2)] < 2,2 2ol < 1.
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Since (3.18) holds for every |z°| < 1, this completes the proof
for j = 2.
Next, we consider j = 3. For t = 3, (3.11) and (3.13)

yield

n-4 {2 (n+l) (n+2)
n3s Py (O] < =2y

By the Cauchy inequality, it follows from (3.18) that

-2} _ (n+1)25Y5 )

(3.20) |p,'(0)| < (n+1) Min (r™1(1-r%) 1L

o<Lr<1
Combining (3.19) and (3.20), we obtain

(3.21) |py(0] < {2 Tm2)+ 2B (n-0)] = B (3,n)

and

(3.22) |1500)] = [p;(0)-Zp, ' (0)] < (B2 4 Vel lne2) _ (5 ),

Since by our assumptions equation (2.3) is disconjugate, it

follows from (3.22) that

(3.221) IJ3(o)| < A(3,n).

Combining now (3.1%5), (3.17) and (3.22'), we obtain that

(3.2 |15(29) [=Ip4(zg)-3p, " (25) [=] 35001 | |22 | ’¢ 1—7;312;3’ 2,]<1,
o]

which proves (3.1) for 3j = 3. To establish (3.2), we apply
Lemma 1 to the function pz(z). According to (3.18) it follows

now that
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Ln+l)C(1,2), lzl <1,
(1-12]%)3

(3.20') lpyt(2)] <

where by {7, proof of Lemma 4]

(3.23)  c(l,k) < 2k + (BEE*OK, k= 2,3,... .

Combining (3.20') with (3.22" ), we conclude that

A(3,n)+§(n+1)c(1,z)

B(3,n) , z < 1.
123 i

2.3
(1"‘20' )

The general step in the induction is similar to the proof of

(3.21') |p.(z )] <
3 Q (1_‘ZO

the case 3§ = 3. We assume now that (3.1) and (3.2) were established
for j = 2,3,...,m, m < n-1. Since by the induction assumption
the coefficients pz(z),...,pm(z) satisfy (3.2), if follows by

Lemma 1 that

(3'24) lpgnﬁ'l'j)(z)l SB(jsn)c(m"'l"i’j) MLITH'].,D) - 2"..,m, IZI<1:

(1-|z|3)™1 (1-|z| 5™ J
- where M(m+l,n) is a constant depending only on m and n. Note
that for z = O we may use the Cauchy inequality instead of Lemma
1 and thus obtain the better estimate

(rm+1-75) m-g+1

(3.24") |p (0)] < B(j,n) Min (r (1-r2)”j}, j=2,...,m

J ogr<l
Setting t = m+l in (3.13), it follows from (3.11), the induction

assumption and (3.24') that

1P (0| < By(mel,n)

and

w1

(3.25) |1m+1(o)| = |S§2am+l,sp

(m+l-8)

N (0)] < A(m+1,n),
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where Bo(m+1,n) and A(m+l,n) are constants depending on m

and n only. Since (3.25) holds with I__,(0) replaced by

Jm+1(0), it follows from (3.15) and (3.17) that

(3.25') 1_.(z)] = |3 (o) ]le'(z) |t Almtl,n) - 4, | ¢ 1.
l m+1" "o ' l o+l o) ' S-(l_lch)m+l ' o)

Combining (3.25') with (3.24), we conclude that (3.2) holds for

3=m+ 1 < n. This completes the proof of the main statement

of the theorem.

Sharpness of Theorem 2 will be discussed in the following

section by means of an example.
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4. Example.

Let u(z) and v(z) DYe linearly independent solutions of

the second order differential equation

(4.1) w''(z) + s(z)w(2)

0
e

If

wi(z) = miu(z) + niv(z), i 1,2,...,n-1,

where m. and n,, i=1]...,(n-1), are arbitrary complex constants,
then
n-1 n-1
(4.2) v(z) =7 wi(z) =T [miu(z)+niv(z)]
i=1 i=1
is the general solution of a differential equation of order n.

Note that y(z) can also be represented as a bilinear form in

u(z) and v(z); namely

n-1

3’

(4.3) y(z) = cl[u(z)]n_l+c2[u(z)]n_2v(z)+...+cn[v(z)]

where Cqs++-5C, are arbitrary complex constant. We now apply
a process given by Fano [3, p. 531-532] to obtain the explicit

form of the differential equation satisfied by (4.2). Let

(4.4) FO(Z) = yl(z), Fi(z) = y'(2)

and set

(4.5) Fk+1(z) = Fk(z) + k(n—k)s(z)Fk_l(z), k = 1,2,..., .

It is easily verified by induction that if y(z) is given by (4.2),

then .
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F, = ? Wiee oWy (W Wo o qoeeW, o,

1 !
= 21 o & o [] » [ ® & o (] L] L] LN B
F izgwl Wi 1Wi%in wj_lewJ+l LAY

and

(e,) (e 4)
_ 1 n-1
Fp = k! oWy ceeWo 4 s 0<Lk<n -1,

Here the summation is over all possible sequences el,,,,,e 1
n_

n-l (0) (1 _
€; = 0,1, such that iEaei = k; and Wi S wis wi = wye Thus,

1ot
F 1= (n-1) !wlwz...w;n_l

n_
and by (4.5) it follows now that

1
(4.6) F_=F ;+ (n-1)sF_

_5 = 0.

On the other hand, according to (4.4) and (4.5)

1
Fl + (n—l)sFO = y" + (n-1)sy,

e
o
Il
o]
-
B
'-l
Il
=
-
trf
N
it

1

Fu= F, + 2(n-2)sF1 = y'"'+ (3n-5)sy' + (n-1)sy,

F, = v'™ + (6n-14)sy" + (4n-6)s'y’ + [(n-1)s' + 3(n-3) (n-1)s’]y |

and
(4.7) Fn - y(n) + (ngl)sy(n—Z) + 2(nzl)s,y(n--B) + 3(n;1)[s” + 52;752]y(n—4)
ra™hsm ¢ ey (05

(cf£. [2, p. 236], [3, p. 531}). Combining (4.6) and (4.7) we

conclude that (4.2) is the general solution of the differential equation
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(4.8) y(n)+(r21)—(-l%—l—z-sy(n'2)+(g)j—n—;—lls‘y(n'3)+...+(1;.’)pjyn'j+...+pny = Q.

Here pj(z), j=2,...,n, is a polynomial of the arguments s(t)(z),
t=0,...,j-2, with positive coefficients. Moreover, by (4.5),
pj(z) is a homogeneous polynomial of weight j provided

[s(t)(z)]m is of weight m(t+2).

We assert now: (4.8) is disconjugate in the domain D, if and

only if (4.1) is disconijugate in D. Indeed, according to (4.2),
a solution y(z) of (4.8) vanishes n times in D, if and only if
one of the solutions \ni(z), 1 <1in-1, of egquation (4.1)
vanishes at least twice in D. Note that if (4.8) has a non trivial
solution which vanishes n times in D, then there exists also
a solution which has two zeros each of order (n-1) in D.
Furthermore, (4.8) is non-oscillatory in D, (i.e. every solution
of (4.8) has a finite number of zeros in D) if and only if
(4.1) is non-oscillatory in D.

Let
(4.9) s(z) = —F5—
(1-27)
then according to a result of Hille [4], equation (4.1) is dis-
éonjugate in |z|] < 1, if and only if a ¢ C, where C denotes
the interior and the boundary of the cardioid given by a =
—2ei¢—.e2i¢. This cardioid goes through the points a = +1 and
a = -3, contains |al ¢ 1 and is contained in |a| < 3. By the

assertion made above, it follows now that (4.8) is disconjugate in

lz] < 1, if s(z) is given by (4.9) and a ¢ C. Substitution
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of (4.9) in (4.8) leads us to a differential equation of the form

(1.1), whose first coefficients are given by

(n+tl)s(z) _ (n+l)a

P (z) = )
2 3 3(1—22)2
(n+l)s'(z) 2(ntl)az
(4.10) p,(z) = =
3 (1_22)3
p4(Z) = éLgﬁ_l_L[su(z) + _5_%"_'1 sz(z)] = _5_2?'_"1.&?_ [4+20z _,,1_5_1'_19_&31].
z
Setting a = -3 and z = x, 0 {x< 1, (4.10) yields
1 6(n+l)x
(4.10') py(x)| = —o— ,  |py(x)| = =53,
P, (1-x2)2 3 (1-x2)3

which shows that (3.10) is sharp and the constants A(2,n) =
B(2,n) = (n+l) are the best possible. For 3 ¢ j < n, (4.8)
and (4.9) show that (3.1) and (3.2) are of the correct order.’

Indeed, if s(z) 1is given by (4.9), then

1im s(8) (2) (1-2%) 2 = 1im(22)F(e+1) 12 = 28 (e+1y1a, t=o0,1,... .

Z-) Z-1
Since the coefficient pj(z) in (4.8) is a polynomial of the

arguments s(z),..ﬁ(j"z)(z)

with positive coefficients (pj(z)
is homogeneous of weight Jj, provided [st(t)]m is of weight
m(t+2)), it follows that

lim p.(z)(l-—zz)j = P.(a),
Z-1 J J

where Pj(a) is a polynomial in a with positive coefficients.
Clearly, [Pj(a)l > 0 for almost every a ¢ C, where C denotes

the interior and the boundary of the cardioid. Hence, we conclude
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that there exist differential equations of the form (1.1), which are
disconjugate in |z| < 1 and such that

. 2,73
lim |p.(2)](1-]z]%)" > o.
zZ-1 J
Moreover, for a fixed n, Max!Pj(a)I, where a ¢ C, vyields
a lower bound for the constant B(j,n). For example, by (4.10)
. 2.3
P,(a) = lim p,(2)(1-2")" = 2(n+l)a.
3 3
Z-1
Therefore,
Max|P_(a)]| = |P,(-3)] = 6(n+l).
3 3
aecC
Hence, B(3,n) > 6(n+l). éomparing with the results obtained in

the proof of Theorem 2, we have according to (3.21")

(4.11) B(3,n) = A(3,n) +-§(n+1)c(1,2).

It is easily verified that for equation (4.8) the invariant

I3(z} vanishes identically. (Actually, as will be shown later,
equation (4.8) is self-adjoint and therefore,according to Corollary

3 of Theorem 1,all its invariants of odd weight vanish identically.)
Setting in (4.11) A(3,n) = O (because I3(z) = 0) and C(1,2) £ 7.5

(see (3.23)), it follows that for self-adjoint equations

6(n+l) < B(3,n) < 11,.25(n+l).

We assert now that equation (4.8) is self-adjoint. To

verify this assertion we note that according to (4.3)
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n-1 n-1
k u(z
4.12) n=—X2__ _ v [u(z)]k 2 e tt(z)]%, t(z) = X )
( " [v(z)1® 1 x=1 kK V(2) k=1 % v(z)

Hence, 17 is a polynomial of order (n-1) in t(z) and therefore

satisfies the differential equation

(4.13) dn= 0.

In order to obtain from (4.12) and (4.13) the differential equation
satisfied by y(z), we proceed as follows. (cf. [1l0, p. 46-47],

[2, p. 235-237].) Without loss of generality we may assume that

the Wronskian u'(z)v(z) - u(z)v'(z) of equation (4.1l) is identically

equal to 1. Hence,

dt u'(z)v(z)-u(z)v'(z) 1
(4.14) _—= =

dz v2(z) vz(z)
and therefore
(4.15) é% = v2(z)é% .

Combining (4.12), (4.13) and (4.15), it follows that vy(z) satis-

fies the n-th order differential equation

2, v 4, .2.,d 2 .d._ y(z) _

(4.16) viz) £ v vt (24, n-1 - O
[v(z)]

In order to normalize (4.16) so that the coefficient of y(n) will
be equal to 1, we multiply by [v(z)]_n—1 and obtain

1 d 2 a 2 d v(z)
(4.16') ———————a — ...V (Z2)7—V (Z2)7F" = 0

1 _
[v(z)]n dz dz dz [v(z)]n 1

Hence, equation (4.8) can be expressed in terms of a solution

v(z) of (4.1) in the form (4.16'). The symmetric form of equation
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(4.16') implies now (see [5, p. 126]) that equation (4.8) is
self-adjoint whether n is even or odd.

We conclude our discussion of equation (4.8) with the
following observation. If equation (4.8) is disfocal in |z| < 1,

then it is also disconjugate there. 1Indeed, assume that equation

(4.8) is disfocal in |z] < 1, (i.e. no non-trivial solution of

(4.8) satisfies y(zl) = y'(zz) = ,,, = y(n'l)(zn) = 0, where

|zi| <1, i=1,2,...,n,) then according to [8, Theorem 7]
+1,,-1

[("30)]

|s(2)]| <
which is sufficient [9, Theorem 1] to imply the disconjugacy of
equation (4.1) in |z| < 1. Consequently, equation (4.8) is also

disconjugate in |z| < 1. (cf. [8, Theorem 8].)
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5. m-m disconjugacy of self-adjoint differential equations.

Considering the differential equation of even order

(5.1) vy®™ (2) + p(z)y(z) = o,

Kim has recently established the following theorem [6, Theorem
2.17.

Let p(z) be regular in |z| < 1. If

(5.2) Ilp(z)] < , lz| <1,
(1_lz|2)2m
where
m-1 2
(5.3) K(2m) = 7 (14+421)7, m= 1,2,...,
i=0

then the differential equation (5.1) is m-m disconjugate in

|z| < 1; i.e. no (non-trivial) solution of (5.1) has two zeros of

order m in |z| < 1. The constants (5.3) are the best possible.

(Kim calls this property disconjugacy in the sense of Reid).
We generalize now Kim's result to self-adjoint differential
equations of the form

yP™ (2) + [, (239" Tz ™D 4 L
(5.4)

(m~k)(z)](m—k)

+ [r2k(z)y + ... + rzm(z)y(z) = 0 .

Theorem 3.
Let r,,(z), k= 1,2,...,m, be regular in |z| < 1. There

exists positive constants R(2k,2m), k = 1,...,m, depending only

on k and m, such that if

R(2k,2
( g)Zk’ lz| <1, k=1,...,n,
(1-12z]%)

(5.5) |y (2) | <
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then equation (5.4) is m-m disconjugate in lz] < 1.

As in [6], we require the following integral inequality.

Lemma 2.

Let U(x) be a real function with s continuous derivatives

in the interval [-p,pl. If U(x) has two zeros of order s at

*p, then
o P 2

(5.6) [ 1v®) (x)1%ax > ®(25)p°5[ —(—[—‘23%1—2—8— , s=1,2,...,
-p -p p -X

where K(2s) are given by (5.3).
Inequality (5.6) was established by Nehari [9] for s = 1 and
by Beesack [1l] for s = 2., Kim proved (5.6) for any natural number

[6, Theorem 3.3].

Proof of Theorem 3.

We first prove that if (5.5) holds and

m
R(2k,2m)
(5.7) kfl K(2k) <1

then no solution of (5.4) has two zeros of order m at the symmetric
points *p, 0 < |p| < 1. Suppose to the contrary, that there

exists a solution y(z) of (5.4) which vanishes m times at fp.
Without loss of generality we may assume that p is real. Multi-
ply now (5.4) by vy(z) and integrate along the real axes from -0
to p.  Integration by parts leads us to

0 m 0
(5.8) | |y'™ (x| %ax = Z O g0 1y o | P,
-p = -p
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since all the integrated parts vanish. Writing now y(x) =
(S)l (S)]2

2 2 2
u(x) + iv(x), we have |y|° =u® + v® and |y +

[v(s)]z. Thus, we obtain from (5.8)

(5.8 [Prea™) 2 (v(™)2)ax gkzr[ |2y | L)) 24 (o (KD 2y gy,
L 2

By (5.5), it follows from (5.8') that

2,2k
k—l 1-x
o _p( x)
5.9) m -
‘ ¢ 3 oP[" BRI (o (mH))2, om0 2y g
k=1 ¥ (p -x7)
-p
Since vy(x) = u(x) + iv(x) is supposed to have zeros of order m

at tp, the same is true for u(x) and v(x) separately. Applying

Lemma 2 to the real functions u(m—k)(x) and v(m_k)(x) we obtain
| 2k P (u(™ k)2, (y(m-k)y2 (m). 2, (m),2
(5.10) p[ 25— ax < 1o j (™) (v(™)?)ax.

-p (0" -%x7)

Hence, it follows from (5.9) and (5.10) that

J ™) 2400 (™) 255 ¢ 831_2%5_]2{_%@_ JP[(u(m))sz(m))z]dx’

-p
whiéh by (5.7) yields the desired contradiction.

We turn now to the general case and we assume that (5.5) is
satisfied. We shall prove that if the positive constants R(2k,2m),
k=1,...,m, are taken small enough, then equation (5.4) is m-m
disconjugate in |z| < 1. Suppose to the contrary, that there exists
a solution vy(z) of equation (5.4) with two zeros of order m at
and =z

zq and Z5, where =z 5, are two (not necessarily symmetric)

1
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points in the unit disk. We apply now a transformation of the type
(2.17). It is well known [9] that by a suitable choice of the
parameters z_ and & in (2.17), it is possible to map lz] < 1
onto |¢| < 1 in such a way that =z, and =z, are mapped on two
symmetric points of the real axes fp, 0 < p < 1l. ByCorollary 4
of Theorem 1 the self-adjoint differential equation (5.4) is

transformed now into the self-adjoint differential equation

w2® (s, (0)w™ D ey (D L
(5.11)

(m-k)

+ Loy (0w ™ ) (M9 s (0w = o.

It follows now from our hypothesis that equation (5.11]) has a solu-

tion which vanishes m times at To. Using Theorem 1 and Lemma

1 we shall show that (5.5) implies that

S(2k,2m
(5.12)  |s, (0)| ¢ SEEI_ el 1) k-1,
(1-1¢]%)
where S(2k,2m), k= 1,...,m, are constants which depend on X and

and on the constants R(2t,2m), t = 1,...,k, but not on the

choice of the parameters z, and 6 in (2.17). Moreover
S(2k,2m) is a linear homogeneous combination of the constants
R(2t,2m), £t = 1,...,k. Thus, if R(2k,2m), k = 1,...,m, are small

enough, it is possible to guarantee that S(2k,2m) will satisfy

m
' S(2k,2m)
(5.7") ? R(2K) < 1.

However, if the coefficients s2k(C) satisfy (5.12) and (5.7') it

follows from the first part of our proof that no (nontrivial) solu-

m

tion of equation (5.11) has two zeros of order m at Yp, 0 < |n| < 1;
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and this contradicts our hypothesis. Consequently, no solution
of equation (5.4) has two zeros of order m at z, and z,, where
FPARENIRES
We now give the details. Since equation (5.4) is self-adjoint,
it follows from Corollary 3 of Theorem 1 that the invariants

of odd weight vanish identically; i.e.

1]

{(5.13) 13(2) = Is(z) 2 L., 1(z) = 0.

IZm—
By comparing the forms of equations (5.4) and (1l.1l) it follows

from (2.9) that

X
2k-2t
(5.14) I, (2) =t£ﬁa2k:2tr§t Yz), k=1,...,m,

m
where [a2k 2t]l, is a triangular constant matrix whose elements
’
are determined by the constants (2.11) and by the order 2m. 1In
. 2m,,-1 ' .
particular a2k,2k =[(2kn s, k=1,...,m. Moreover, successive

elimination of rz(z),...,rzm(z) from (5.14) yields

k
_ v (2k-2t) _
(5.15) r2k(z) _tEHBZk,ZtIZt (z), k=1,...,m,
where the triangular matrix [62k 2t]T is the inverse of the
3

triangular matrix [a2k ZtIT‘ (See the remark following the proof
F

of Theorem 1.)

Since we assume that (5.5) is satisfied, it follows by Lemma

1 that

(2k-2t)

2k-2
(5.16) |r,; (z) | g_C( k-2t,2t)R(2t,2m)

lz| <1 k=1,...,m.
(1_|zl2)2k » P s

Combining (5.14) and (5.16) we conclude that
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E(2k,2m) -
(5.17) ]12k(z)|.g (1-IZI2)2k , lzl <1, k=1,...,m,
where
k
(5.18) E(2k,2m) = E 0,y 5,C(2k-2¢,28)R(2¢,2m), %k = 1,...,m.
t=1 “7

Clearly, the constants E(2k,2m), k = 1,...,m can be made as small
as we wish by taking R(2t,2m), t = 1,...,m, small enough
Denote by Jj(C), j=2,...,2m the invariants of equation

(5.11), then according to Theorem 1
(2.10) 1,(2) = 3L ()17, 3 = 2,...,2m,

where r(z) is the transformation (of the type (2.17)) which maps

|z] <1 onto |¢] <1 and z; and 1z, to *p, By (5.13), (5.17)

and (3.17), it follows from (2.10) that

(5.13") T4(8) =3 (8) = ... 3, (&) =0
and
(5.171) lgkw)lg mmtg%<, le]l <1, x=1,...,m.

(1-|¢
The relations between the coefficients SZk(t), k=1,...,m of

equation (5.11) and the invariants J2k(C), k=1...,m, are

given by
(5.14') 5, (0) = > s{2K=28) (py | x =1
. 2t 7 T %ok, 2652t (£, = l,.ee,m
or by the equivalent relations
, k (2k-2t)
(5.15") Sy (8) = % 52k,2tI2t (&) kx=1,...,n.

t=1
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Applying now Lemma 1 to J2k(§), it follows from (5.17') that

2k-2t)

= 2
(5.19) |ai2 (2)| ¢ C{2k-2t,20)E(2¢,2m)

(1-]¢] %)%

Substituting (5.19) in (5.15') we arrive at (5.12) and the constants

, el <1, £=1,...,k.

S(2k,2m) are given by

k
(5.20) S(2k,2m) =t5152k’2tC(2k—2t,2t)E(2t,2m), k=1,...,m.
Combining (5.18) and (5.20) we conclude that S(2k,2m) is a linear
homogeneous function of R(2i,2m), i = 1,...,k. Therefore, the
constants S(2k,2m), k = 1,...,m, will satisfy (5.17') provided
R(2k,2m), k= 1,...,m, are small enough. This completes the
proof of Theorem 3.

For the fourth order self-adjoint equation
(5.21) vy (2) + (5, (2)y (2)]" + £ (2)y(2) = O,

Theorem 3 yields the following results. Let rz(z) and r4(z)
satisfy (5.5).
(i) 1f

R(2,4) + R(&2)

then no solution of (5.21) has double zeros at two symmetric points
(ii) 7If

R(4,4)+5C(2,2)R(2,4)

(5.22) R(2,4) + 5 1

‘then no solution of (5.21) has double zeros at any two points of the

unit disk; i.e. (5.21) is 2-2 disconjugate in |z| < 1. Since
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c(2,2) < c(1,2)c(1,3), it follows from (3.23) that C(2,2) < 7.5x10.2

and (5.22) takes the form

(5.221) 6.1 R(2,4) + B(&2) g,

Theorem 3 can also be stated in terms of the invariants in

the following way,

Theorem 3!

Let Ij(z), j=2,...,2m be reqular functions in |z| < 1,

such that (5.13) and (5.17) are satisfied. Let S(2k,2m), k=1,...,m,

be defined by (5.20). If the positive constants E(2k,2m), k = 1,...,m,

are small enough to guarantee that (5.7') is satisfied, then equation

(1.1) is m-m disconjugate in |z| < 1.

For fourth order equations Theorem 3' yields: Let 13(z) = 0

and let Iz(z) and I4(z) satisfy (5.17). 1If
6(1+9—%—6ﬁ)E(2,4) + 5@—9&)— <1,

then the differential equation is 2-2 disconjugate in |z| < 1.

We conclude with the following remark. As has been shown in
the end of section 4, equation (4.8) is self-adjoint. Moreover, if
n = 2m, then equation (4.8) is m-m disconjugate in |z| < 1,
if and only if it is disconjugate there. Setting now s(z) =
a(l-zz)-z'a, 6§ >0, in (4.8), it follows from Theorem 2 that for
any chﬁice of the complex constant a and the positive constant §,

equation (4.8) is not disconjugate and therefore also not m-m

disconjugate in |z| < 1. Hence, (5.5) and (5.17) are of the
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right order of growth. Indeed, no condition of the type

E(2k,2m) !

(1 ‘ |2)2k+€ I Z|<l, €>O! E(2k,2m)>o, k=1,...,m,
-12

15y (2) <

can possible imply m-m disconjugacy of the self-adjoint differen-
tial equation (5.4) in [z| < 1, however small the positive

constants E(2k,2m) and € may be.
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