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1. Introduction and Statement of Results.

This paper contains an investigation of the partial differ-

ential equation

(E) u =-g-;{~(o(ux) F A (uu) .

tt xt
The study was begun in [1l] where it was assumed that A was a
positive constant. Here we allow A\ to depend on u.- This

seemingly simple change leads to considerable difficulty since
the equation then becomes quasi-linear rather than semi-linear.

Equations of the form (E) arise in the theory of elasticity,

more precisely in what is called linearly-viscous elasticity

([2] and [3]). They result from applying what is called the slow-
flow approximation to more general theories in which stress is a
functional of the past history of the strain. We remark that (E)
includes the equation of one-dimensional, compressible, viscous
flow of a gas (formulated in so-called Lagrange co-ordinates).

In the physical context it is not consistent to assume 2 is

a constant while allowing ¢ to depend nonlinearly on u.

Thus, physically, it is much more realistic to allow A in (E)

to depend on u.

We study (E) with the additional conditions,

(A) wu(o,t)

u(l,t) = o,

(B) u(x,0) £(x),

(€) v, (x,0) = g(x) .

The results here parallel those of [1l] in that we establish the
uniqueness, exXistence and stability of solutions of the problem

defined by (E), (&), (B), (C) .




We assume throughout that f and g belong to C4[O,l]
and Cz[o,l] respectively. We impose on the functions ¢ and

A the following conditions:
(*) ¢@(0) =0 o0<o_ <olf) Loy le (&)] < o, for all ¢,
(**) 0 < AS K AME) <A N &) <, for all &,

where 00’01’02’K0’x" and xz are constants.
We follow the notation and terminology of [l]. For func-
tions A and Q .which are in C2[O,l] we set
2 . .
(1.1) JA0 = £ max AP (] +mex |2 (x] .
1=0 xe[0O,1] xe[0,1]

For any positive number T we denote by S the strip.
sp = {(x,t)|Jo<x< 1, oLt .

Then if U € CZ(ST) we write

2 i 3ty
| - max l-—————l Y

(1.2) Hulll (v) = ifo kfo x[0.1] axi-Kaek

(i,k)#(2,2)

An (f,g) displacement in ST will be any function u

such that:
(i) all derivatives appearing in (E) are continuous in ST'
(ii) wu satisfies (E) in (0,1)x(0,T) and conditions (A),
(B), (C). The two main theorems are then as follows:

Theorem (1). There exists M such that for any (f,g) displace-

ment u,

(1.3) Hulll (£) < M

*Note that this condition can be assumed without loss of generality.




on any ST. The constant M depends only on J(f,g),oo,ol,oz,

A

O)

%l,kz and for fixed (co,ol,cz,ko,kl,xz) M tends to zero
as J tends to zero. Moreover any (f,g) displacement satisfies

the conditions

(1.4) . lim |JJul]]] = 0«
t 2

Theorém (2). There exists a unique (f,g) displacement in ST

for any T provided that J(f,g) is sufficiently small.

Remarksz 1. Theorems (l)'and (2) are weaker than the correspond-
ing ones in [1] in two respects. 1In [1] the expression ||| U]|| (t)
contained also Utt' It would be possible to obtain the results

(1.3) and (1.4) for u in this paper also but this

tt
requires some additional computati ons which we do not include.

The second difference is more serious. In [l] we obtained
the results under the sole assumption that ¢' was positive. Thus
it sufficed simply to assume that (*) holds on any compact subset

and our results were independent of the size, J(f,g), of the

initial data. Suppose we replace (*) and (**) by the conditions:

(*)' ¢(0) = O o' (§) >0 forall ¢,

(**) A(E) >0 for all ¢ .

Then conditions (*) and (**) will hold on ahy set Ig]'g p» with
some fixed constahts OO’OI’GZ’XO’XI’XZ‘ Theorem (1)

states that we can choose J(f,g) so small that u, will remain
in the interval |u | < p so that (*) and (**) will in fact

be satisfied.

2. Physical considerations require that in the applications of

our quation in elasticity we must have u, > -1 (positivity of
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the density). As in Remark 1 we point out that we can always
insure this condition by making J(f,g) sufficiently small.

The proof of Theorem (1) is similar to that in [1]. It
proceeds by a combination of energy estimates, obtained in Section
.three, and the use of results for linear parabolic equations.

The latter presents considerable technical difficulty due to the
presence'of u, in A. The computations are presented in Sec-
tion four. 1In sections five and six we give the existence proof
which is somewhat more complicated than that of [l]. Section two
contains the necessary results for linear parabolic equations.

These will be used in the proofs of both theorems.

Note: After completion of this work the author's attention
was called to a paper by Constantine M. Dafermos. This
paper has been submitted to the Journal of Differential
Equations. Dafermos considers a more general equation of

the form,

= 9
u = 3% o(ux,u

tt xt) ’

The function o¢ satisfies the conditions,

0 (Pa) 2 K, |0p(p,q)l < 1\Hﬁq(p,q) .

The methods are related to ours but somewhat different

since Dafermos studies the equation with boundary conditions
g =0 at xv= O and 1. His stability results are some-
what weaker than the ones presented here; this reflects the

stronger hypotheses we have made on o¢.




2. Estimates for Linear Parabolic Equations.

In this section we collect some results which will be necess-
ary for further work. These consist of a collection of estimates
for linear parabolic equations. We need a number of such estimates
with increasing restrictions on the coefficients in order that we
can follow -a step by step procedure to the desired 'a priori!
bounds of Theorem 1.

The first result is essentially obtained in [4], It concerns
the problem,

vt=-g-;(avx+b), 0<x<1l t>o0,
(P.1) v(0,t) = v(1l,t) = o,

v(x,0) = P(x).

It is assumed here that ‘a is differentiable, with

(2.1) a(x,t) > a, > 0 for all (x,t) ,
and that b is continuous. Let %k_= max [$(x)]|. Then the
0<x<L1

theorem is as follows:

Theorem 3. Suppose that

-1
a_ ”b”L4[O,1] Lc for all t > O .

Let v Dbe a solution of (P.1l) such that
Ivll (&) < My for all t > O .

Define the constant M by

(3.2) w3 = w2249 (2c/a ) ¥/3,




Then

|vix,t) | <k, +24 for t>0, 0ZKxg L

The next theorems are analogs of some results of [l1]. They

concern the following problem:

Ve = A(x,t)vxx + B(x,t)vx + k s 0<x<1l 7<t< THa,

(P.2) v(0,t) = v(1l,t) = O,
vix,T) = 0(x),

Let us denote the solution of this problem (if it exists) by
V(ix,t:T:k;0). In the three theorems to follow the same set of
hypotheses hold namely the following:

(i) A e C ([0,1]1x[0,®))

(ii) IA(x,’c)--A(x',t)|_gfi!:|x‘->*c'|‘5 for t > 0 and for some p > O.
(iii) B e C([0,1]1x[0,=))

(iv) |B(x,t)] < B for t > O.

(v) ¢ € C[O,1], k Holder continuous in x and t in

OLKxLLlL, 1L 140

Theorem 4. Under hypothesis (d)-(v) V(x,t:;rT:k;0) exists and is

unique (This is a standard result).
In order to state our next two theorems we need some further
notation, again that of [l1]. For functions h defined on

[0,11x[T,7+a] we let

|h| (t) = max |h(x,t)|, |n] = max [n] (t),
xe[0,1 728 telr,r+a)
(2.3) 1 |
Il = J n2evan?, ul - max i .
o} ’ telr, 7+a)




For functions § defined on 0 < x < 1 we let

1
(2.4) |o = max nl'n(x”’ lal = aoo2an/? .
@)

xelO,

Theorem 5. Let a > O be fixed. There exists a function ¢C,(A,B),

such that if,
vix,t) = V(x,t;r;k:o),

then we have

- | x|
1ll IT a's T ’
S 1
(2.3)
cillvxlf o < *l e .
Ol

[In this and subsequent theorems the functions Ck(i;ﬁ) are

bounded on compact (A,B) sets] .

Theorem 6. Let o > O be fixed. There exists CZ(X,E) such that

Aif,
V(x) = V(X,T:7:0:0), w(x) = Ve (%, T:T:0:0),
then
c, |ol
~ ~ ~ ~ 2
(2.4) KA R I A I L™ Y .
c, lel

Remarks (1) The constant 02 in Theorem 6 tends to infinity asv
T tends to zero. The content of the theorem is that the various
derivatives can be bounded at values of t away from .

(2) Theorem 5 is very close to a standard résult (Theorem 7
below). It differs in that we do not reqﬁire that A be Holder

continuous in t. Its role is to give us a preliminary estimate




which enables us to get into the hypotheses of Theorem 7.

We shall not give proofs of theorems (5) and (6) since they
are tedious and very close to ones in [1l] and [5]. The
-essential ideas cén be easily stated though. Following a femark
in [5] we can construct a t-dependent parametrix for the differential
equation in (P.2). By a method of images we can modify this
parametrix so that it satisfies the boundary conditions. We
can then use this modified parametrix in the usual way to conétruct
a fundamental solution of the equation. This fundamental solution
also satisfies the boundary conditions, hence is a Green's func-
tion. The role of taking the t-dependent paramatrix is that it
eliminates the necessity of assuming Holder continuity in t for
the function A.

The Green's function G(s,t,£,7) which we construct has the

property that V(x,t;7,k,p) can be written in the form,
t ¢l
Vix,tirikio) = J j k(E,T)G(x,t,&,n)dEdx
T O

1
+‘j o(t)e(x,t, &, 1)dE.
o)

Theorem (6) follows from the fact that G,Gx;G and G, are

t X

all bounded for t > r. Theorem (5) follows from the fact that_
G and G, satisfy estimates similar to those of [l] for the
Green's function for the heat equation. Thus the proof is reduced
to that in [1].

The remaining theorems are standard ones which one finds in

[5]. In order to state them we need the notion of HOlder norm.




Let sT,T+a denote the strip
S req = LBE)]OKXA,  r<tdral)
A function h will be called s—ﬁglder continuous in S, r+a if
E)
sup hix' . t')- £
(2.5)  (x,tles, [h(x, SLohlx, 1 73 = H(h) <.
(x! t')e; (|x-x"|“ + (t-t'))
! T, T+
If h is a—Hglder continuous in s then we define
T,Q
2. s = + .
(2.6) |h|B IhIT’a H, (h) |

The following two results are well known and easily verified.

Lemma 3.1. The set C;’a of functions which are B-Hglder

continuous in St riq forms a Banach space under the norm (2.6)
3
Lemma 3.2. Closed, bounded sets in C;{a are compact in ‘C;’a

if 8' > 8 .
We return now to problem (P.2); more specifically to the case
¢ = 0. We replace hypothesis (ii) with the following:
con/ T,Q T,0 >
(ii) AeC ™ |Ala’ <A,
- with hypotheses (i), (ii), (iv) and (v) remaining the same. Then

the following theorem is proved in [4].

Theorem (7). Let a >0 and ', < 8' < 1 be fixed. There

exists a function C3(X;§) such that if,

vix,t) = V(X,t;'r;k;O)’

" then

2.7 R v T < eglxl,
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Next we strengthen the hypotheses (v) to
(v') kecg’a |k|;’o‘gi.

Then again the following is a theorem from [5].

Theorem (8). Under hypotheses (i), (ii)', (iii), (iv) and (v)!

there exists a constant C,(A,B) such that if,

V(X,t) = V(X,t;f;k;O)’

then

(2.8) vl 2% vl <k .
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3. Enerqgy Inequalities.

In this section we derive a’numbe; of bounds for solutions
of the problem (E), (A), (B), (C) of Section l. These are almost
exactly like those of [1] and we only outline the proofs. We
use the notations

‘ 1 1/2
(3.1) |®| (t) = max |®(x,t)|, |l@®(t) = [ | & (x,t)ax] ,
xe[0,1 ‘

of the last section. Then the following result holds for any

function @ € Cz[o,llx[o,w) which vanishes at x=0 and x=1l:

(3.2) fall(e) < 18] (e) < lle i) < [ale) < e llee) < 18 l(e) £ > o.

We observe also the following elementary result:

Lemma (3.1). If (t) is uniformly continuous and integrable on

[O,#) then

lim yP(t) = 0.
t ¥

In the remainder of this section it is assumed that u is an
(f,9) displacement on S_ .

We multiply (E) by u, and integrate the resulting expression
over (O,l)x(tl,fz). If we use conditions (A) we obtain the rela-

tion,

1 cu_(x,t,) . cl v
(3.3) o l%(e,) + 2 XU g (eragax + 2 ) 2\ a(uo (e, 2 ara
t 2 J(‘)Jx(x,tl) §ds i]_ §) (u (€,7))u, (€, 7)dEdr
} ) llux(x,tl)
= Nl ep) + 2 z[ [ 7o) aeax.
S, (2, €)

Next we multiply (E) by . obtaining

2 2
= 1 + 1
YeeYxx c (ux)uxx A (ux)uxx YUyt + %(ux)uxxtuxx ¢
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Hence

9 2 ' 2 _
(3.4) Auxxuxxt + Aat(k(ux))uxx + o (ux)uxx = uu

= (wugde - (uagdy + upy -
Note that
2 3 2 _13 .2 2
A Uy xxt +’Aat Ugx = 2 at(x uxx) .

' Hence (3.4) can be written

3 .2 2 2 | 2
(3.5) at(x uxx) + 27\0'(ux)uxx = 2x[(utuxx)t - (ututx)x + U ]
= 2[(Au,u.), - (Au.u, ). + Au, 2]
t xx't t tx'x tx'*

Now integrate over (O,l)x(tl,tz) and use condition (A). The

result is,

2

1l 1l
2 2 2
(3.6) -L A uxx(x,tz)dx + i g o'(ux)%(ux)pxx (%, 7)dxdr

1l
52200 N
= 2 ) A uxx(x,tl) + 2 \ [Xutuxx(x,tz) —%utuxx(x,tl)] dx

L orty 5
+ 2 S J A (%, 7)drdx*.
X
0 %

We can now derive various estimates from the two formulas

(3.3) and (3.6). In the succeeding results M,M, and so on will

all denote constants which depend only on J(f,g),kO and kl of

(**) and tend to zero as J(f,g) tends to zero. We define Eo(a)

‘and El(a) - by the formulas,

(3.7) Eo(a) = inf o'(£), El(a) = sup o' (§).
| | &l <a | €] <a
Both EO and E1 are positive for any a > O by condition (*).

Then (3.3) yields, just as in [1], the following result.

*This argument is due to Professor James Greenbergq.
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Lemma (3.2). There exists M such that

t
Hutnz(t) <M and -L HuXTHZ(T)dT < M t>o0.

The constant M is given by,

2 _ 2 -1.2
M” = max(M1,7\O M1)7

where
2 2 2
M; = J(£,9)" + E;(J(£,9))J(£,9),
Corollary. Hutuz(-) is integrable on [0,») and

lu % (ryar < M2
0 t

The next result comes from formula (3.6) and again is analogous
to one in [1].

Lemma (3.3). There exists M, such that,

t
lu 2 (6) < 2 and Lhnwwmfsﬁ t>0.
Corollary. [u] (t) < qu| (t) < M, t>o0.

The following result is an exact analog of one in [1l], hence
we omit the proof.

Lemma (3.4).  lim [lu%(t) =0 ; 1im [lu_J*(&) = o.
to t= o

The second inequality of Lemma (3.4) together with formula (3.2)

yields immediately the following result.

Corollary. lim u(x,t) = lim ux(x,t) =0 ,

to to
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4. A priori Estimates (Proof of Theorem 1).

Our first step in this section is to use Theorem 3 to obtain
a bound for the t derivative of an (f,g) displacement u. Let
u be such a displacement and let v = u, . Then by (E), (A) and

(C) we have,

(4.1) v, = =0 (ugv, + o(u)),
(4.2) v(o,t) = v(1l.t) = O,
(4.3) v(x,0) = g(x).

This is for the form considered in Theorem 3. We have by (**) and

Lemma (3.2)

(4.4)  A(uy) >y > 0,

(4.5) ko = max|g(x)| < I(£,q),
(4.6) vl 1,1y = lluell (&) <.

We know that |ux|(t)‘g M, by the Corollary of Lemma (3.3).
Hence by (3.7)

lo(u )| (£) < By (M) [u | (£) < B (MM, .
Thus we have
(4.7) 7‘51“"”1.4[0,1] < Ac_)lEl(M*)M* = C.
Now we can apply Theorem 3 and deduce that
a8 Ivl®) = Jud (0 < kg + (P2 220/ ) 3 V4,

Note that both terms on the right side of (4.8) tend to zero as

‘J(f,g) tends to zero hence we have proved the following result:
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Lemmé (4.1). There exists Mﬁ such that

lugl(v) =My
We make use of the estimate for u, to derive an estimate
for wu,. Here we use a device whidh again is analogous to one
in [1]. We write equation (E) as

(4.9) u . o'(ux)'uxx + )\'(ux)uxxuxt + Mux)uxxt

o'(u) 3
- A(ux) (x(ux)uxx) * 3t (x(ux)uxx)
Now we consider this as an ordinary differential equation for
A(ux)uxx. Let

o' (,ux(x,t))

<
yix,t) = (U (%, t)) ; e(x,t, ) = @ LY(st)dn'
x\

Then (4.9) yields,

t ,
AMug(x,t)u  (x,t) = 6(x,t,r){7\(ux(x,r) + j;.utt(x,S)e'l‘(x,s,T)dS.

If we integrate by parts we can write this in the form,

(4.10)  Mu,(x,t))u,  (x,t) = u (x,t) + e(x,t,7) (Mu,(x,7))u (x,7)
. t _l ‘
- u (x,1) - S Y(x,8)u (x,8)e “(x,s,7)ds] ,
T
We deduce two kinds of information from (4.10). First one
derives immediately, from (4.10) with 7 = O, Lemma (4.1) and
our assumptions about ¢ and A, the following result:

Lemma (4.2). [There exists M,, such that

]uxx] (t) < My,
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We can also deduce some smoothness results from (4.10). Let 7r=0

in (4.10). Then A(u (x,T)u, (x,7)-u (X, 7)=A(£"(x))£"(x) -g(x)=h(x),
The smoothness assumptions on f and g imply that the function

¥ has two continuous derivatives. On the other hand ¢ and A
were assumed to be C3 and C2 respectively while for an (f,q)

displacement U, U U U are all continuous. One then

xt’uxxt

derives the following result from (4.10).

Lemma (4.3). For an (f,g) displacement U and U oex 2LE
continuous.

Now that we have a bound on U we can obtain a bound for
the x-ﬁglder norm of A(ux). Indeed we have by (**)

(4.11) lx(ux(x,t)) - %(ux(x',t))l < x2|ux(x,t) - ux(x',t)l

1- —
< Azluxxl | %-x'] < AoM, 2 Plx-x'|® = &| x-x'|P

for any g, 0 < p < 1. We also have the bound,

(4.12) IN (u)u | < MM, = B.
We can now use Theorems 5 and 6. Let v = u, . Then v 1is a
solution of the problem (P.2) with,

A= 2Nuy), B=2A(uu ., k=0c'(u)u ., o(x) =u(xT) .

A 1is differentiable with respect to x while B and ¢ are
continuous. k is ﬁglder continuous (in fact differentiable).

Thus hypotheses (i)-(v) of Theorems (4), (5), and (6) are satis-

fied with A,B given by (4.11) and (4.12).

We observe that u =v = vl + v2 where,

(4.13) vi(x,t) = V(x,t;7:k;0), v2(x,t) = V(X,t;7:0,0).
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From Theorem 5, (3.7), Lemma 4.2 and the Corollary to Lemma

3.3 we deduce that,

1
(4.14) |vx|‘g Cl|k|T’a = «Cllo'(ux)u L CoB (MM, .

xxlr,a

From Theorem 6 and Lemma (4.1) we find that

2 .
(4.15) |vi| <c,lo| =cylu| < CoMy

We combine (4.14) and (4.15) and deduce the following result.

Lemma (4.4). There exists M such that

[ (£) < M.

Iutx

Observe that Theorem 6 and Lemma (4.1) also yield the estimates,
(4.16) lvzlgCM |v2|gCM
- Xx My, Ve My

We can obtain some further estimates by using those formulas

from Theorems (5) and (6) which involve L2 norms. By formulas

(2.3) and (2.4) we have,

vl <) llot(uu 1v3)< eqllot tug (-, (-,m) ] -

X xx”T,a’
It follows then from the second inequality of Lemma (3.4) that
Y

| v and |v2| tend to zero as t tends to infinity. In the

same way we deduce also that Ivil and IVil tend to zero as

t tends to infinity. Since vl + v2 = u. this yields the

following result.

Lemma (4.5). lim ut(x,t) = lim uxt(x,t) = 0.

t—e toe
From Lemma (4.5) and Equation (4.10) one obtains,exactly as

in the proof of Lemma (5.3) of [1], the following additional result,
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Lemma (4.6). lim u__(x,t) = O.
_ XX
tooe
. Lemmas (4.2) and (4.4) show that the function A = X(ux) has

a bounded Holder norm. vIndeed we have

|A(x',t") - A(x,t)]| < M Ju ! [x-x'| + |u |t-t*|]

XxxX! xtl

B/ 2
< A[M**zl—alx-—x' P+ Mrl’&/zlt-t'l

= 2 /2
<A x-x']7 + |t-t']) .

The constant A depends only on T and g .
Now we apply Theorem 7 to the function vl of (4.13). We
find

(4.17) |v1|;'-’°‘

< C3|k|1',(1. < C3E1(M*)M** ¢

On the other hand it follows from (4.16) that the g-norm of v2

is bounded by a constant € times M where C depends only on

T and pg. Combining this fact with (4.17) we obtain the following

result.

Lemma (4.7). There exists a constant Ky depending only on a,sp

and J(f,g) such that

(4.18) Iutlg’o‘ < K

Moreover K, tends to zero as J(f,g) tends to zero.

From Lemma (4.2) and Lemma (4.4) we deduce that there is

another constant K2 with the same properties as Kl such that

(4.19) luxl;’a < K,

We emphasize that the estimates (4.18) and (4.19) depend only

on o, the width of the strip we considered, and not on T the
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starting position of the strip. Thus by fixing o we obtain
estimates which are uniform in t > O. This yields the following

result which we need for the existence theorem in Section 6. lLet

B

0
are p-Holder continuous in S

N > 0 be fixed. Let C denote the Banach space of functions which

o,N' Let Kg denote the space

O,N, ,O,N
B B

C with the norm,

(4.20) |(m,n)|§ = max(lmlg’N,]n|g’N)’

(see 2.6). Kg is then also a Banach space and closed, bounded
subsets of Kg, are compact in Kg if ' >p .

Lemma (4.8). If u is a (f,g) displacement then (ut,ux)ng

— 0 ee— e—

for any N. Moreover there exists a constant K, depending only

on p and J(f,g); such that for any N.

|(ut,ux)|1: < K.

K tends to zero as J(£f,g) tends to zero.

If we collect all our results we find that the proof of
Theorem (1) is complete. The boundedness of |||ul]|]. follows
from the Corollary to Lemma (3.3) and Lemmas(4.1l), (4.2) and (4.4).
The relation (1.4) follows from the Corollary to Lemma (3.4) and

Lemmas (4.5) and (4.6).
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5. Functional Equations.

We are going to reformulate the problem (E), (A), (B), (C)
as a fixed point problem. To this end we introduce certain
operators analogous to those in [1]. Throughout we assume that £
and g are a fixed pair of functions suitable for an (f,q)
displacement. The first operator derives from formula (4.10) of the
last section. Let V and W be continuous functions and define
I' and E by the formulas

t
- j T(w) (x,%)dn
(0]

— o' (w(x,t)) E(W)(X,t) = e .

T Aw(x,t))

(5.1) T(w)(x,t)

Then h(v,w) is defined by,

(5.2) h(v,w)(x,t) = E(w)(x,t) (MNE£'(x))E"(x) - g(x)
t 1
- J T(w) (x,s)v(x,s) [E(w)(x,s)] ~ds} .
(0]

'We observe that if u is an (f,g) displacement and we set v = u,

wo=u then (4.10) vyields the relation,
(5.3) )\(w)wx = v + h(v,w) .
Our aim is to find functional equations satisfied by v = u

t

and w = u, if u is an (f,g) displacement. Our next step is

to write Equation (E) in a different form. We have,

= 1 ]
v (o] (w)wx + A (w)wxvx + ANw)v

t XX *

or, if we substitute from (5.3),

(5.4) = G(w)vxx + B(v,w)vx + C(v,w)’

Ve

where
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G(w) = A(w), B(v,w) = At (WA T (w) (h(v,w) + v)
C(v,w) = o' (WA T (W) (h(v,w) + v) .

Our second operator is suggested by (5.4). For a given (v,w)

we define Tl(v,w) as the solution & of the problem,

(5.5) ®

e = G(w)(bxx + ﬁ(v,w)dbx + C(v,w))

(546) ®(0,t) = ®(1,t) = 0 ; &(x,0) = g(x),

By Theorem 4, & will exist and be uniquely determined provided
that R®(v,w) is continuous and G and C are o-Hglder con-
tinuous. Thus if v = u, and w = u, for an (£f,g) displacement
then

(5.7) v = Tl(v,w)

The final operator we introduce is similar to, but more
complicated than the corresponding one in [l]. It arises from

'solving' (5.3) for w. Define A(w) by the formula,
w
Alw) = J A(E)ag or A'(w) = AN(w) A(O) =0 .
(0]

Observe that A 1is a monotone increasing function. Then if

w(x,t) is a solution of (5.3) it must satisfy the‘equation,
X

(5.8) AMw(x,t)) = j (h+v) (§,t)dE + r(t),
(0]

for some function r. Now if w is to be u, for an (£f,q)

displacement then we must have,

1 1
J w(x,t)dx = .[ ux(x,t)dx = 0 .
(0] o
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Hence we impose on r in (5.8) the condition,

1 X
(5.9) ;y Afl [S (h+v) (§,t)dg + r(tﬂ dx = O.
(0] 0 '

Since A is monotone it is easy to see that (5.9) uniquely
determines r(t) as an operator r(t) = R(v,w)(t) on v and w.

Then we define our final operator T2(v,w) by the formula,

i

X
(5.10) T, (v,w) (x,t) = A% _f (h(v,w) + T, (v,w) (£,£)dE + R(T;(v,w),w)),
0

w=u for an (f,g) displacement then

so that if v = u,, %

(5.11) w o= Tz(v,w) .

Equations (5.7) and (5.11) suggest that if (v,w) is a
fixed point of the map &: (v,w) = (Tl(v,w),Tz(v,w)) then v and
w will be the t and x derivatives of an (£f,g) displacement.
The main result of this section is that such is indeéd the case.

We fix N > O and 8,0 < p < 1. Then our basic space will
be Kg as defined in Lemma (4.7). We shall prove the following

result.

Theorem (9). Let (v,w) be a fixed point of &. Then there

exists a function u such that

and u is an (f,g) displacement.

We begin the proof by observing as above that v,vt,vx,vxx
are all continuous. One sees by (5.2) that h is continuous
and w = Tz(v,w) hence it follows immediately from (5.3) that

W is continuous and,

(5.12) w, = (A(w) Hurh(v,w) .
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It also follows from (5.2) that h 1is differentiable with res-

pect to t and

‘ _ o' (w g'(w
(5.13) h (v,w) = 'x_(éf)l h(v,w) - T(‘v%‘)l v .

It is not clear immediately that w is differentiable with res-
pect to t. This is however true and is the key point of the
proof. We state it separately.

Lemma (5.1). w is differentiable with respect to t and

(5.14) W, = Vi w(x,0) = f'(x) .

Let us assume the lemma for the moment and indicate the rest
of the proof of Theorem (9). In view of (5.14) we can define a

function u(x,t) by either of the formulas,

1 X
u(x,t) U (x,t) .L w(g,t)dg
(5.15)

Uz(x,t)

I
I

t
u(X;t) f(X) + j V(X,n)dn
(¢}

Note that U2 = Vv while,

t
1 x X R
U(x,t) = é W%(E,t)de = g Vt(g,t)de = v(x,t) - v(0o,t) = V(x,t),
Moreover Uz(x,o) = f(x) while,
ble X
Ul(x,o) = j w(g,0)dE = j- £1(£)d¢ = £(x) - £(0) = £(x) .
_ (0} (0}
Thus Ul = U2 and u is well defined. The second of formulas

(5.15) shows that u possesses all the necessary derivatives for

an (f,g) displacement. Also we have

u(x,0) = U°(x,0) = £(x) , u,(x,0) = U2(x,0) = v(x,0) = g(x).
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Now v satisfies (5.4) and v, = U, . Thus if we substitute
(5.14) into (5.8) and observe that w = ux we see that u

satisfies (E). Finally
1 2 t
u(o,t) = U (0,t) = 0, u(l,t) = U (1,t) = £(1) + ; v(l,x)dx = 0.

Hence u 1is an (f,g) displacement.
We return to the proof of Lemma (5.1). Recall that h(v,w)
is differentiable with respect to t and so is v hence the

function

P(x,t) = h(v,w) (x,t) + v(x,t)
is differentiable with respect to t. But then it follows from

(5.9) that the function r is differentiable. In fact we have

. 1 4,/ _ -1
r(t) = = ‘([) A L (h+v) (E,t)dE + r(t»dx]
1 X X o
L \%-l(& (h+v) (§,t)dE + r(t9 i (ht+vt)(g,t)d§] dx.
O N

If follows from (5.10) that T2(v,w) is differentiable with
respect to t and then so also is w = Tz(v,w).
Observe that by (5.2) we have P(£&,0) = A(E£'(x))E" (x).

Hence by (5.9) we have,
1
JA (A(£'(x)) - A(£'(0)) + r(0))dx = 0 .
(0]

This equation has a unique solution and that solution is clearly
‘r(O) = A(f'(0)) (recall that f£(0) = £(1) = 0). Then by (5.10)

we have,

w(x,0) = T,(v,w) (x,0) = A" A(£'(x)) - A(£1(0) +A(£'(0)) = £'(x).
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We have still to verify the first of formulas (5.14), From

(5.4) and (5.15) we have,

(5.16) (h, + v, )/A(W) = (h+v) A" 2v v

From the construction of T2 we see that if w = Tz(v,w) then

w 1is a solution of (5.3) with

Solw g)ag =

Hence w must satisfy the equation

X 1
(5.17)  w(x,t) = Lih—;"l ar - \ar Sﬂlz{xL ar.
(0] 0

Combining (5.16) and (5.17) we have

x 1 3
(5.18) wt(x,t) = S (ib-’{—"l—)tde - Sde S ({btv)

e e p

The last two integrals combine to yield Vx(x,t). Thus on

differentiation we have,

(5.19) (W (x,t) - v_(x,t)) = h;“‘z’ AW, (5,8) - v (x,8)) .

Equation (5.18) shows that,

1
(w, (x,t)dx = 0.
'

On the other hand v is O at x

O and x =1 hence

Xl
v. (x,t)dx
o X7

O.

We - Vo is thus a solution of equation (5.19) which has

integral from O to 1 equal to O. Hence Wy = V.
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f a Solution (Proof of Theorem 2)

6. Existence and Uniqueness

According to the last section the proof of the existence of
an (f,g) displacement is reduced to showing that the map &

has a fixed point. Consider the family of problems (PT) .

®  ul = o@D + ATwhulor ATE) = M) + (1-mng,
(a) u"(0,t) = uT(1,t) = o,

(B) u' (c,0) = TE(x),

(C) uz(x,o) = rg9(x) .

for 0L 1t £ 1. xd is the constant in condition (¥*¥). (Pl)
is the problem of this paper while (PO) is the problem of [1]
in the special case £ = g = 0. The results of [1l] thus yield
the following lemma.

Lemma (6.1l) Problem (PO) has the unigque solution u = O.

Observe that the function xT(g) satisfies condition (**)
for all T in [0,1]. Observe also that the quantity J(7£f,T19)
_which bounds the initial data of PT is simply 71J(£f,g) which
is less than or equal to J(f,g) in O < 7T < 1.

We assume from now on that £,g,s,N are fixed.

We now form the operators hT,TI and Tg which derive from
(PT) in the same way as in (Pl). We need not write these down

since they differ only in that AT replaces A. As in Theorem

(9),fixed points of the map @T:(V;W)-'(Tl(v,w), T2(V,W)) on

Kg will yield solutions of u’ of (PT) with v = uz and
W= u; + From Lemma (4.8) we obtain the following estimate.

Lemma (6.2). There exists a constant L, independent of T in

0< T <1 such that if (v,w) is a fixed point of &' then
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| vow |5 <L,

our next result establishes the compactness of the maps

¢T0

Lemma (6.3). Let s8',p < p <1 bg fixed. Then there exists a

function X(p) such that.igs

l(v,w)]lf;I L p,

then
ITT(vowm, hv,w Y, < x(p) .
1 2 B
' . N N
We are assuming that ]VIB.S p and lwlﬁ_g p . In par-
ticular it follows that ]v|O N and ]wlo Ny 2are both bounded
3 E

by p (see(2.3)). Also we have by (*¥*)
(6.1) |KT(W)|§ £ Mp, forall rT,0<L 1< 1.

Now TI(V,W) is obtained as the solution of the problem (5.4)-
(5.6) with the appropriate modifications in G,Bb and C. Call
the modified coefficients GT,ﬁT and C¢7. Then it is easy

to check from the preceding remarks, formula (5.2). and conditions

(*) and (**) that,

N
(6.2) 67| <hpp, I8l ¢ < X(p), IClg o < X5(p),

B
where Xl and X2 depend only on N and the constants in
conditions (*) and (*¥*). Then Theorem (7) yields,
(6.3) ‘lTllay < Ca(ps X (P Xy (p) = Xi(p) .

Given the result (6.3) it is tedious but straightforward cal-

culation to verify that T; satisfies
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(6.4) ]T;|a§ < X,(p)

and that completes the proof of Lemma (6.3).

It remains‘only to discuss the continuity of the maps a7,
In order to do this we need some estimates of second derivatives.
Consider again the modified Equation (5.4) with ](v,w)]? <P
We observe that the third inequality of (6.2) can be sharpened as

follows. From (5.2) (*) and (**) one can show that
(6.5) ]cfig = o' (w) A" T (w) (h(v,w) + v)lg
<oty g NTHw) (aw,w) + ]
' AINpL -1
+ Lo'(w)|B|x (W) (h(v,w) + V)IO’N_g X (p)

Now we can apply Theorems 6 and 8 with T = 0. If & = TI(v,w)

then these theorems together yield the estimates,

(6.6) 180 o,n » 12k Lo,y < Ca02psX)) ()X (p)

+ cz(xzo,Xl))lgl = X@(p).

Lemma (6.4). For any fixed r the map &' is continuous in

(v,w). @7 is continuous with respect to 7 uniformly for (v,w)

in bounded sets.

T T
Suppose |(v,w)]§.g p. Let o' = Tll(v,w) and @ = le(v,w).

Then we have,

1 T1 1 T1 1 Ty

i% = G_ (w)@&x + B8 (v,w)<]5X + C “(v,w)
2 _ T2 2 T2 2 T2

¢E = R (w)¢&x + R (v,w)fI’x + C “(v,w) .
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Thus the difference ) = Al _ &2 satisfies the equation,

5] L]
¢t = Q (w)apxx + R }v,w)¢x + S,

where

T T T T
s = (G 1(w) - a z(w)Qix + (8 l(v,w) - R z(v,w)@i

T 1’2

+ (C l(v,W) - C “(v,w)) .

It is not too difficult to check that the differences in § are

uniformly small with ITl - 72| for ](v,w)|§ <o . On the

other hand by (6.6) |¢§x| and |¢i| are bounded uniformly.
Hence given any € we can find ¢, independent of (v,w) in
|(V,W)!§_g p such that
1 2
| s] e, £l - 1%

o,N < <t

Y 1is a solution of Problem (5.4)-(5.5) with G and 8 replaced
by GTl and ﬁTl and C replaced by S. It follows by Theorem
7 that leg can be made uniformly small with Irl - TZI.

We have shown that TI is continuous with respecﬁ to 7T
uniformly with respect to (v,w). Similar calculations establish

its continuity with respect to (v,w). The continuity of T, is
a straightforward calculation.

It follows from Lemmas (6.1l)-(6.4) and the Leray-Schauder
Theorem that the map ¢; has a fixed point. Hence by Theorem 9
we infer the existence of an (f,g) displacement.

In order to complete the proof of Theorem 2 it remains to
verify the uniqueness. Let u be an (f,g) displacement and

let 7m be a twice differentiable function in S, which vanishes

T
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at x =0 and X = 1. Multiply (E) by ym and integrate over

ST' This yields,
(6.7) S Neu = S n S_ (o(u)) + A(uu_,).
: t ¢t t ox pYe x’ “xt
S S
T T :
Form (6.7) for two (£f,g) displacements u1 and u2, subtract
the results and then set g = u1 - u2. The result is the equation,
S 1 2, ,.1 2 1 Sl 1 2 2
(6.8) (ut - ut)(utt - utt) =3 (ut(x,T) - ut(x,T)) dx
S (6]
T
1 ST
— 1 2 L1y 1 iy 2
= B(; 3 (ut(x,'r) - ut(x,f))[ o' (uJu,, - o'(uju
1,1 .1 a2y .2 2 1, 1
+ 7\‘(ux)uxxuxt - A (ux)uxx uxt + x(ux)uxxt
2, 2
- k(ux)uxxt] drdx .

Now the quantity in square brackets on the right side of (6.8)

can be bounded by the following argument. By Lemma (4.8) u and

t
ui have bounded Holder norms. From (4.10) (with 7 = 0) one sees that
uix and uix have bounded Holder norms. Then one can apply
Theorems 6 and 8 to ui and ui, considered as solutions of
1 2
(4.9) to deduce that U ex and U, are bounded on any ST'
Then (6.8) yields,
1 T 1
1 1 2 2 2
3 5 (u (%, T) - up(x,T)"dx M S d'rS (ui(x,'r) - ui(x,r)) ax.
(0] (0] o

Since ut(x,o) - ui(x,o) = 0 it follows that ut(x,t) = ui(x,t)

and finally since ul(x,o) = u2(x,0) ul and u2 must be

identical.
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