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Continuous Uniformties

by
Ri chard A Alo and Harvey L. Shapiro

The concept of extending to the whol e space a continuous
pseudonetric defined on a subspace has proven to be Very use-
ful. Among other topological notions, it has been used-fo
characterize collectionw se normal spaces, nornmal spaces, and
a form of pafacbnpact subspaces (see [I], [2], and [9]). In
this paper we introduce an anal ogous concept - a continuous

uniformty. A wuniformty U .on a topological space (Xtf)

.1s said to be continuous in case the topology 3(U) generated
by U is a subcollection of the original topology JJ
Since any collection of pseudonetrics on a topol ogica
space give rise to a unifornmty, it is natural to conpare
results on extending pseudonetrics with results on extending
uniformties. Sone interesting facts inthis line have already
been shown (see [4]). |In particular we have the fdlloﬁjng
concepts and results. A subspace S of a topological space
X is P-enbedded in X in case every continuous pseudometric
on S can be extended to a continuous pseudonetric on X .
Rephrasing the definition, it can be said that S is
P- enbedded in .X if and only if every contindous pseudonétric
d on S can be extended to a pseudonetpic d* on X in such
o a way that the topology 3*d* generated by d* is such that
E:S'd* ©JT . It can now be shown that S is P-enbedded in X

ﬁg' and only if every admissible uniformty U on S can be
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extended to a uniformty W on X such that JJU) c JT .

In a simlar fashion, new characterizations of GC enbedding
and Cr-enbedding may be given. In particular it will be
possible to state that a conpletely regular space X is
collectionwise normal if and only if for every closed subset
F of X, every admssible uniformity on F has a continuous
extension to X ¢ Also a conpletely regular space is norma
"if and only if for every closed subset F of X , every
adm ssi bl e preconpact uniformty has a continuous preconpact
extension. It will also be possible to say that the Stone-

Cech conpactification j3X of a space X 1is that unique conpact
.Hausdorff space containing X densely such that every adm ssible
pfeconpact uniformty on X has a continuous extension. In

a like manner the Hewtt real conpactification VX of X is

t hat uni que real conpact Hausdorff space containing X densely
such that every adm ssible uniformty on X generated by a

coll ection of continuous real valued functions has a continuous
ext ensi on.

The notions and term nology used in this paper, with one
exception, is that of [5]. The exception is that of the definition
of a uniform space where entourages are used as in [8]. Al

t opol ogi cal spaces are assuned to be Tichonov spaces (i.e.

conpl etely regul ar and 'FB

As mentioned above any collection of pseudonetrics &
on a topol ogical space (X 3) ogives rise to a uniformty. The

sets

U(d, €) = {(x,y) e XXX : d(x,y) < €]




for all d in & and all e >0 forma subbase for sone
uniformty. A subcollection P of XXX generates a
uniformty U on X if P is a subbase for U . To every
real valued function f on X is associated a pseudonetric

Of on X defined by

tHe(x,y) = [f(x) - f(y)l (x,yeX)

A famly of functions Q generates auniformty U if .
{U(0¢,€> : feQand e > 0} generates U The pseudonetric'
topol ogy associated with a pseudonetric d is denoted by Jd
A pseudonetric d is said to beJBf};separable in case the
'pseudonetric space (X,3d) has a countable dense subset. The

pseudonetric is totally bounded if for every e >0 there is

a finite subset F of X such that X is the union of the.
d-spheres of radius e <centered at the points of F

Definitions* A preconpact uniformty is a uniformty U

on X that is generated by a collection of bounded continuous
real valued functions on X . If the uniformty is generated by
a collection of continuous real valued functions then the

uniformty is said to be prereal conpact.

Every uniformity U on a non-enpty set X yields a
uni que topology 3(10 . This topology is obtained by taking
as a base for the open sets the collection of sets U]
for all U in U andall x in X . If 3NY is a sub-

collection of the original topology JI on X then we say




that U is a continuous uniformty. |If 3(U agrees wth

£ then U is called an adnmissible unifornmty. The adm ssi bl e

uniformty on X generated by the collection of all continuous
pseudonetrics (respectively, all continuous real valued functions,
fill bounded continuous real valued functions) on X is denoted
by Uq(X) (respectively, C(X) , C*(X)).

If S is a subset of X and if Q is a collection of
subsets of X, then by Qs is neant the collection (Gfl S : GeG}
Auniformty U on X is an extension of a uniformty U on

S in case U*|S XS =U. The subset S is uniformy enbedded

in X in case every admissible uniformty U on S has an

extension that is a continuous uniformty on X . It is said

.to be prereal conpact uniformy enbedded in X in case every

prereal conpact admi ssible uniformty U on X has an extension
that is a continuous uniformty on X . The subset S is

preconpacf uniformy enbedded in X if every preconpact admi ssi bl e

uniformity U on X can be extended to a continuous unifornity
one+ X .

In the definiton of a prereal conpact uniformy enbedded
subset and a preconpact uniformy enbedded subset we required
only that the extension be a continuous uniformty. Qur first
t heorem shows that these extensions can be taken to be prereal-
conpact in the case of a prereal conpact uniformy enbedded
subset and |ikew se the extension can be taken to be preconpact
in the case of the preconpact uniformy enbedded subsets.

Theorem 1. If S jis £i_subset of a, topological space (X ZI)

then for the following conditions, (1) is equivalent to (2) and




(3) ij3 equivalent (4).

(1) S ij3 prerealconpact uniformy enbedded in X -

(2) Every prereal conpact admissible uniformty on S

has £i _continuous extension that is prereal conpact.

(3) ~ 9L_preconpact unifornmy enbedded in_X .

(4) _Every preconpact adnmissible uniformty on S has

£ continuous extension that is preconpact.

Pr oof . Trivially (1) is inmplied by (2) and (3) is inplied

by (4). To see that (l) inplies (2), let U be an adm ssible

prereal conpact uniformty on S . By (1), there exists a continuous

uniformty U on X that is an extension of U . Let G

be the collection of continuous real valued functions on S

that generate U, let B be the collection of. E£T(U*) - conti nuous
real valued functions f on X such that f | SeG, and let

V* be the uniformty on X generated by 6 . Now (S, U

is a uniform subspace of the uniform space (X U*) and in

[10, Theorem ] it was shown that every uniformy continuous
real valued function on (S, U has a continuous real val ued
eXtension to (X, U) . Thus, since every functionin G is
uniformy continuous with respect to Ug it follows that its
conti nuous real valued extension to (X U*) s a nenber of IB
and hence is uniformy continuous with respect to If*

Thus the unifbrrrity U is a subcollection of U*I% XS . 'On
the other hand it is clear that V*|s X S® U and thus W

is an extension of U . Since U is a continuous uniformty
on X and each function in B is ff(lt*)-continuous, it follows

that they are also JT-continuous. Hence U* s a continuous




uniformty and it is also prereal conpact. Hence (1) is equival ent
to (2).
For the case that (3) inplies (4) the follow ng adjust-
ments in the above proof may be nmade . For U an adm ssible
preconpact uniformity on S, let G be the collection of
bounded conti nuous real valued functions on S that generate U

let IB be the collection of bounded 3'(W\)-continuous real
-vélued functions on X whose traces belong to G and let

\s* be as above. In [6, Theorem3] it was shown that every-:
bounded uniformy continuous real valued function on (S, U

has a bounded uniformy continuous real valued extension to

~(Xi*) . Using this stronger result the proof proceeds exactly
as above.

Renark. In the last proof the uniformty If* may be
chosen to be a subcollection of U* . This can be done by

choosing for IB only those bounded U*-uniformy continuous
functions on X whose traces belong to G .

The following result will be needed for the proof of the
mai n theorem The universal uniformty on a topol ogical space

Is the largest continuous uniformty on the space.

Lemma. If U is a continuous uniformty on (X J) then
¥ ¢ Uo(x)

Proof. Let G be the collection of all uniformy con-
ti nuous pseudonetrics on X with respect to If . For any Ve\s

there is a deG and e > 0 such that

W= {(x,y) e X XX : d(x,y) <e) cV.




Since d is also continuous relative to 3 and 3 = 3(U (X)) .
0

it follows that d is uniformy continuous relative to Ao()()
[5, 15G.4]. Therefore W is an entourage in UO(X) and
hence V is an entourage in UO(X)

V¢ can now state and prove our nmain results.

Fheorem-2, Let S be subset of a topol ogi cal space
(X2) . Then S is" P-enbedded in X if and only if 'S is"

uniformy enbedded in X .

Proof. To prove sufficiency, it is necessary to recall that

Q

S is P-enbedded in X if . and only if \(S) = UyX)|S X S
(see [4,Theorem 7.5]) and that for any subspace S of X,
Uy (X1S x S is always contained in U S . Snce U/(S is
an admssible uniformty, S uniformy enbedded in X inplies
that there is a continuous uniformty \s on X such that
Us XS=Y%(S) . For any Ue U S) thereis a \r so th‘at
V-0 (S XS =U. The |enma above then yields that U is
a menber of U(X)|S XS and it follows that S is P-enbedded
in X . .

For the necessity of the condition, let U be an adm ssible
uniformty on S, let P be the set of all continuous pseudo-

metrics on (X 7) satisfying:

if deP then d|S X S is unifornmy continuous

on Srelative to U,

and let U be the uniformty on X generated by P . The

uniformty U is a continuous extension of U ; in fact the




subbasic el enents of 2(11*) are the d-spheres about each

xeX for deP and e >0 ¢ The continuity of each deP

relative to 3 inplies that ITd(:ST,and hence 3(U*) c¢ 3 .

Moreover, W | S XS=U. If U is any nenber of U then

there is a continuous pseudonetric d on S and an e >0

t hat

W= Ux,y) e S X S d(x,y) <€} cU.
Since S is P-enbedded in X, d has a continuous pseudo-
metric extension d* in P . Let

W = {(x,y) € XXX : d*(x,y) < €]
Then WeU* and

Wrn (s xs) =wcu€u*sxs.

SO

Hence Uc US X S . Conversely, if UeUs x S, then there

is UeU* such that W fl (S XS =U. Hence thereis a
deP and e > 0 for which

V={(x,y) e XXX : d(x,y) <e} cW

Thus VIl (S XS cWn (SXS andsince dSXS is

uniformy continuous on S relative to U, v|s X Sl and

hence UeU . This conpletes the proof.

Corollary. A conpletely regular space (X ?) is collection-.-

wise normal if and only if every closed subset is unifornly

enbedded '_ﬂ X .

Proof. This follows fromthe Theoremand [9, Theorem5. 2].




Corollary. Let f be a closed continuous function

from£ topol ogical space X onto «_ topological space Y .

Then X ijs paraconpact if and only if Y is paraconpact and

f_l(y) Jls _paraconpact _and uni fornmly enbedded in X for

each y in Y .

Proof. This follows from the Theorem and [11, Theorem 1.]
Theorem3. If S i]3 st subset of s™ topol ogical space
(X, tT) , then the follow ng statenents are equi val ent:

(1) S IS G enbedded jln X .

(2) Every admi ssible uniformty on S generated by ia

L .
col l ection i,s*\(dsepar abl e continuous pseudonetries

has a, continuous extension to X .

(3) S iss prerealconpact uniformy enbedded in X .

Proof. (I) inplies (2). Let U be an adnissible uniformty

on S generated by a collection P of "\g-separabl e continuous
pseudonetrics on S and let U* be the uniformty on X
generated by the collection P* of all continuous pseudonetric
extensi ons of nenmbers of P . In [4, Theorem 10.3], it was
shown that if S is Cenbedded in X then every "”T;.-separable
conti nuous pseudonetric on S has a continuous extension to X .
Fromthis it follows that U* is an extension of U . Moreover,
the topology JT(U) is the union of the pseudonetric topol ogies
3d" and since each d* is a continuous pseudonetric, it follows
that U* is a continuous uniformty on X .

(2) inplies (3). Let U be an adm'.ssible uniformty on

S generated by a collection G of continuous real valued
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functions on S . Since the usual nmetric, e, on the rea
nunbers is 'ff-aseparable, for each feG , the continuous
pseudonetric OL = eo (f Xf) is Ao-separable- Hence Uu
I's generated by a collection of ffI;-separable cont i nuous
pseudonetrics and (2) applies to give the desired result.

(3) inplies (1). Suppose that every adm ssible uniformty
on S generated by a collection of continuous real-val ued
"functions has a continuous extension. In particul ar, since
C(S) is an adm ssible uniformty, there is a continuous
uniformty Us XS =CS) . Hence (S CS)) is a uniform
subspace of (X, U . As referred to in the proof of Theorem 1,
~every uniformy continuous real valued function on (S, C9S))
has a continuous real valued extension to (X U . Any continuous
real valued function f on S is uniformy continuous with
respect to C(S) and hence has a 2(U)-continuous real val ued
extension f* to X . Since U is a continuous uniformty,

f* is also JT-continuous and it follows that S is GC enbedded
in X .
Corollary* The Hewitt real conpactification vTL of X

is that unique real conpact Hausdorff space containing X

densely such that every adm ssible uniformty on X generated

by a, collection of continuous real valued functions has a

conti nuous extensi on.

Theorem4. If S is a subset of a topological space (X!J) ,

then the following statenents are equival ent:
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(1) S if Cr-enbedded in X .
(2) Every adm ssible uniformty on S generated by a®

collection of totally bounded continuous pseudonetrics

has a. continuous extension to X .

(3) S ijs preconpact uniforn1y enbedded in X .

Pr oof . Let U be an adm ssible uniformty on S generated

by a collection of totally bounded continuous pseudonetrics.
In [I, Theorem3.7], the authors have shown that if S is
C'-enbedded in X then every totally bounded continuous pseudo-
metric on S has a continuous extension to X . Proceeding
as in the proof of the first inplication in Theorem 3, we have
that statenent (1) inplies statement (2) of the present Theorem
If U is an admssible uniformty on S generated by a
col l ection of bbunded conti nuous real valued functions J5 on
S then the associ ated pseudonetrics /)y for fel are totafly
bounded. Thus U 1is a uniformty generated by a collection
of totally bounded continuous pseudonetrics. Hence statenent
(2) inplies statement (3).
It remains to show that statement (3) inplies statenent
(1). Here the proof proceeds the sanme as in the proof of the
final inplication of Theorem 3 with the foll ow ng nodifications.
O course C(S) is replaced by C(S) and 'continuous rea
val ued function® by ' bounded continuous real valued function' .
The stronger result of Katetov (also referred to in the proof
of Theorem 1) is needed. |In particular every bounded uniforny
conti nuous real valued function on (S, C(S)) has a bounded |

uni formy continuous real valued extension to (XU . This
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conpl etes the proof.

Corollary. The Stone-Cech conpactification j& of X

is that uni que conpact Hausdorff space containing X densely

such that every adm ssible preconpact uniformty on X has

a. continuous extension.

Corollary. For conpletely regular spaces (XID the

followi ng statenents are eduivalent:

(1) (X ?) is nornmal,

(2) Every closed subset is preconpact uniformy enbedded

in X .

(3) Every closed subset is prereal conpact unifornly'

enbedded in X .

Proof .« This is just a restatenent of the well-known

Ti et ze Extension Theoremin conjunction with Theorens 3 and 4.

In closing we remark that for infinite cardinal nunbers vy
one can define the concepts of Py-enbedding (see [9]) and
y-uni form y-enbeddi ng using the uniformties U7 (see [4] and
[3]). Here a y-uniformy enbedded subset woul d be one for which
every admi ssible uniformty on S generated by a collection of
y-separabl e continuous pseudonetrics on S has a continuous
extension. Wth an appropriate nodification of the lemma, it is

possible to show that S ijs y-unifornly enbedded in X ¥ and

only lj_ S is P*enbedded Lﬂ. X .
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