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Coxrrection to Section 9: The analysis and conclusions given
in Section 9 for rate- independent materials are in error and
should be replaced by the following discussion. (The under-
lined sentence on page 1.2 should socordingly be deleted.)

If v is rate-independent, then #(f) is given by
F(£) = yw(£)

where ¥ is rate-independent. The expression for +%(f) obtained
for simple shear will be of this form if and only if there exists
functions n , 4 and v such that
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where K = y{t- to) . The expression for 7 (f) then becomes
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The stressg at time t is cbtained by integrating this expression.
One obtains:
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Here, To is the Cauchy stress at time ¢t = to which necessarily
is a hydrostatic pressure. Note that the functions 7 , v and 2 ,
which determine the flow rule also determine the dependence of

the stresses upon the total amount of shear. The shear stress Tya

is given by
K . 2
o (£) = (A 42),)K + jo 7 (s%)as
and the normal stress differences by
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1.1

1. 1Introduction.
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The purpose of this paper is to indicate how certain features
of the classical theories of elastic-plastic materials arise
naturally in recent theories of materials with elastic range.

The recent theories take the point of view that knowledge of
the stress, work, or free energy as a functional of deformation
(and possibly temperature) history should determine specific
characteristics of elastic-plastic materials. For example,
PIPKIN and RIVLIN [1l] show that a condition on a derivative of
the work functional determines whether or not the work done in
closed cycles of deformation is positive, and this condition on
the work functional is shown to imply convexity of the yield
surface in a theory With infinitesimal deformations. In [2],

I have shown that a derivative of the free energy functional
measures the dissipation arising from inelastic deformations,
and this derivative reduces to the plastic power when deformations
are small.

In the present paper I show how two derivatives of the stress
functional, namely, the global and local history gradients, deter-
mine respectively, the permanent stretching tensor and, when
" elastic deformations'" are small, a decomposition of the total
stretching tensor into permanent and recoverable parts. The
permanent stretching tensor is given as a multiple of the global
history gradient, and this relation is a general form of the

" flow rules'" given in classical theories. For the case of




1.2
small ' elastic deformations,' the global history gradient is
replaced by the local history gradient in the expression for the
permanent stretching tensor. Moreover, in this case I derive the
classical decomposition of the total stretching tensor (' strain-
rates'" relative to the present configuration) into a term linear
in the stress rates and a second term which is the permanent
stretching tensor. In the case of arbitrary elastic deformations,
the flow rules také their simplest form when the permanent stretching
entails no volume change. The case where volume changes associated
with permanent deformation are included is treated without undue
complications. It should be noted that, since rate effects may
influence the stress during '' loading'" , i.e., when permanent
stretching occurs, the theory given here has been constructed so
as to include such influences.

An example of the use of the general form for the flow rule
is given in Section 9 where I discuss a simple shearing motion of
an isotropic material with elastic range. For the case of small

elastic deformations, I show that normal stress effects can

occur if and only if the material is rate-dependent. The case

of arbitrary'elastic deformations can be treated using the results
in Section 7, but this case leads to a more involved analysis
which I have chosen not to include here.
The flow rule for the permanent stretching tensor can be
used to obtain results about the behavior of the permanent stretching
tensor under superposed rotations and changes of reference con-

figuration. 1In fact, if the stress-functional has certain
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transformation properties under such influences, then the
permanent stretching tensor will have the same transformation
properties. I give another result of this type which implies

that a permanent deformation history transforms as an ordinary

deformation history (under superposed rotations) if and only if

the " elastic response! , i.e. the response relative to the per-

manent configquration, is an isotropic function. Thus, the physical

prejudice that permanent deformations are possible deformations
of the material is intimately connected with the nature of the
response of the material measured relative to a permanent configura-

tion.




2. Histories, Functionals.
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Let R denote the set of all real numbers, V a three-
dimensional inner product space, 4 the set of all (second
order) tensors on V, and éf the elements of 4 with positive
determinant. If £: R - éf and if t € R, the function

gt: [0,®) = éf defined by

t8(s) = £(t-s), s e [0,)

is called the history of £ wup to time t. Henceforth, I use
the term history to denote any function £: [0,®) = &T. The values
f(s) of such a function have a physical interpretation as values
of the deformation gradient (with fespect to a fixed reference
configuration) for a material point in a motion of some body.

I consider only those histories which are continuous and
piecewise continuously differentiable. A superposed dot above

a history denotes differentiation with respect to s, and it

follows that
et = 4
If £ 1is a history and if o0 ¢ [0O,»), the o-section of £ is
INIINIININIONNNIY ;o
the history go defined by
fo(s) = f(s+0), s € [0,=).

A history g is said to be a continuation of a history £ if
there exists ¢ € [0,») such that 95 = £. In addition, if

+ . . .
aed and if g(0) = a, then g is said to be a continuation

NI IS~

of £ to a.

NS




2.2
A functional 7 is a mapping from the collection of all

histories into some finite dimensional vector space W. In this
paper, the vector space W will be the space L introduced
above. 1In this case the value T7(f) represents the Cauchy
stress corresponding to the history f£. If 8 is some non-
empty collection of histories, 7w 1is said to be EEEE"EEE&EEEQEEE
on 8 if w(g) = m(h) whenever g(0) = h(0) and g and h are

elements of 8.




3.1

3. Elastic Range and Related ESESEEEE

Let E denote a subset of &f. If £ is any history the
symbol c(;,g) denotes all continuations g of £ such that
for:seme o¢>0 g, =£, and d(s) € E for every s e [0,0).
It may happen that a functional 7 is such that given any histbry
£, there is a set E(g) c if such that 7 is path-independent on
C(ﬁ,g(ﬁ)). PIPKIN and RIVLIN [1l] and OWEN [2] have used such functionals
to discuss the mechanics and thermodynamics of a class of materials
which includes:elastic-plastic materials. The purpose of this
section is to present a precise definition of the term elastic
range using the ideas presented in the papers [1l], [2].

Let 7 be a functional and £ a given history.

Definition. A non-empty set E c 2¥  is said to be an elastic

—— S ——— — — — ~i

region of 7 corresponding to f if the following conditions

are satisfied:

El. E 1is an open, connected set;

~

E2. For some o € (0,»), the set ({f(s)|s ¢ (0,0)] is

a subset of E:

E3. T ;gipath—independent.gg C(f,E);

E4. Let w*(°,f): E - 4 e defined by
m™(a,f) = m(g), a € E

where g is any continuation of f to a such that

g € C(f,E). With 7*(-,f) so defined, then

a) m*(-,£) ¢ cl(E)

and b) the limit




3.2

Dr(f) = lim vr*(a,f)

exists and satisfies

m*(a,f) - m(£f) = Dr(f) (a-£(0))

+ o|a-£(0) |

FIGURE 1

Figure 1 shows two elastic regiohs of' T corresponding
to £f£. It cannot be expected that the union of two such regions
will be an elastic region corresponding to f£. In order to be
able to consider a distinquished elastic region, an additional

assumption is needed: there exists an elastic region E(f)

of 7 corresponding to f which contains all other elastic

regions of 7T corresponding to f. E(f) 1is called the elastic

range of T corresponding to f.
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3.3

The requirement that E(E) be open and connected is made
for the sake of mathematical clarity and does not severly restrict
the class of sets to be considered. The condition E2 is essential
in what follows; specifically, it insures that certain operators
on the functional T are well defined. This condition specifies
that recently encountered points £(s) be accessible from the
present one, £(0), through continuations of £ which remain
in E(f). (In classical plasticity, this condition would imply
that, during loading, a reversal in the direction of the strain-
rate would cause the material to unload. If the yield surface
is smooth and does not shrink during loading, then this condition
is satisfied in the classical theories.) Condition E3 is simply
the condition of path-independence mentioned above. E4 is a
smoothness assumption on T, restricted to the set C(ﬁ,g}ﬁ)). The
functions Dr(f) and wr*(a,f) are linear functions from 4
into t. If £(0) € E(ﬁ), then vr*(£(0),£f) = Dr(f). The
function Dr(f) 1is called the elastic gradient of T at £

ININNNNNIIOIONS NS ONINIOININS i

(c.f. [2]). It is worth noting that E4b implies that 1lim T*(a,f) =
m(£). It is convenient to define 7m*(£(0),f) to be equa%ﬂ%éO)

m(£f). If £(0) 1is not in E(ﬁ), this definition gives a

continuous extension of w*(-,£f) to E(f) U (£(0)}.

It is easy to show that if f is a rest history, i.e.,

for some a ¢ éf, f 1is equal to the history gf defined by
at(s) = a, s € [0,=),

then f£(0) € E(f). (This result follows from property E2).




4. The Local and Global History Gradients
Given a functional 7 it is possible to define functionals

6r and 7' wusing the fact that 7 has an elastic range E(ﬁ)
corresponding to each history £. The functional 7' was intro-
duced by PIPKIN and RIVLIN [1l]} and the functional &r was first
discussed by this author in [2]. Here, I shall given definitions
for the two functionals under consideration as well as two useful
properties of these functionals.

Let £ Dbe a given history and let o, € [0,») Dbe such that

(£(s)]s € (0,0,)) < E(£).

Definition. The local history gradlent 6m(f) of 7 at f is

NI NI INI NI NI NI NI NS INIPNININIINS  INIINIINININIINIIND NI NI NI NI,

defined by

6T(£) = lim= (1% (£(0),£) - T*(£(0),£))
o40: o

whenever the limit exists.

Henceforth I assume that O&r(£f) exists for every history £.

Of course, 6m(f) is an element of (.

P Q‘

*(ﬂ«) £) | m(f(e),f)-T"(fl0),f,)
zosm(f)

m*(f(0), f)

JL____

FIGURE 2




Figure 2 illustrates the computation of Gn{f) in terms
of a one-dimensional stress-strain curve. If the material is
rate-independent, then -Gv(f) represents the slope of the
curve RQ minus the slope of the curve OPQ at Q (provided
Lé(0)| = 1). This example and the definition above indicate that
6T measures changes in stress due to short, closed cycles of
deformation gradient. Such a cycle would begin with .E(U)’ pro-
ceed to £(0) through the points £(s), s € (0,0), and then
either retrace this path in the opposite direction, or proceed
to f(o) through any path entirely within E(f). Such a cycle

and the corresponding stress response are illustrated in Figure 3.

1*(f(0),£,)
/ f(o) ~ ¢5T(F) m (f(o),f)

/ | T*(f(e),f )

FIGURE 3




Let £ be a given history and let oy € (0,») and

a e _at_,+ be such that a ¢ E(_f_o_) for every g € [O,o-l],.

Definition. The global history gradient w'(a,f) of 7w at

a and f is defined by

_ 1

T'(a,f) = 11m'6
o4O

whenever the limit exists.

{r*(a,f) - r*(a,fa)}

Henceforth, I assume that 7'(a,f) exists whenever a and £
satisfy the conditions stated above.
Figure 4 illustrates the computation of 7'(a,f) in terms

of a one-dimensional stress-strain curve.

(0, | 1*(a,f)-m"(a,f,) = ¢ T(a,f)

—fﬂ‘(a,f)

-+

FIGURE 4




Here, or'(a,f) measures the approximate effect of the path
(£(s)|s € [0,0)} on the value T*(a,f) - ‘IT*(Q,LfO) . In a more
general situation, the significance of T'(a,f) is given in Figure

5.

m*(flo),f,)
™a,1.) m¥(f(0),f)

= VO""'(O,f) 'IT*( £)
qQ,

FIGURE 5
If £(0) € E(£) and if the sets E_,(go) coincide for ¢

in some interval [o, G], 6\ > 0O, then it folldws that
or(f) = T'(a,f) = 0
for every a € E(f). 1In fact, for some o € [0,3],

6T(£) = Llimfr*(£(0),£) - T™*(£(0) ,£ )}
g409 o

.1 :
;:.1(1)1 ;[F*(f(c),faa) - W*(f(o),fa;)}

= O.




A similar argument shows that under the above hypotheses, the

global history gradient vanishes.

A second result, which will be useful in Section 8, is

the following: If f is any history, then

def l{ }
T(f) = lim ={m(£f) - T(£.)
o+0 o _ o

exists and is given by

T(£) = -Dr(£)£(0) + 6w (£).

(See [2] for a proof of this result.) Hence, the local history

gradient and the elastic gradient determine %, the rate of

change of . -




5. Permanent Deformations
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The notion of ' permanent deformation'" rests on the assump-
tion that small deformations measured relative to a distinguished
point in the elastic range of a given history produce a response
which is independent of the given history. In other words;.there
is no difference between the ' states'" of the material in the

distinguished configurations corresponding to any two histories.

This assumption now will be incorporated in the present theory.

Assumption: There is a neighborhood N of the identity tensor

and a function T3 N -4 such that, given any history £, there

exists a history Pe satisfying

Pl. pglo) is an element of E(f)) for every o e [0,=),

P2. 1lim inf d(pg(o),3E(f)) > O,
o4O ~ 0

P3. v*(bpf(o),fc) = vo(b) for every b € N such that
bpf(c) € E(fc)-

Here, d(gjo),aE(io)) is the (closest) distance between
Tf ~

Re(0) and the boundary of E(;U). pe is called a permanent

NI IS NN (N NI NN

deformation history corresponding to f£f.
PN NI OIS OND OIS

Lo/ Lo ad

The stress for a continuation of io within E(ﬁo) toi Ef(o) is
independent of g and is given by Wo(l), where 1 denotes N
the identity tensor. The variable b appearing in P3 plays the
role of the ' elastic part' of the deformation gradient. An
assumption similar to P3 appears in the paper of LEE and LIU [3].

The present assumption is weaker in that the neighborhood
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Npc(g) = {a = ng(o)lh,e N}, of Be(0) need not include £(o).
Hence, the stress W(go) is not necessarily given by wo(ﬁfo)gf(g)_l).

If E(ﬁo),g Egi(o) then
W(fc) = Wo(f(U)Pf(O)—l)-

This case will be discussed in Section 8.
Let us agree to write E(g) and p(g) for E(iv) and
.Eéjﬁ when £ and p are fixed in a particular discussion. The

symbols pB(g) and QE(U) denote the tensors

° -1
Lp(o) = pl(o)plo)
and
D (o) = 3(L (o) + L_(0)7T), o ¢ [0,
P 2'"p p 7 7 A
The tensor —QE(U) is called the permaneRE stretching tensor

at time g¢. In Section 7, a relation between the permanent stretching

NI INIINIINING

tensor and the global history gradient will be derived.




6.1

6. Restrictions Imposed by Frame-Indifference and by Material
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Symmetry.

NI NI NI NI NI NS

If 7 is frame-indifferent or satisfies invariance properties
which correspond to material symmetries, then elastic ranges and
the local and global history gradients have similar properties.
Since, in Section 7, the global history gradients are shown to
determine the permanent stretching tensor, the properties deduced
in this section for the global history gradient will determine
invariance properties of the permanent stretching tensor.

It will be convenient to assume that 7w satisfies a weak

principle of frame indifference of the form:
T(Q £) = o 7w(£)a T
o o o

for every £ and for every orthogonal tensor Qo’ Here, Qog

is the history
(Q f)(s) = Q f(s), s e [0,=).

Use of this principle instead of the stronger form ([4],p.60)
circumvents some technical difficulties associated with the possible
lack of smoothness of the boundaries of elastic ranges.. The
weaker‘form is strong enough to obtain useful restrictions on

quantities derived from the stress functional.

I 1. For every orthogonal Qo’
E(Qof) = QO E(f)-

Proof. It suffices to show that Qo E(f) ¢ §onf). In fact,

NSNS

if this inequality holds for every QO and £, then




E(Qf) = 00 "E(Qf)
g0, E(Q, "0 f) = o E(f)

so that QOE(f) = E(Qof). In order to verify the inequality
Qo E}ﬁ)'g E}Qoﬁ), it suffices to verify that Qo §f§) is an
elastic region for Qog. El is satisfied by QO Eﬂﬁ), and E2
follows since, if f£f(s) € g}g) for s near zero, then (Qog)(s) =
QOQXS) € Qo Eji) for s near zero. In order to show that
is path- independent on C(Qo_f_,Qo E}ﬁ)), note that if g, g'
are in C(Qo_f__,Qo E}ﬁ)) with g(0) = g'(0) = a, then Qo?g,

T

Qng' are in the set C(£,E(f)) with Qng(O) = QOTQ'(O) = Q "a.

(o}

Hence, using frame-indifference one obtains

m@ = o, T oo’
T

T
Q5 7T(QO gﬁ)QO
=m(g'),

since 7 is path-independent on C(£f,E(f)). Therefore, E3 is

satisfied by Qo E(f). Moreover, one finds that for Q_eiQo E(f),

™ (a,Q,£) = (0.0 "a, o_f)

Q, v*(QoTa,f)QoT,

so that W*(-,Qog) is Cl on QOE(Q). Moreover,

v (2,0 )b = o_lvr* (9 Ta,£)0_ Tolo T,

so that DW*(QOf) exists and




W*(a,Qof) - W(Qof) =

= g lm (g, a,6) - (10"

Il

0olom(£) (2 Tla-0_£(0)1)10 "

+olo Tra-g_£(0)1]

I

DT (Q £) [a-(Q_£) (0)] +

+ ola - (Qof)(o)[.

These considerations show that E4 is satisfied, which, together
with the previous arguments, imply that Qo E(f) 1is an elastic

region for Qog. Therefore, Qo E(f) c E(Qog) since the elastic

range E(Qog) is a maximal elastic regioh.

I 2. For everyorthogonal Qo’ the history gradients satisfy

8T (Q ) = Q_ 67(f)QOT

T (a,0,8) = o' (. Ta,£)0 "

Proof. One has:

IS

. 1
bm(Q f) = lim —{m*(Q £(0),Q f) - T*(Q £(a),Q f )]
o+0 .
L1 T
= lim = Q {m*(£f(0),£) - ™ (£f(0),f )]}Q
o+0 o ©° o ©
_ T
= Qg év(f)Qo ’
and
o a1 B
T'(a,Q f) = gig Slm* (2,0 f) m*(a,Q. £t )]
= lim ={7*(Q 0 Ta,0 £) - 7(Q 0 Ta,0 £))
540 o oo o oo "o o

= 0 v'(QOTa,f)QOT.
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I 3. If P is § permanent deformation history for £,
~ r~
i

s a permanent deformation history for Qof for

then Qopf

every orthogonal Q if and only if

T, _ T
WO(QObQo ) = Qowo(b)QO

for every orthogonal Qo

Note. I 3 asserts that permanent deformation histories transform

in the same way as ordinary histories if and only if T is an

isotropic function.

o lasiaiaa d

Proof. One must show that Pl, P2 and P3 are satisfied by
Q gﬁ (with respect to the history Qoi). First, since Qogfgv) =
E(Qoiv) = E((ch)c), and since Ei(o) € Eﬁ;ﬁ), it follows

that (QoEf)(c) € E(Qoﬁc). Moreover,
d(Qopf(o),ég((Qofc)) =
= a(Qpe o) ,DQE(£ )
= d(pf(o),aﬂ(fo)),

-so that Pl and P2 are satisfied. Next, suppose that b ¢ N and

QQogécﬁ is in the set E(Qogo). It follows that

m*(bQ pe(0),Q F ) =

T (0,(2,"D ) Ps (0) ,QF )

_ T T
= 0,7 (9, BQPs(0) £ )0,

T T
Qo'lro(Qo bQO)Qo .




T. T . .
Note that Q "bQ € N and Q_ bQog_f_(o) is in the set E(o).
Hence, P3 will be satisfied for every orthogonal Qo if and only

if

Wo(b) W*(bQOpf(o),Qofc)

T. T
QO7TO(Qo bQO)Qo B
i.e. T must be in isotropic function. Thus, the proof of I.3

is complete

I 4, If for every orthogonal QO and some permanent deformation

history pe one has that Q. P¢ 3is a permanent deformation

history for Qof, then
T (PQ) = T (P)

for all orthogonal Q, if and only if

T (Qp) = QT (b)Q

for all othogonal Qo'

Proof. The result follows immediately from I 3.

DI

S 1. If for some unimodular tensor H ¢ 4 one has

T (£H)

T(£f)
for every £, then

o (£H) om(£)

m'(aH,fH) = 7' (a,f)

or every £f.
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E£gg£. These results are immediate consequences of the symmetry
property of T and the definitions of the history gradients.

If the stress functional satisfies the strong form of the
principle of frame indifference, stronger-results analogous to I1-I4
can be obtained despite the technical difficulty mentioned at
the beginning of this section. This difficulty arises because
superposition of non-constant rigid rotation histories may cause
E2 to be violated. 1In turn, the existence of the history gradients
at histories modified by the rotations cannot be obtained from
the existence at the original histories using the arguments
given in the proof of I 2. Nevertheless, the history gradients
can be defined on the troublesome modified histories through the
principle of material frame indifference, and this definition can
be shown to be consistent with the values obtained on modified
histories which are not pathological, i.e. for which E2 is valid.
In Section 9, the strong form of frame indifference is used to
obtain a representation for the local history gradient for simple
shearing motions, and it is hoped that these few remarks will
justify this procedure to the reader. Elsewhere, the results

I 1 -I4, as stated and proved in this section for the weaker

form of frame.indifference, suffice in the development that follows.




7. Flow Rules.
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In this section it will be shown that the permanent étretching
tensor is determined explicitly by the stress functional through
the global history gradient and the function T The simple form
of the relation arises from the assumption that To is an isotropic
function. In the last section, it was shown that this assumption
of isotropy is equivalent to the assumption that permanent deforma—b
tion histories transform in the same way as deformation histories
under superposed constant rigid motions.

The following result will be needed in.deriving the relation

for the permanent stretching tensor: If L is isotropic and

satisfies either of the identities in I 4, then there exist .

%O,A xz € R such that

1’

wr (Du = A _tr ul+ 2(xl+2x2)ﬁ

for every u € 4. Here i denotes the symmetric part of u

and tr is the trace operation. Note that when Az = 0,

this relation has the same form as the classical constitutive
equation for infinitesimal elastic materials, with Ao and kl
corresponding to Lame's constants. The form for VWO(l) is
derived by explicit calculation using representations for isotropic
functions (see [4], p. 142, equation (47.20)).

The main result of this section will now be stated and proved:

Let £ Dbe a history and Pe a permanent deformation history corres-

ponding to f. If To is isotropic and satisfies either of the

identities in I 4, and if A, + 2%2 # 0, then

1




A ' (p(
0),f)
D_(0) + - (txr D_(0))1 = T\ X 2]
P 2(%1+2%2) o 2(%1+2A2)
f the permanent stretching is isochoric, i.e. ¢tr Dp(o) = 0O,

then

' (p(0),f)
Pp(O) = Tt +2n,)

Both of these reiations will be referred to as E%Sz EEEEE’ in
keeping with the terminology used in theories of plasticity. The
condition that the permanent stretching be isochoric is generally
used in the classical theories.

The identity in the theorem will be proved by using the
definition of T7'(p(0),£f). This procedure necessitates a veri-
fication that W*QE(O),gv) is defined for sufficiently small
values of ¢. It suffices to show that p(0) € E(o) for small
0. This statement follows from the continuity of p and conditions
Pl and P2. 1In fact, suppose there exists a sequence {cn}
with limit zero such that p(0) £ E(cn) for every n. This
condition implies that some boundary point a, of E(on) lies

on the (closed) line segment joining p(0) and R(gn). Conse-

quently, one has
d(plo,), 3E(ey)) < dlplo,),2,) =
= d(p(o,),p(0)) - d(p(0),a )

< d(p(o,),p(0))

where d measures the distance between points in &f,

d(a_l) az) = tr[ (al"az) (al—az)T] .




THR(0),5) = Lim Lipx(poy gy T*(p(0),£ )}
ovO o g

= Lin ST () -7 _(5(0)p(0) 1))

= Linlor, (1)20p(0)-p(0) 1p(o) -1
040 ¢

= Vﬂ‘o(l)Lp(O)-

Note that the continuity of B guarantees that 2(0)p(g) L is

in N for (o] sufficiently small., fThe flow rules follow from the

formulas for VT, (1)u.

RUNT UB,'!AR‘YW \
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8. A Decompos1t10n for the Stretching Tensor.
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In this section attention is restricted to the case where
Np(o) m E(o) for every o € [0,»). This condition implies that
for every o,

(2, ) = T (ap(0) ")

for every a € E(o). In this case the local history gradient

reduces to

6T(£) = lim Z{T*(£(0),£) - T*(£(0),£ )]

o+0
= i&iron %{'ﬂ'o(f(c)p(O)_l) - Wo(f(o)p(c)_l)}
- ~$ig'—{vv (£(a)p(0) "1 £(0) [p(o) “t-p(o) 711)
= T, (£(0)p(0) ™) {£(0) p(0) 'L (O)].

The elastic gradient Dr(£f) takes the simple form

DT(£)u = vr_(£(0)p(0) 1) [up(0) 1)

for every u € 4. The formulae for 6r and Dr along with.the

expression for T given at the end of Section 4 combine to give
T(f) = -vwo(e) [L(O)e - eLp(O)]
where
. -1
L(0) = £(0)£(0)
and

e = £(0)p(0) L.




If the magnitude of e-1 is small compared with unity, the

expression for %(g) takes the approximate form
T(f) = —vvo(l)[L(O)—Lp(O)]-

The expression for vvo(l)g_ given in section 7 yields, with
D(0) = F[L(0)+L(0) 7],

m = - - = 2 2 - .

T(£) xotr(D(O) Dp(O))l (xl+ xz)(D(O) Dp(o))
For isochoric plastic stretching one finds that

T(f) = -A, tr D(0O)1 - 2(A1+2k2)(D(O)—Dp(O))

from which it follows that

tr T(f) = -[3n, + 2(A;+22,)]tr D(0).

One then obtains the decomposition for the deviatoric stretching

tensor:
# re)y* S
-D(0) " = ETXiI%X;T - Dp(O)

where, for any tensor u,

# 1

u =u - =<tr u l.

If kz = 0 it follows that

T
p(o)* = f-%)i— - Dp(o)qq,=

which is the classical decomposition for the deviatoric stretching

tensor (c.f. [5]). (This relation is not frame-indifferent, due to
the presence of the term in 7. This situation arises because of

the approximation f(o)p(o)_l £ 1. It is interesting to note that




this relation is frame-indifferent in the weak sense defined

in Section 6.)

The calculation given above suggests the following remark:

the present theory is a generalization of the classical theories

of elastic-plastic materials, and it reduces to the classical

theories when the " elastic deformation! (;f_(o)p_(o)—l - 1) is

small. Actually, the present theory allows for rate-dependent
behavior, so that a further restriction on the response functional
7 would be needed to obtain classical formulae which depend
upon the rate-independence of the material.

Note that in the case of small elastic deformations, the

local and global history gradients agree, i.e.

om(£f) = m'(p(0),£) = Vvo(l)Lp(O).

Hence, in this approximation if one assumes further that the

permanent stretching is isochoric, then the permanent stretching

is determined by the local history gradient and the function Toe




9.1
9. Simple Shear for an Isotropic Material with Elastic Range.
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Let us consider a material with elastic range which is

isotropic with respect to a homogeneous configuration %, i.e.
T(£Q.) = T(£)

for every orthogonal tensor Qo' It follows from S1, Section 6,
that the history gradients 7' and 6r satisfy similar identities.
Moreover, the flow rules derived in Section 7 give the result:

the permanent stretchings (at s = 0) for the histories f and

fQO are the same for every orthogonal Qo’
If the elastic deformations are small, the last remark in

Section 7 gives (when the permanent stretching is isochoric),

=31

Suppose now that the material undergoes a simple shearing
motion with respect to x, i.e. the description of the motion

relative to % has the form

~

1 (X, t) =

~

X+ FE)(X-X), t2t]
X , t <t
Here, X and §o are points in x and
F(t) = 1 + y(t-t )e e, , t2t,,
where {gl,gz,e3] is an orthonormal basis of V and vy is

any real number. ©Let us fix t € R and define

'F(t-s), 0L s<t -t
f(s)={ ©
1 ,t—to<s<oo.




From the isotropy and frame indifference of ©6r it can be

shown ([4],p. 78) that
om(£) = vl(Al,AZ,B(t),t—to)

where

B(t) = F(£)F(t)T

and Ty is an isotropic function. A1 and A2 are the first two

Rivlin-Eriksen tensors which, along with B(t), are given by

I

A

1 = ~2D(0) = y(g;®e, e, @e)

: 2
By = = 27 g8
B(t) = 1 + (t-t )A +(t—t)2[A2~—1-A],,t2t-
o'l o 1 272 o
Since B(t) is a function of t - to’ Al and . A2> it follows that
6m(£f) = vz(Al,Az,t-to)
where Ty is an isotropic function. Arguments used in deriving
the form of the stress in steady viscometric flows (e.g.[6]) yield
the representation for Tyt
To(A,,A,,t-t ) = A—lvA
24710520, L L

2

- Lol(ex Ai) - 2a%)

+ %{u+¢)1(tr Ai»

where 7,y and ¢ are scalar-valued functions of 72 and t - t,e
The last term was chosen so as to guarantee that To and, hence,

6m(£f) and Dp(o) are trace free. The decomposition of Section 8,




# + &
F(E] = 200 +22,) [-D(O)" +D_(0f1,

takes the form

T(f) = ‘ﬁ'(f)#= 2(7\1+27\2) [%Al + m)vz(Al,Az,t—to)]

1
= (n + 7\1 + 27\2) Al - 2UA2

2

l] + %(u+¢)l(tr Ai).

1 2
- -§¢[1(tr Al) -2A

If 7T is a rate-independent functional,’ then. 7(£f) must be

of the form:

T(£) = yT(f)
where T is rate-independent. Since Ai,Az,v and ¢ are even
functions of vy, w(f) takes the last form if and only if, together,

the terms involving these quantities vanish, and 7 is a function

of yz(t—to)z. Thus, if 7T is rate-independent one obtains
. 2 2
T(f) = [(7\1+27\2) + nly (t—to) )]Al.

Whether or not the material is rate-independent, the
expression for 1 can be integrated to give the value w(£f) in
terms of the functions shown above and the value of stress at time
to. (From the isotropy and the special form of Ex’ the stress

~

at time to reduces to a hydrostatic pressure.) One concludes

that

1. Normal stress effects can occur if and only if the material

is rate-dependent.

and 2. For a rate-independent material, the stresses are determined

by xl,xz and by a single function g of the total shear.
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