NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



‘

FEB 1

EQUIPARTITION OF ENERGY
IN WAVE MOTION

R. J. Duffin

Report 69-35

November, 1969

University Libraries
Carnegie Mellon Universitg
Pittsburgh PA 15213-389

—~ RUNT LIBRARY ™
CARNEE'E-EELLON uiypgyr




Equipartition of Energy in Wave Motion *
R. J. Duffin

Carnegie-Mellon University

Abstract
Of concern are solutions of the classical wave equation
in three-dimensions. It is shown that if a solution has compact
support then after a finite time the kinetic energy of the wave
is constant and equals the potential energy. The proof employs

the Paley-Wiener theorem of Fourier analysis.

*¥ Prepared under Research Grant DA - AROD - 31-124-G680
Army Research Office, Durham, North Carolina.




Equipartition of Energy in Wave Motion

1. Introduction.

In a recent paper [l1] Jerome Goldstein gives an elegant
analysis of abstract wave equations. The central result of his
paper is an equipartition theorem stating that the difference of
the kinetic energy and the potential energy vanishes as the time
approaches infinity. Goldstein points out that the genesis of
this equipartition property is simply the Riemann-Lebesgue lem-
ma of Fourier analysis.

This observation of Goldstein suggests that other theorems
of Fourier analysis should be connected with wave motion problems.
To this end the present note develops a connection with the
Paley-Wiener theorem. This theorem characterizes Fourier trans-
forms of functions having compact support. Thus attention is
here confined to a wave having compact support. Then it is
shown to be a consequence of the Paley-Wiener theorem that after
a finite amount of time has elapsed the kinetic energy is con-
stant and equals the potential energy. This proof applies to
waves in space of odd dimension.

After being informed of this result,Goldstein was able to
show that the kinetic energy also becomes constant for certain
abstract wave equations. His results are given in an accompany-

ing paper [2].




2. The Paley-Wiener Theory.

The following is a well known property of the Fourier transform

Paley-Wiener Theorem. A function F(z) is a Fourier

transform of the type

F(z) = (2m) "2

where £f(t) is of class L2(-c,c) if and only if F(z) is of

class L,(-c0,0) and is an entire function of exponential
type c. That is

|z ]| (c+e€)

'—l

|F(z) | = oe for all e > o.

The following consequence of the Paley-Wiener theorem is
needed.

Corollary. Let H(z) be an entire function of exponential

type ¢ and let H be absolutely integrable on the real axis.

Then the Fourier transform of H is zero at points outside the

interval [-c,c].

z
Proof. The function K(z) IOH(z)dz is clearly an entire func-

tion of exponential type <¢. Moreover on the real axis

o
IR (x)|] < J H (x) [ax
o'o)

Then by a suitable application of the Phragmen-Lindelof theorem

it follows that if 2z = x+iy

K(2) | < ae Yl




for a constant A. The Cauchy integral formula applied to a

circle of unit radius and centered on the x-axis gives
k' (x) | < ne®.

Thus H(x) = K/ (x) is uniformly bounded. Consequently if

H(x) is of class Ll(—oo,oo) it also is of class L2(-GD,00).

Then the proof is completed by first using the Paley-Wiener

theorem and then using the L2 Fourier inversion theorem.




3. The classical wave equation.

Of concern is the wave equation

(1) 3% + éi; + 3% _ >%u .
3x° oy oz at°

The kinetic energy K of a solution u is defined to be

QO pO QO
(2) K(t) = j j f utzdxdydz = “utH2
-Q0 -00 -00

where u, = Ju/dot. The potential energy P is defined to be

QO raD QO
(3) peey = | | ] % u % u ?) dxdyaz.
—~00 - - Y z

Theorem: Let u(x,y,z,t) be a solution of the wave equation and

be of compact support in space. Then the kinetic energy is

constant and is equal to the potential energy for t > b where

b satisfies

(4) u(x,y,z,0) = ut(x,y,z,O) = 0 for x2+ y2+ z2 > b2.
Proof: The Fourier transform of the function u 1is denoted by

U and is defined as
-3/25% .
(5 vEngn = 2n ] LEXMWD (g o k) axayda.
-
For short this will be denoted as U = Tu. We assume, of course,

that u has continuous derivatives of the second order. Then

taking the Fourier transform of this wave equation we find that




(6) 82+ 72+ U (5,n,C,t) = d (E,n,L,t) /dt2.

This step is readily justified by the smoothness and the compact

support assumed. Solving (6) gives

(7) U (5,m,8,t) = Fy(5,M,0)cospt + Fz(é,n,C)gggeg
2. 2,2 1/2
where P = (§8°+ n°+ L) . Here F = Tf where
(8) fl(x,y,z) = u(x,y,z,0) , fz(x,y,z) = ut(x,y,z,o).
Since U_t = Tu, the Parseval theorem gives
(9) o 1% =l 012

Thus the kinetic energy can be expressed in the form

(10) K = [loF sinpt - F cosptll?.

2

Carrying out the square operation and making use of the identity

2sinpt cospt = sin2pt gives

_ 2 2
(11) X = lor 1%+ llw 1%+
m .
2 2 2 * .
”J"[(p Py 1%~ [Fy|%) cos2pt - p(F F, + Fl*Fz)s:anpt]d%dndC.
-0

It is now to be shown the integral terms in (11) vanish for t > b

introduce spherical coordinates so

(12) € = psinGcosP , N = pPsindsin® , € = pcose ,




(13) F(p,0,0) = (2w)‘3/2fffeipr°°s(p’r)f(x,y,z,O)dxdydz.

Here r2 = x2+ y2+ 22 and cos(p,r) = (Ex+ny+lz)/pr.

Since f has compact support we may assume r < b. Thus if
© and ¢ are fixed (13) converges for all values of pP regarded
as a complex variable. Moreover it is seen that F 1is an entire

function of P of exponential type b. In other words

(14) IF| < aeP [Pl where
_ rpe

(15) A= (27) 3/2m |£(x,v,2) |dxdydz.

Also note (12) and (13) yield the identity

(16) F("pseygo) = F(p,TT—e,§D+TT).

One of the integrals in (11) is
fe’e)

(17) I,(t) = [[] cos (20t |F, | *asanac.

-0

It follows by the hypotheses that this integral is absolutely
convergent.

Define the function G as

*
(18) Gz(p:(p’e) = F2 (p:e’(p)Fz (p)eJ‘p) .

0 * . .
Since both Ez and F2 are entire functions of p it follows

that G 1is an entire function and

(19) le,(p,0,0) | < a2e2plPl




Now express the integral (17) as an iterated integral in spher-

ical coordinates . Thus

le'e)
(20) Iz(t) = jo cos(zpt)Hz(p)dp where

212" , j’r .
(21) Hz(p) = p o ag oGz(p,¢,e)51nede.
It follows that H2 is an entire function of p and by (19)
(22) |5, @) | < araZp2e2P Pl

Thus H2 is an entire function of exponential type 2b.

From (16) and (18) it follows that

(23) Gz(“p:e:(p) = G2 (p,T-8,0+T) .
Hence
2 2T T .
(24) Hz(-p) =p Jo deoGz(-P,v-e,¢+v)31nede.
Let © = 7-6 and ¢’ = ¢+r in this integral and it is seen
that Hz(—p) = Hz(p) so H2 is an even function of p.

The function F2 is of class L in space so G is of

2 2

class L. Consequently the function H, is of class L, on

the real axis. But H2 is of exponential type 2b so according

to the corollary of the Paley-Wiener theorem the Fourier trans-

form of H, vanishes outside the interval [-2b,2b]. Since

Hz(p) is an even function the Fourier transform may be written

as a cosine transform as in (20).




This shows that Iz(t) =0 for t > Db. By continuity
Iz(b) = 0 also.

The integral

(25) I, (t) “] 2 | Fy cos (2pt) d8andal

is analyzed by the same argument. The extra factor p2 does

change the parity or the exponential type so Il(t) = 0 for

t > b also.

The integral

(o)
(26) I,(t) = 1] p(F " +F F,") sin (2pt) dSanat

is analyzed by a similar argument. It may be written in iter-

ated form as

OO0
(27) I,(t) = [ sin(20t)mH,(0)do.

Here H3(p) is of odd parity because of the factor pP in (26).
Thus the Fourier transform of H3(p) over the whole real axis

can be expressed in the form (27) and the Paley-Wiener theorem

gives I3(t) = 0 for t > Db. Thus it has been shown that if

t > b then (l11) becomes

(28) 2K = HpF1H2 + HF2H2.

Consequently the kinetic energy is constant.




10 .

The total enexrgy E is defined to be
(29) E=K+ P

Green's theorem is seen to give

dE _ _
(30) Sac. = J(ututt + Vu-Vu )dv = Jut(utt - Ma)dv = 0.

Thus the total energy is constant for all time. Parseval's

theorem applied to (2), (3), and (29) at time t = O gives

2 2
(31) E = HOFl“ + ||F2|| )

Comparing (28) and (31) gives K = E/2. Thus K P and the
proof of Theorem 1 is complete.
The same proof is seen to be valid for one-dimensional

waves but not for two dimensional waves.

Theorem 2. The statement of Theorem 1 is false for two-dimension-

al wave motion.

Proof. Then the corresponding function E&(p) has odd parity.

Thus 12 is not the Fourier transform of an entire function

unless 12 vanishes identically. Similar statements apply to

I, and I3. Thus by the Paley-Wiener theorem the kinetic en-

ergy can be constant for t > b only if it is constant for

all t. But this is not true in general.
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