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by |
~Charles V, Coffnman

This note is a sequel to [1] and provides the answer to a
question |eft o'pen there. Let P(x),F(t),x) be real valued
functions, continuous on [0,1] and T'I;_x[O,I] respectively, and |

assunme that for some e >0, F satisfies, for each xe[O0,I],

(L.1) . 0 < nM®F(tiwx) <_T7Z°F(7), X), 0 < rip < r\,
Let
r?
(1.2)  dr},x) =J F(s,x)ds, o<r\ <o0, O0<x< 1
0

“and for yeC[O,l] let,

wez! '

1
(1.3) HY) = 3 [y’ (OF(y*(x),x) - G(y* () ,x)]dx.

o

A function y is admssible if it belongs to Cg[o,l] =
(UG& [0,1]]u(0) =u(l) =0}, does not vanish identically, and
sati sfies,

(1.4) Y0 [P+ Ry, )]0|><>J (y» (x)) “dx.

O

An admi ssible set is a subset of C(?;[O, 1] consisting entirely of
admi ssible functions. W denote by ("bm the class of subsets
of cg[o, 1] which are conpact, symmetric, and adm ssible and
have genus (see def. in [1]), > m Then, as defined in [1], the

characteristic values of the boundary val ue problem
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(1.5) y'* + P(x)y + yF(y>,x) =0 y(0) =y(l) =0
are the numbers,

(1.6) A:minf max H(y) -

Belfi" yeB
The purpose of this note is to show that the characteristic
nunbers for (1.5) defined by (1.6) are the sane as:those defined
in [2]. Assum ng the resullts of [1] , it anmounts to the sane
thi n“g to show that to each non-vani shing charac.teristic nunber
% there corresponds a non-trivial solution y of (1.5) which

has precisely m - 1 zeros in [0,1] and for which,

(1.7) H(y) = Xm.

For yeCSt Ol], let nn= M{(y) denote the nth eigenval ue

~of the linear problem
(1.8) v» » + [iv(P(x) + F(y?(x),x) =0, v(0) =v(l) =0.

0]
Lerma 1. Let vyeC [0,1] -and assune that

(1.9 M y) <i,
t hen
(1. 10) | O Hy) 2 An

As Theorem 4 of [1] we proved the special case of the

above assertion in which y is a solution of (1.5 wth

precisely m- 1 zeros in (0,1). Exactly the sanme argunent

works if we assune only (1.9) -




3

Lenma 2. Let Beo/gm, t hen there i t least one point

——

yEB for which (1.9) holds.

Proof. W observe first that the eigenvalues of (1.8)

depend conti nuous]y on yeCQ% O, 1]. Secondly, if we define,
Vk = Vk(':Y) »

to be the kth eigenfunction of (1.8) normalized by
1
| VA, y) (P(X) + F(y*(x),x))dx = 1, VvE(Qy) > 0,
o
then y "* Ve (*,y) is continuous as a map of Cg[Qlﬁ’\{O) into

itself. The Fourier coefficients Ay of y wth respect to

{"i, (sy)} *'° conputed by,

1
(1.11) & = 3 y(x)v(x,y) (P(x) + F(y*(x) ,x)) dx,

O
and if a, vanishes for k =1,...,m- 1, then
1l 1
(1.12) I y3(x)(P(x) + F(y*(x),x)dx < ~(y)) "'/ (y (x))2dx.
o o

Consi der the mapping from B to Rm'l gi ven by,

y ~ (ap,.e.,a 1),

where the a, are given by (1.11). This mapping is odd and
conti nuous, thus since Be@m, there exists a y€B for which
al. = .. = am_; = 0, and for which consequently (1.12) hol ds.

Together (1.4) and (1.12) inply (1.9), and this conpletes the

proof .
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Theorem If. m is._a_positive_integer _and_if X,> 0

then there exists a solution y =y <D_ (1.5 wth Dreciselvh

m- 1 zeros in (0,1) and such that

H(_vn)m =X .

Proof. The proof of Theorem2 of [1] shows that there

exists a set BeV&m such that,

(1.12) ~max Hy) = X

yeB m

and with the additional property that H(y) = \f for y"B

only if y is a solution of (1.5). (I'ndeed, in the notation

~of [1], take B =0(0(N')), c=X'). By lLemm 2, there is a

- yeB for which (1. 9). hol ds, and by Lenmma 1 and (1.12), H(y) = Xm,

'so that y is-a solution of (1.5). Since the non-zero character-
istic values are sinple, (Theorem3 of [1]), we have Xm+. > Xm,

and thus by Lemma 1, with m replaced by m+ 1, we have \im(y) = 1,
and y has precisely m- 1 zeros in (0,1).

Corollary. The characteristic values of (1.5), as[ defined

Proof. See the Corollary to Theorem4 in [1].
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