NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



APPROXIMATE BOUNDARY CONTROLLABILITY
OF THE HEAT EQUATION, II

R. C. MacCamy, V. J. Mizel, T. I. Seidman

Report 69-3

This research was supported in part by N.S.F
. . L ] Gra
and AFOSR Grant AF-AFOSR-728-66 Y ne op 7607

Universit Libraries

' ie Mellon Universit
g;’t‘;‘s‘ggrgh PA 15213-389




WAR 2! 69

In a previous note [1l] the authors considered the problem of
approximating a prescribed temperature state in a body, at time
t, by adjusting the boundary temperature over a preceding interval
of time. There, Lz—approximations were discussed, but we wish
now to obtain analogous results for the Cm..topology. More
precisely the following result was established. Let R be a
bounded open subset of R® with piecewise-smooth boundary 23R
having finite (n-1)-dimensional volume. For -1 < a < b <O,

let

By = 9R X (a,b).

Let u be a continuous function in B, and let U(x,t;u) denote

b
the solution of the problem.

U, = A in R x (-1,0]
U(x,-1) = 0, xe€ R
(1)

U(x,t) = u(x,t) for (x,t) € Bab

U(x,t) = 0O for (x,t) e(3R x [0,1]) - Bab

Theorem 1 . Suppose f ¢ LZ(R) and € > O are given. Then

for any a and b, -1 <a < b << 0 there exists a function 'E

continuous in B such that

ab’

!1U(-,o;E)-f(-)|!L2(R) < €.

In the present work we will show that it is also possible

to obtain uniform approximations to the function £ provided
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that it is sufficiently smooth. We show in fact that if £ is
k-times differentiable in R then it and all its derivatives
up to order k can be approximated uniformly in R.

In the present application we will have to discuss derivatives
of functions up to and including the boundary. Hence it is
necessary to put some smoothness conditions on dR. 1In order not
to have to concern ourselves with precise conditions in various

situations we make the following hypothesis:

(A.1) B3R 1is a c® surface.

Next we point out that if a function f is to be uniformly
approximated by functions of the form U(x,t;u) it is necessary that
it satisfy certain compatability conditions on 0dR. Note first
that any function of the form U(x,t;u) is identically zero for
x € dR and t near zero. Hence we must have

X -
=— U(x,t;u) =0 for xe dR, t=1, k= 0,1,2,...

3tk

But then it follows from the first of equations (1) that
-(2) AFU(x,t{E) =0 for xe€edR, t=1 k=0,1,2,...

Suppose now that £ ¢ CM(E]* and that £ together with all
derivatives up to order M can be uniformly approximated on R
by functions of the form U(x,t;u). Then it follows from (2)

that f must satisfy the conditions,

3j A
(A.2) Af =0 for xe€e dR j =0,1,.... [

M
51

(*) That is £ ¢ CM(R) and the derivatives of £ up to order M
are all uniformly continuous in R.




Our main result is that all functions £ which satisfy
conditions (A.2) can be uniformly approximated in the sense

desired.

Theorem 2: Let R be a domain in r™ satisfying (A.1). Let

£ ¢ c™(R) and suppose that f satisfies (A.2). Let ¢ > O

be given. Then for any a and b, -1 < a < b < O, there

exists a function u continuous in B_, such that

(3) |£-uly, = sup |D%-D%| < ¢
xXeR
o] <

Here we use the standard notation in which o is a wvector

(al,...,an) with non-negative integer entries,

lal =a1+ coes +an
and
a a
(61 o) 1l bs) n
D - (___.....) ....( )
Bxl axn

We shall prove theorem 2 presently. First, however, we
wish to point out that we can modify our result so that it
gives uniform approximations to general k-times differentiable
functions. To accomplish this we must, of course, give up the

requirement that the boundary functions u should vanish near

't =0. For -1<c <O let us denote by B, the set

B, = 3R X (c,0].




Now define U(x,t;u) as in (1) but with B, replacing B, .

Then we have the following result.

Theorem 3: tet R be a domain satisfying (A.1l). Let f ¢ CM(E).

Then for any c, -1 < c < O, there exists a u continuous in

B, such that if £(x) = £(x) - U(x,0;u) then £ ¢ c™(R) ana ¢
satisfies (A.2).
Once we have theorems 2 and 3 we can approximate an arbitrary
f e CM(E) by an expression of the form U(x,tfﬁl+32) where Gi
has support in Bab and 32. has support in Bc, a,b,c arbitrary.
The proof of theorem 3 is easy and we give it here. Suppose

that for the given function £ we have,

NE = ¢: for x e dR j = O,l,...[%

J 1

Let u Dbe a function defined on Bc such that

j._
(4) lim 28058 = o () xeRr, j=o,1,....0,
tto dtJ J

and consider the function U(x,t{ﬁ). We have then
U(x,t;u) = u(x,t) (x,t) € B_,
hence by (4)

(5) lim ajrg(x,tfﬁ)

&

=(P3(x) X€OR, j = 0,1,...[

on the other hand, U(x,t:u) is a solution of the heat equation ;

hence,




3 = _ ) =
NU(x,0;u) = —= U(%X,0;u) = ¢,.(x),
3¢ ] 3

by (5).

Proof of Theorem 2. For each integer m, let H denote the

2m
Hilbert space Eomposed of functions on R having 2m strong
in L7 (R)
derivatives,Aand let Am A denote the closed subspace of
3

H which is generated by those functions in sz(ﬁ) satisfying,

2m

(6) NMf =0 for xe dR and j < m-1.

[That is, A is generated by functions all of whose normal

m, A
derivatives of even order < 2m-2 are zero.] Now on Al A
s
the bilinear form (-,-)m A defined by
’
(7) (u,v)m A= j Apu Apv dx
3
R
defines a norm | Hm which is equivalent to the H, -norm
k4
defined by
2 2
lallym = 2, ID%all%,
|a| <2m L°(R).

That is, one has the following result.

Lemma 1. There exists a constant K depending only on m and

R such that for any u € A )
m, A

gy < Klluly o

Proof: To see that is a norm, notice that if

|




f e sz(ﬁ) satisfies (6) and in addition nfum A= O then,
) BRLLY)

in particular, we have
= MAYE) =0 in R, AYlf =0 for x e 3R

Thus it follows that Ap'lf = 0 in R. Proceeding successively
we deduce from (6) that £ = O in R. Moreover, for any
f ¢ C¥(R) which satisfies f = 0 for x ¢ dR one has ([2],

page 195)
(8) £l < clagl, .,

where C depends only on R and r. Hence beginning with
r = 2m and proceeding successively, we deduce that for all

£ ¢ c™(R) which satisfy (6) one has

w>wmmgwﬁungom%mm4su.gwﬂﬂo=wwmﬁ

where K depends only on m and R. This concludes the
argument.
Now recall that, according to Sobolev's lemma, if 2m > M +~%

then the following inequality holds for all functions in Hy?
(10) | £l < CUEN, s

where the norm on the left is the CM—norm defined in (3) and
where C depends only on M,m and R. Thus lemma 1 yields the

following result.

Corollary. If u e A and 2Z2m > M + 32 then
—_ m, A — 2 =




(11) luly < cllully, o

where C depends only on M,m and R.

The proof of theorem 2 now rests on the following two lemmas.

Lemma 2 For any a and b the functions U(x,0:u), for u

i i B are dense in A _, ,.
continuous in ap’ === £209C 28 S A

Lemma 3 Let M be given and let m be any integer with

m>M+ [3]. Let fe c™(R) and satisfy (A.2) and let ¢ > 0

be given. Then there exists an fl € sz(ﬁ) which satisfies (6)

and is such that |£-£]y < e
With these two lemmas in hand the proof of theorem 2 is

immediate. Given £ ¢ CM(E) and the numbers a,b and € > O,

lemma (3) states that we can find, for any m > M + [%], an

£, € sz(ﬁ) satisfying (6) and such that |f-f1|M < %u Then by

lemma (2) we can find a function u continuous in Ba

b such that

l£,¢-) - u(-,05w)| < e/2c.

Since £, and U(-,-,u) are both in sz(i) and satisfy (6) it

follows then by (1l1l) that
- €
l[£,(-) - U(-,0om) |y, <57

hence

|£¢+) - U(-,0ru) |, < €.




Proof of Lemma 2.

Let us now outline the proof of lemma 2.

This closely parallels that of [1] and proceeds as follows.

The functions U(x,t;u) at t = O can be written in the form,

— o ——
(12) u(x,0:@) = | [ Ty, (xy,-r)dr
-19R

Here G(x,y,t-7) 1is the Green's function for the heat equati on

in R and G, denotes the normal derivative with respect to the
variable y. For (y,T) € B, it is easy to see that GL(':Y,-T),
considered as a function of x, belongs to sz(ﬁ) and satis-
fies (6), for any m. 1In [l] we exploited the fact that these

functions spanned L2(R). The key here is that they also span

A .
m, A

Lemma 4 . The functions (G, (:,y,-7)} for (y,7) €B_, spanthe
space Am,A'

We assume the validity of lemma 4 for the moment and
complete the proof of lemma 2 . The £ of lemma 2 belongs to
A

m, A Hence given any ¢ we can find points (yl,Tl),...(Yn,Tn)

in B.p and numbers CqyseesCy such that,
€
(13) l£C) - 2 ey, oyl 4 < 5

Now the function Gv(x,y,—r) has derivatives of all orders
which are continuous in y and s. Hence given any €' > 0

we can £find &6 such that




(14) |AmGV(x,y,-1-) - Ava(x:Yi.v‘Ti)l < €

for x e R and ]y-yil < 6, IT-Ti] < 8. Let us choose functions
6,(y,r), with supports in |y-yi| < 6,]7—ri] < 6 respectively

such that

(15) Jo [ o, ayar = 2
_13R

and consider the function

U(x,t; zg c;6;) -

We have by (14) and (15)

Ne)
(16) IAFU(x,o; Zg ciei) - X§¢iAFGv(x,yi,-Ti) I f eidydTI

-1 R
n (o]
slze, | ] 0; (v, 7 (A7, (x,y,-7) -A76 ,(%,y,-7 ;)]
L7 iR
n
Le' {Icll :

If we choose €' according to the inequality,

n
€' <(¥ Icil)'l A‘l/ze/z
1

where A denotes the n-volume of R then it follows from (15), (16)

and Schwarz's inequality that,

Hf(') - U(',07 7? ciei)”m,A< €.
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Thus the proof of lemma 2 is reduced to that of lemma 4 .
In order to prove lemma 4 we need to make use of the

eigenfunctions of the Laplacian for R. These are functions, ay

satisfying the conditions,

(17) Aa, = -\ a

oo, ca

The a,'s form an orthonormal basis for Lz(R). The {Ak}

k
are positive and if we let {uj] be the distinct M -values,

. .2 .
ordered by increasing magnitude, then {ujfl } is bounded away
from O and o,

Lemma 5 . The functions {kimak} form an orthonormal basis for

A .
m, A

Proof: It follows from (A.l) that the a are infinitely differ-

"
entiable in R (see [2]pp.190,201). By (17) we see that Ajak =0

m

on 3R for any j. Hence Ai a, € sz(E) na_ We have,by (17),

S &

-m -m _ -m . m -m.m
(?\k ak’}‘{, a&)m,A— J‘()\k A ak)\ L A a{')dx
R

= ja adx = 6, ,.
Rde K &

Hence the set {x;mak} is orthonormal. Suppose o ¢ sz(ﬁ) n Am A
3
-m

is orthogonal to %k.ak for all k. Then

- -m - -m,m_ m
0= (a0, j Ao, A% ax
R

=t f akAF@ dx
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Since the {ak}span L,(R), it follows that Ap¢ =N in R
and this together with cPw =0 on 3R, j=0,1,...m-1

implies that ¢ = O.

We can now complete the proof of lemma 2. Suppose the

span of = {Gv(-,y,—T):(Y,T) € Bab] were not dense in Am,A‘

We could then find a non-zero ¢ ¢ m‘; that is a function ¢ ¢ Am A
’

such that
(18) 0 = (¢,Gv(°,y,—7))m’A for each .

We can expand ¢ 1in the form
_ -m _ -m
© = Ty Moy, by = (0o 3 A -
Hence (18) becomes
(19) 0 =78y I(y,7)
k
where Tk(y,r) denotes the k-th Fourier coefficient of
%;"’Y:‘T) with respect to [Aimak}. Now G(x,y,-T) has the

expansion

A T
G(x,¥,-T) = Eak(X)ak(y)e .

It follows that

A 7\1'
AFGv(x,y,—T) = Iy Apak(x)bk(y)e kT = ?g—%k)mak(X)bk(y)e k

Bak
where bk(y) = 757(y). Hence we have

- 2 AT
DY, = (-1)™ ™, (y)e ¥
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and equation (19) becomes,

A T
(20) 0 = Its AR (y)e LA
X k'k Tk
Now the series (20) converges absolutely and uniformly for
(y,T) € Bab' To see this note that the inequalities Lkz < %k < Lk2
2m kT b/ 2
imply the existence of a constant J such that %k e < Jge'k .
xkp/z
Thus (20) is majorized by the series ZI[p, | |b (y)le for
L N, b/4

(y,T) € B.p- This converges uniformly in y since bk(y)e k

are the Fourier coefficients of GU(-,y,-b/4) for the set [ak]

and the functions Gv(°,y,-9- are uniformly bounded in L2(R),

A b/2 A b/4
thus ensuring that Ibk(y)le < Ce for some fixed C.

This provides a convergent series dominating (20) since the By
are the coefficients of ¢ 1in the set {xk'mak}.
The remainder of the proof is exactly as in [1]. We collect

terms in (20) in which the eigenvalues are the same. Thus, if

{uj} are the distinct eigemvalues, (20) yields
u.T

(21) 0= Zj yje J a{T1T<b<oO
where
_ 2m

Here Kj = {k: Xk = uj} (note that each Kj is finite). From

(21) we obtain (see [1])

0= i&eKj skbk(y) for vy € 3R.
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But then ZﬁeKj gkak(y) has both Dirichlet and Neumann data
zero. Hence it is identically zero (see [1l]) and by the

independence of {ak} it follows that the 's are all zero.

Px

proof §£ Lemma 3. Finally we give a proof of lemma 3 . Let

f ¢ CM(E) and satisfy Ajf = 0 on 3R for 3j = 0,1,...[%]. Now

we can find a function & satisfying the conditions

(23) A% = 0 in R

(24) AN®=0 on ¥R, j<m-1
k k

(25) i—%’ = _B__% on 3R for k odd and k < M,
-}/ v

where y denotes the normal to JdR. Conditions (24) and (25)
constitute a part of the Dirichlet data for equation (23).

The remaining part is a set of values of normal derivatives for

® of orders greater than or equal to M and less than or equal
to 2m. These latter can be specified arbitrarily as c”
functions and & thus determined as a function in sz(ﬁ) c M®.

et F = £f-®&. Then F ¢ CM(ﬁ) and moreover we have

APF = 0 on OdR Jj < [%],

2%
—5 = O on oR for k odd and k < M.
ov

From these conditions it is easy to see that F ¢ Cg(ﬁ); that
is, F and all its derivatives up to order M vanish on 3R.
Hence if we write f = &F we see that lemma 3 will be proved

if we can show that it is possible to approximate functions in
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Cg(§3 by functions in sz(ﬁ) which satisfy (6). We establish,

in fact,the stronger result that the set CZ(R)(C°°

functions of compact support)is dense in C§,

Lemma 6 . CO(R) is a dense subset of Cg(R).

Proof: The smoothness assumption on 3R implies that for each

X € d3R there exists a ball N~ containing x which is sﬁch that
(a) the center zx of Nx lies in R
(b) none of the segments '§;§, y € N° N 3R, is tangent to
(i.e., supports) dR at vy.

Hence,by compactness of JdR there exists a finite collection

[in i= 1,...,p} covering AR and there is some 90 € (0,mr/2)

such that the segments

X

z, Y (y e N *N3p, i=1,...,p)
1

all make an angle with 3R at vy exceeding eo. Moreover,

for some ¢ } O the set % in contains the closed e-neigh-
© borhood Ge of OJR. Let 1Re = R—Ge. Then the sets
X,
(26) | R, (N l}Lsigp

form an open covering for R. Let denote a corres-

(053 0¢5¢p

ponding c” partition of unity for R:

X,

(27) supp ¢, < Re’ Supp @; < Nt oi= l1,...,p,
p —
(28) z;wj(x) =1, X € R.

j=o
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Given an f ¢ Cg(i) (extended as zero outside R) let
6 > O Dbe prescribed and examine the functions fj defined by

(29) fj = fmj j= 0,e00,p.

Now fo is in CM(E) and has its support in R, hence inside

R. It follows ([31,p. 1642) that f, <¢an be approximated arbitrarily
closely in the norm | IM by functions belonging to C:(R).

Select fo satisfying

~ ~

(30) | £ folM < 8/2, £ e T (R).

o
Next we observe that by (27)

X

M i— .
fi € CO(N NR) i=1,...,p.

Define the family of functions {fg}, t e (1,=), by

(31) fg(x) = £, (tx + (1—t)zxi) for t e (1,w).

X.
It follows by our construction of the (N J} that the functions

{fz} satisfy

(32) £ ¢ C(R) for t e (1,m).

Moreover it is easily verified that

t .
(33) |fi-f.

1IM - 0 as t-1, i=1],...,p.

Hence there exist numbers t, € (1,) such that

t.

i+2
(34) | £, 7€, 1 < 6/2*% i=1,...,p.
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t

In addition, for t ¢ (l,x) fi has its support inside R and
t.

hence as above each fil can be approximated arbitrarily

closely in the norm by functions belonging to CZ(R).

1y

Select {fi}lgigp such that
t w2 7 o .
(35) |fi -fiIM < 6/27°%, £, e C (R), i=1,...,p.

~

By construction, the function f defined by

~ D~
(36) f=yf,

j=o0 J
belongs to Cz(R) and by equations (33),(34),(35) and (36) we have
lf-flM szolfj— le < 6.

Since 6 > O was chosen arbitrarily, this concludes the argument.
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