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1. Introduction

For incompressible materials with sufficient symmetry there
exist classes of dynamically admissible motions which can be completely
characterized by giving the temporal dependence of a finite list of real
variables. One example is the class of isochoric, homogeneous,

circulation-preserving motions.# An example involving simpler surface

#See Coleman and Truesdell [1965, 1]. They show that in a given
incompressible simple material of arbitrary symmetry, an isochoric
homogeneous motion is dynamically possible if and only if it is

circulation-preserving.

loads is the set C of motions which describe isochoric radial expansions

i

of an infinitely long hollow cylindrical tube; in 1960, Knowles”” observed

#[1960, 31.

that each motion in this class is dynamically admissible in every
isotropic, incompressible,elastic material and found conditions under
which such motions can be expected to be periodic. It is easy to show
that each motion in g-is also dynamically admissible in every transversely

it

~isotropic, incompressible, simple material with memory, and may be

Hito

f course, the axis of symmetry for the transversely isotropic

material must be parallel to the axis of the tube.
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characterized completely by giving the dependence on time of the inner
(or outer) radius of the tube. Another example with practical applications
is the set g'of motions in which a spherical shell undergoes isochoric
radially symmetric inflation; this class of motions, which was mentioned
by Knowles [1960, 3], has been discussed for isotropic elastic materials
by Guo Zhong-Heng &vSolecki t1963, 2, 31, wang [1965, 4], and

Knowles & Jakub [1965, 3]. Each motion in S is dynamically admissible
in every isotropic,incompressible, simple material with memory, and may
be described by giving the dependence on time of the inner radius of the
shell. Both C and s are subclasses of the "quasi-equilibrated" motions
which Truesdell [1962, 2] has shown to be dynamically possible in every
isotropic, elastic, incompressible material. Carroll [1967, 1] has
recently pointed out that many of Truesdell's results remain valid for
isotropic materials with memory of integral type.

It appears to us that an important problem in the theory of
motions of type g or é is the following: Given the history of the tube
or shell up to some time, say t = 0, and given some rule for calculating
the pressures on the bounding surfaces for times t > 0, what can one say
about the qualitative properties of the motion for times t > 0? The

qualitative properties that interest us the most here are simple Lyapunov

~stability and asymptotic stability. When the material under consideration

is elastic, our problem reduces to one in the theory of ordinary differential




equations; for a material obeying the principle of fading memory,# the

#That is, the fading memory postulate recently proposed by Coleman &
Mizel [1967, 3] [1968, 2] in their generalization of the earlier work

of Coleman & Noll [1960, 1] [1961, 1] [1964, 2], and Coleman [1964, 1].

problem becomes one of analyzing a functional-differential equation of

the type recently studied by Coleman & Mizel [1968, 4].## In this essay

##For earlier studies of the stability of solutions of functional-differential
equations see Krasovskii [1959, 2] and Hale [1963, 4], [1965, 2]. These
authors employed hypotheses of smoothness different from those used by

Coleman & Mizel in [1968, 4].

we study the problem for materials with memory, emphasizing the role that
thermodynamics can play in its solution. The propositions we prove give
some justification to the common practice in applied mechanics of declaring

(without demonstration) that states of stable equilibrium are those which

minimize an appropriate "equilibrium free energy".

The present study continues a recent series of investigations
of the relation of thermodynamic principles to criteria for dynamical

stabi.li.ty.igiéig

#17 Goleman & Greenberg [1967, 2], Coleman & Mizel [1968, 3,4].




2. Canonical Free Energy

Let a fixed reference configuration fL be assigned for the
body &B‘under consideration, and identify each of the material poihts X
of 6 with the positioné that it occupies in HJ . A process of 6 is
a collection of functions of‘g and t compatible with the laws of balance
of momentum and energy. At the level of generality which we seek, each

process is characterized by eight functions: (1) the motion X, with

X = 5(5,,:) called the position at time t of the material point located

at & in R/, (2) the temperature 6 >0, (3) the specific internal

energy €, (4) the specific entropy m, (5) the stress temsor T = !.‘,T,

(6) the heat flux q, (7) the specific body force b, and (8) the rate of

heat supply w. The laws of balance of momentum and energy assert that

for each part P of IB and each time t,

%E x dm =fgdm+f35da, (2.1)
° P oF

Pl

g—tfé+%g. dn = f(g.gﬂo)dm +f(g-gg—g-g)da) (2.2)
(% g - oP

where dm is the element of mass in the body, dF is the surface of P in
the configuration at time t, ds is the element of surface area, n is the
exterior unit normal vector to aP, and the superposed dots denote

time-derivatives. When sufficient smoothness is granted, (2.1) and (2.2)




together are equivalent to the field equations,

of = divT + pb, 2.3)
pé¢ = tr(ID} — divq + pw, (2.4)

with p the mass density and D the stretching tensor, i.e. the symmetric

part of the velocity gradient:
1 . o\ T
D = E[grad X + (grad x)7]. (2.5)

[The symbols grad and div refer to differentiations in which x not §, is
the independent variable. We shall use the symbol V to indicate
differentiation with respect to £.]

It is easily verified that (2.3) implies that

f ‘X dm = f,t\:’z da +f2-3'3dm —f-‘lg tr(ID}dm, (2.6)
6

6 oB ®

with t the contact force per unit area which is applied to the surface

::.In.
(n]
YT
UNAe

0B of B at the instant under consideration. The number

w def fg.scda - f‘g-ggda @.7)

~

o8 oB

is the rate of working of the contact forces applied to the surface of
ﬁ . In a given process C, W = W(t) is a function of time alone. Let

the origin of the time axis be chosen for convenience, and put

1 t
w(t) = —ﬁf W(t)dr, (2.8)
0




We assume that the specific body force b

with M the mass of the body.
may be derived from a potential function h, which is a function of x alone

(2.9)

b = -grad h, i.e. R(i,t) = -grad h(x)
x=X(E,t)

~

Substitution of (2.8) and (2.9) into (2.6) yields

%f@ g-g+w+1>dm - -f% tr TD dm; (2.10)
6 ®
we call
f(w+h)dm = f[w(t) + h(X(é,t))] dm (2.11)
6 B
the mechanical potential of &5 at time t.
The specific Helmholtz free energy, ¥ = ¥(E,t) is defined by
Y = e~ on. (2.12)
We call the integral
(2.13)

'-g+w+ h]dm

N =
&

o = d(t) =f[zp+

&

the canonical free energy of /B; it is the sum of the Helmholtz free

energy, the kinetic energy, and the mechanical potential of B at time t.

The specific rate of production of entropy is a function Y of

€ and t obeying the equation
' d 1 1
f)‘dm = it n dm —f-e-a)dm +f-e- q-n da, (2.14)
(1% P P of

which holds at each time t and for all parts F of 6 . Thus, under




suitable assumptions of smoothness we have

Y = n-

ole

+ = div(q/6). (2.15)

Rol Lo

The second law of thermodynamics asserts that in each process of dB the

rate of production of entropy is non-negative in every part 6) of &3 at

each time t. Hence

Y(E,t) >0 (2.16)

for all & and t. Employing (2.4) and (2.12) we may cast (2.15) into

the form

¢ - ;];- tr{zg] + né + :—6 q-grad 6 = -6Y. (2.17)

Let (3 be a process of fb. We say that (2 is isothermal at

* *
time t if

8(t,t) =0 and VB(E,t) =0 @.18)f

#We assume that,at each §, the fields 6 and ¥ are continuous and
piecewise C1 in t;'the superposed dots in (2.18) - (2.20) represent

right-hand derivatives.

*
at each £ in & . For such a process (2.17) implies that, when t =t ,

tr{TD)} = -6, (2.19)

~~

¥ -

O |=

and substitution of this into (2.13) yields, by (2.10) and (2.16),

d(t) = -efwm < o. (2.20)
(&)




Thus, we can assert

Remark 2.1. In a process which is isothermal at all times,the canonical

free energy @ of B never increases.




3. Constitutive Equations

The deformation gradient at § at time t is the invertible tensor

F(§,t) = VX(E,t). The histories up to time t of the deformation gradient

dand temperature at £ are functions on [0,®) defined by
FE(s) = E(E,t-s), 65(s) = O(E,t-s), 0<s<w (3.1

Let us suppose that &3 is an incompressible perfect conductor

of heat; that is, each process admissible in &5 obeys the following

constitutive relations:

¥ o= pE,60, )
T = -pL+IE,00,
n = h@Eteh, ? C(3.2)
| det El = 1,
ve = 0. )

Here p is an arbitrary function of § and t, and p, L, and h are functionals
which are specified in advance and characterize the particular material

. comprising &3 . It is customary to use the normalization tr I =0. The
condition ldet EI = 1 expresses the assumption that all deformations of

an incompressible material are isochoric, while the equation V6 = 0 asserts
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that in a perfect conductor of heat the temperature field must be uniform

#

throughout the body. In general, the form of p, I, and 2 can depend on

g

or our incompressible perfect conductor, instead of constitutive
equations for p and q we have the constraints |det EI =1 and V6 = 0.

Of course, when comnstructing processes we must choose p = p(g,t) and

q = q(§,t) so that the laws of balance of momentum and energy hold.

E as a parameter. ES is materially homogeneous if there exists a

reference configuration, called a homogeneous reference, such that p, I,
and h are independent of £. We here consider only homogeneous materials.
Witﬁout saying so again, we shall always take the reference configuration
to be homogeneous and assume that the mass density p is constant in it
and hence constant in space and time forever.

Although it is not necessary for us to do so, let us simplify
matters by confining attention to those processes in which the temperature
of the surface of B is held constant in time, at all times. Then, by
(3.2)5, the temperature field obeys & = 0 throughout &5 at all times;

i.e. each process we consider is isothermal at every instant, and there
is no longer any reason to exhibit explicitly the history Gt in (3.2)1,2,3.
It suffices to remember that P, I, and 2 depend on 6 as a parameter

. which remains constant throughout our discussion. Thus, we replace




(3.2) by

-3
]

'r] =

|det El =

&5,

o

-pL + I(ED),

R(ED),

11.

(3.3)

Let‘}4 be the set of all unimodular tensors and Cydthe set of

all orthogonal tensors:

N - {g | Jaer §|=1},

i {g |

Tg=l] .

We refer to 14 as the unimodular group and to ﬁﬂas the orthogonal group.

?? *
If is a set, we denote by ?f the set of all functions mapping [0,«)

into :r. We write ia for the domain of definition of the functionals

*
P, E: and g in (3.3). It follows from (3.3)4 that Jj is a subset of 14 .

The principle of material frame indifference here requires that p,

h obey the identities

* % *

pPQED = pED, QTFH =

o
=3

T OIEH O™,

*
hQ'E

*

)

I, and

= BED

* * A%
for all F in i) and all g in C’J. The symmetry g;roupiééygd;1 of a material

#See Noll [1958, 1], who called it the "isotropy group". The concepts of

solid, fluid, and undistorted reference configuration which we employ

here are those of Noll.

(3.4)
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obeying (3.3) is the set of tensors H in‘}4 such that

g<E*§> = (E*), EB = IEH, (z*g) =hEH  (3.5)

H

o
-3
-3
[~

*
for all F in gb. It is easily verified that ,8‘(13 a group: if El and

H, are in “%1 then so also are H.H, and H H Of course, X%Q depends on

~2 ~1~2 2~1"*
the choice of the reference configuration d% . If there is an 6{ such
that 2&1 contains the orthogonal group CT: then we say that the material
under consideration is isotropic,and &{ is called an undistorted reference

configuration. If, for some Fa, (%l:is contained in Cy: then the material

is a solid, and we again call &i undistorted. Hence, for an undistorted

reference configuration fz of an isotropic solid, R = GV: In general,

we say that a configuration f{ is undistorted if A&R is comparable to Cy:

that is, if (&% either is itself a subgroup of Cr’or contains Cy'as a

subgroup. Without saying so again, whenever the material under considera-

tion is such that the class G of its undistorted configurations is non-empty,

we shall assume that the reference configuration f{ we are employing is in

C. A fluid is a ma;erial for which R is the unimodular group 11,. If
}86{ = lL for one reference configuration f{ then 2%L= 1L for all. It

is clear that every fluid is isotropic and has the property that all of

its reference configurations are undistorted.

Let k be a unit vector and let Cy; be the group of all

~

orthogonal tensors with k as a proper vector:
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If a material is such that for some reference configuration f{, sgol

contains CE; then the material is said to be transversely isotropic

with k as the axis of symmetry.
We assume that the constitutive functionals p, T, and h possess
the properties of smoothness employed in Coleman and Mizel's recent

7

formulation” of the genmeral theory of materials with gradually fading

#[1967, 3] [1968, 2]. See also their study of ;ﬁp-spaces, [1966, 11,

and the earlier articles of Coleman & Noll, [1960, 1] [1961, 1].

memory. The requirement that (2.16) hold for all smooth processes obeying

i

(3.3) places restrictions on p, T, and h. These restrictions may be

#Coleman'& Noll [1963, 1].

i

read off immediately from Coleman's discussion of this problem for

#%[1964, 11.

compressible materials with fading memory.ﬁﬁﬁﬁ We do not list all these

ity

o difficulty is caused by the fact that we consider perfect conductors
while Coleman [1964, 1] and Coleman & Mizel [1967, 3] focus attention
on materials for which the heat flux q is given by a constitutive

equation of the form ¢ =_§(§t,9t

; grad ). Furthermore, the proofs
employed by these authors for compressible materials are easily

modified to cover the incompressible case.

HUNT LIBRARY
GARNEGIE-MELLON UNIVERSITY
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restrictions here, for we shall emphasize only one of them in our
subsequent discussion. To state this one we need some definitions: If
F is a tensor we denote by Ef the (constant) function on [0,®) whose

value is F for all s; i.e.
Fl(s) = F, 0<s <, (3.6)

When given a functional such as p with 33 for its domain, we may define

a function p° on a region in }4 by the relation
p°(®) = p(E"), for E' in £ . (3.7)

p° is called the equilibrium response function corresponding to p. The

second law of thermodynamics requires that the functional p in (3.3)

have the following property:

*
Remark 3.1. For each function F in the domain ij of p

p°(E°(0) <pE). (3.8)

Let té be the subset of £3 consisting of those functions Et
which can occur as the history up to some time t of the deformation

gradient in an irrotational motion. It follows from a result of Coleman

: *
and Truesdell# that to prove that (3.8) holds for all F in gﬂ it suffices

#[1965, 1 ]. See the proof of their Proposition 4.
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* ‘2 * el
to show that (3.8) holds for all F in . To do this, let F be in

*(8)
and define, for each 0 >0, the function F by
%*
F (0), 0<s <3},
*
F (6)(s) = (3.9)

F(s-9), s > 03

*(5) . *
F is the static continuation of F

by amount 6.# We are assuming that

#Cf. Coleman & Noll [1964, 2].

p is continuous over &3, and that £3 is contained in a history space of
the type discussed by Coleman and Mizel [1967, 3]1; the norm | ‘|| on such
a history space has the following relaxation property:

fom [E*® - s @] = o.

S

Therefore,

LmpE @) = @ = p(F* ). (3.10)

S — o0

Our assumption that E* is in tﬂ implies that g*(é) is also in zQ for
each § > 0. Furthermore, there is a process (} of 65 which obeys (3.3)
and is such that the motion 5 of &5 is a homogeneous irrotational motion

with the history Et'of the deformation gradient at each point of é% obeying

*

~

for t > 0. (3.11)

[To construct such a process (B,we first take any homogeneous motion X

%
obeying (3.11). We then note that when F is in <Q » X is automatically
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isochoric and irrotational, and whenever b obeys (2.9), a homogeneous,
isochoric, irrotational motion in a material of the type (3.3) automatically
satisfies the dynamical equation (2.3) for a suitable choice of the

pressure field p.# Finally, we pick q so that the energy balance equation

#See Corollary 2 to Proposition 7 of Coleman & Truesdell [1965, 1].

(2.4) holds with w set equal to zero and ¢ and tr{TID} determined by (3.3),
(3.11), and (2.5).] 1In the process (1 we have, at each point of &3,
D =0 for t.z 0, and, since (l is isothermal for all t, (2.19) and (2.16)

yield

Hence, by-(3.3)1 and (3.10),
* *
pED) 2pE ) for t>o. (3.12)

It follows immediately from (3.10) and (3.12) that (3.8) must hold for

* *
each F in wﬁ . Therefore, (3.8) holds for each F in 33 .




17.

4. Motions of Isochoric Extension

The right and left stretch temsors, U and V, are positive

definite symmetric tensors defined by the polar decompositions

E=RU=WR, R =1, 4.1)
with F the deformation gradient. Since U = ~i¥§ with R orthogonal, U

and V have the same proper numbers Q, i=1,2,3. These positive numbers

a& are called principal stretch ratios. Clearly, ldet EI = 1 if and only

if O&Qéoh = 1, The.proper vectors u, and v of U and V are called,

i
respectively, the right and left principal directions of stretch; they

are related through the formulae

v; = Ru,, X = ETXi' (4.2)

The proper numbers o, and the proper vectors 8 of the stress

tensor T are called principal stresses and principal axes of stress.

A motion % of &5 is called an isochoric extension if for each

£ there exists an orthonormal basis gi(g), independent of t, such that

the matrix of the components of U(§,t) with respect to gi(g) has the form

al(g,t) 0 0
lug, )1 = . a, (&, t) o |, 0,0 =1, (4.3)
¢ a3(£,t)
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for all t, ~o <t <, In words: a motion of isochoric extension is

a density preserving motion in which the right principal directions of
stretch u; remain constant in time at each material point, although these
directions of stretch may vary from point to point and the stretch ratios
O& may vary in timef

7

It follows immediately from results obtained by Coleman” for

#[1968, 1] Theorems 4 and 5.

general isotropic materials that we can here make the following assertion.

Remark 4.1. If the motion of an incompressible isotropic material is an

isochoric extension, the principal directions of stress are given by

5;(6,8) = v, (&,8) = R(,0t)u, (¢), (4.4)

where gi(g), i=1,2,3, is the orthonormal basis relative to which (4.3)

holds and R is the orthogonal tensor in (4.1); furthermore, the principal

stresses 0; = Oi(g,t) and the specific Helmholtz free energy ¥ = Y(E,t)

are related as follows to the histories a; of the principal stretch ratios:

- t t - - t ot
) ~0p = %(az,al), Oy —0p = %(ozs,al),

Yy = ﬁz(o;,0§).

(4.5)

Here ag(s) = Oﬁ(i’t's) for 0 < s <o, and,ZZ’and 22 are scalar-valued
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functionals obeying the identities

ZZ(og",B*) - —%(rs*,a*), 7(06*,6*) . 7«3*,07‘), (4.6)
7é(oc*,s"‘) = A7 —7&6*,7*), %a*,a*) - %a*,v*)

* % % * * *
for positive functions & , B, ¥V on [0,0) with o (s)B (s)Y (s)

* %
f(’)’ B (4.7

1. of

course,zzf and;;z are determined when the functionals z and p are specified.

We are here considering perfect conductors obeying (3.3). An

elementary calculation shows that
-1, s -1
er(m) = er(®7TRIE,

and, therefore, (4.3)-(4.5) yield

3 .
0.Q 0,—0C 0,—0 .
ii 2 1. 3 1. t tyo—— t t
tr ID = z ai = a2+ cx3 = %(ocz,ocl)lna2 +%(a3,a1)1na3
i=1

2 )

Substitution of this expression and (4.5)3 into (2.19) yields the
following equation for the specific rate Y of production of entropy in
an incompressible isotropic material obeying (3.3) and undergoing a

motion of isochoric extension:
= 4 t ot _1 t td .t 1 t td .t A
-0Y = ¢ ﬁ(%’%) 5 %(GZ’al)dt 1nQ,; (0) 5 %(053,051)(1t Inag(0).  (4.8)

An isochoric extension with Oi =1 is called a planar isochoric

#

extension with u the neutral direction. For such a motion the condition

1
#

It can be called also a "pure shear".




20.

a1a2a3 =1 implies that a single function )»t determines Ot;, Ot‘z:, ch; i.e,

if we put )»t(s) = az(g‘,t-s), then at §,
t t t t t -1 »
) =1, abe) =A%), o) = (a )7L, o0<s<w (4.9

In this special case (4.5) may be written

o, ~ oy = /m,(Xt),
o, =0, = 05, (4.10)
Vo= 20D,

with ;. , v, and%L scalar-valued functionals determined as follows,
by% and % : |
@ = a1 = 4@,
@) = %(a*,l*), (4.11)
2@ = %(a*, ).

% * -
Here @ is an arbitrary positive function on [0,»), (a') 1 is defined

by (@)71s) = (0*(s) L, and 1%(s) =1 for all s in [0,w). The

identities (4.7) imply that (4.10)1 and (4.10)3 are equivalent to

@y = A @), @ = gatd. (4.12)
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When (4.9) holds, (4.8) reduces to

d t 1 t.d t
-y = 52 —-5,4%0» )3g In A7(0). (4.13)

The arguments employed by Coleman [1968, 1] for isotropic

materials may be used to prove also the following assertion which

generalizes Remark 4.1,

Remark 4.2. Suppose an incompressible transversely isotropic material

with k for its axis of symmetry is undergoing a motion X of isochoric

extension with 51(5) = tk. Then (4.4), (4.5), (4.6), and (4.8) hold

again, but the functionals ;é and ?Z need not obey (4.7). If the

isochoric extension is planar with the neutral direction along k, i.e.

if (4.9) holds for some Xt, then (4.10) and (4.13) hold with s, 40,

and7AL given by (4.11), but (4.12) may not hold.

By (2.16), 7%2 and #7¢ must be such that the left side of (4.8)
is not positive. 1If, in addition, we have
d t t\d t
o 55 2O~ AHF WA < 0 (4.14)

whenever the indicated derivatives exist and the function A" is not
constant on [0,©), then we say that the material under consideration is

strictly dissipative in motions of planar isochoric extemsion. Similarly, if

d £ttty _ t t.d t _ t t.d t
o 3T 2 (05,03 %(az,al)dtlnaz(O) %(ayal)dtlno%(O) < 0 (4.15)
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t t t
whenever one of the functions Oy, Q,, G5 is not constant on [0,©), then

the material is said to be strictly dissipative in motions of general

isochoric extension.
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5. Inflation of Circular Tube

Let us now suppose that in its reference configuration &5 has
the form of a hollow circular tube with inner radius RI and outer radius

RO. Employing a single, fixed, cylindrical coordinate system with the
z-axis along the common axis of the cylinders which bound the tube, we

assume thatfa is undergoing a motion of the form
z = Z, r = r(R,t), 6 =8, ' (5.1)

where z, r, 6 are the coordinates at time t of the material point which
has the coordinates Z, R, @ in the reference configuration. In such a
motion,&} remains a circular tube at all times; its inner and outer radii

at time t are

rI(t) = r(RI,t), o = r(RO,t). (5.2)

Each of the unit vectors e, & & along coordinate lines is both a

3
right and a left principal axis of stretch; the stretch ratios are#

#Cf. Coleman [1968, 1, §5].

a (g,t) 1, o (§,t) = %ﬁr(R’t)’ : o (g, t) = %r(R,t). (5.3)

If we suppose the motion is isochoric, then it is clearly a planar isochoric

extension with e, the neutral direction. The condition a0y = 1, when
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combined with (5.3), yields#

#For a thorough discussion of such motions in isotropic elastic materials

see the papers of Knowles [1960, 3] [1962, 1].

rR,0)2 = R+ B(). (5.4)

Thus a single scalar function B(+) completely determines the motion. In
this particular isochoric extension, two of the principal axes of stretch,
e, and &g Vary from point to point, albeit they are constant in time at
each point.

We assume that the body is composed of a transversely isotropic

material with e, its axis of symmetry. By Remark 4.2, e, & and e, are

6’

then principal axes of stress, and the corresponding principal stresses, which we

may call 0,5 O

97 Ops obey the equations

4

0o, =0 = 20, o=, = mO5. (5.5)

Here
Xt(s) = (8, t-s), 0 < s <

and, by (5.3) and (5.4),

. : -1/2
AEGs) = [1+ R Zpe-s)171/2 - [1 + —;LQ‘-Q—} , 0<s<w  (5.6)
r —pB(t)

If we employ the history 6t of B up to time t, i.e. the function Bt on




25.

[0,0) defined by Bt(s) = B(t-s), then the equation (5.5)1 can be written,

in the spatial description, as

t -1/2
o_(r,t) = o,(r,8) = | |1+ —~E— . (5.7)
r = B(t)

Similarly, for the specific Helmholtz free energy we have

t -1/2
Y(r,t) = %L 1+ _Z—L— ’
r7=p(t)
or
yr,e) = (11 + R RIO) (5.8)

We assume that the rate of heat supply w and the potential h
of the body force both vanish at all times, Since the material under
consideration is a perfect conductor, q assumes the value necessary to
make (2.4) hold with 6 at its preassigned constant value. It follows
from (5.1), (5.5), and (5.6) that of the three scalar equations embodied
- in the vectorial dynamical equation (2.3), two reduce to O = 0, and the

#

remaining one becomes

#Cf. [1968, 1, Eq. (5.10)] which is the analogous equation for the case

in which the tube is made of an isotropic compressible material.

5ot = P53 teVE 5.9




or(r, t)
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where o and o, are considered functions of r and t, and

6
-l -
v = { r(R,t) = v(r,t).
By (5.4),
vin,t) = 318w, (5.10)
and therefore (5.9) can be written
o_(r,t) — o,(r,t) [oe : 2
g—r o (r,t) + = - e . 0[52(5) - B“—g (5.11)

4r

When Bt is specified, the term (Or_ 09) /r in (5.11) is completely
determined by (5.7), i.e. by the functional T in (3.2)2, but Bt determines
o, through (3.2)2 only to within an arbitrary pressure p(r,t). For every
choice of the function B(:) on (-»,®), with B > -Ri, there exists a
pressure function p(*,*) on [rI,rO] X (-»,©) such that the dynamical
equation (2.3) holds for the motion defined by (5.1) and (5.4); according

to (5.11), p(-,+) gives to o, the following dependence on r and t:

2.

(5.12

r o (,t) = 0, (t,t) g . _
= or(rI,t) - f 3 3 hled at + B(t)%]ni-; + EB(t)2 %[r 2—rI
rI '
Let us put )
t. def o t gt 17 Yo t. =2.ty-1/2
zeH == 2np3[ el 17+ 5= dr = 23tp—/‘ Rﬂ([l + R “B7] )dR, (5.13
r + 8 (0) :
rI d RI
and ’ '
o

A et %L f

r? + 8t (0)

] ¢ 1-1/2 Ro t. -2 c.-1/2
%m [1++_g_ e _f R (174 R7%p%] )dR

R

rI ) I

(5.14
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It is clear from (5.8) that JZ(Bt) is the total Helmholtz free energy
of a unit length of the tube. We may easily relate 4{(Bt) to the
difference id the external pressures PI(t) and Po(t) applied to the

inner and outer bounding surfaces of the tube. Indeed, since

AP(t) = P (t) =R () = O, (ry,t) = 0. (rpt), (5.15)
on putting r = o in. (5.12) we obtain
are) = -AG% + 251 - 2hm?) (5.16)
with
2
T R.+B(t)
0 _ £, 0
2 = 26@®) = En= = Efm——— > o0
1 1(B®)) = 3 1 4 Resm ’
(5.17)
1 _ 1 ol 1 1
Q =$'2(B(t)) =-e—§i-7 = = - > 0.
22 Sl E = Sle2+pe) R2+B(D)

A problem with obvious physical applications is the following:
Suppose Anbfis assigned. Given the history of the motion up to time zero,
find the motion for times after zero, assuming that the pressures on the
bounding surfaces of the tube are known. That is, given B(t) for t <0
and AP(t) for all t >0, find B(t) for t > 0. This problem is one of
solving the non-linear functional-differential equation (5.16).

Writing v for é, we can express (5.16) in the form

B(t) = v(t),

(5.18)
, Q
o(t) = sz- D(t)2 + Ql—ll,(ﬁt) + 321_ AP,
1 1
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Let us assume that AP is held constant for t > 0. Our problem
is now the following: Given a number b and a function g on [0,®), find a

function pair B(-),D(-), with B defined on (-»,x) and v defined on [O,w),#

#Along a solution of (5.18), B(t) is automatically differentiable for
t >0 and has a right-hand derivative at t = 0. However, we do not
require that B(t) be differentiable for t < 0, i.e. that g be

differentiable on [O,m); hence, v(t) may not exist for t < 0.

such that (5.18) holds for all t >0, and g0 = g, ©(0) = b, where B° is
the history of B up.to time O. The pair B(+),v(:) is called the solution

of (5.15) with initial velocity b and initial history g.## Since we are

##Here, by the "initial velocity" we mean B(0). According to (5.10),

_B@ _ __b

i(R,0)

assuming that the functionals p and T obey the smoothnessvpostulates

employed in Coleman and Mizel's [1967, 3] formulation of the thermodynamics

of materials with memory, the present functionals,(? and,/é are continuous

on a history space g(l), with norm "-"(1), of the type used in Coleman and
Mizel's theory of the stability of solutions of functional-differential

equal:ions.isiéjs If we further assume that,/{ is locally Lipschitz continuous

iMjéSee [1968, 4, §2 & 3]. [The superscript (1) in g(l) serves to indicate
that this Banach function space is formed from functions mapping [0, )
in El, i.e. the real axis. The basic properties of such a history

space are listed in the Appendix.]
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on g(l),# then (5.18) becomes a functional-differential equation of the

#This condition is met, for exaumple, whenj/ has a continuous Fréchet

¢9)

derivative at each point in ¥ .

form y(t) = g(yt) with £ a locally Lipschitzian functional on a region

@) _ plgy@ @ o @

in the Banach space ¥ ; the norm || | on ¥ is given by

t"(Z) |(2) = et + |oce)]. (5.19)

"Z = uBt,U(t)l

If o is a number, we denote by ch the constant function in
g(l) with value . The equilibrium response functions 7@", /noo, ,Zo,

o
and % corresponding to /$, s, ,Z, and,vé are defined by

2@ = @), @ =@, L@ =L@, A = Adh.

Clearly, for each number B > -r2

I
AL®) = b?[ R%f@1+ﬁqm{”%d&'
| RI ‘ 4 : (5.20)
R ° -2 ,-1/2
" 0 ) ‘
A°B) = f R'""(“:,_"R 2] ) dR.
R™ + 8B .
RI J
If there exists a number Be > -Ri such that
AB) +op = 0 (5.21)

then (5.18) has the solution

B(t) =8, v(t) =0, o < t < o (5.22)
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for this solution 60(3) = Be. We call (5.22) the equilibrium Qolution

corresponding to the pressure difference AP, while (5.21) is c%lled the

equation of equilibrium.

The equilibrium solution (5.22) of (5.18) (with a fixed Qalue

of AP) is called stable if, given any € > 0, there is a 65 =20() >0

such that for every'pair b,g;with b a number, g in X(l), and

] + lg-8"l < o,

(5.18) has a unique# solution B(+),v(-) obeying

#The definition of stability employed by Coleman & Mizel [1968, 4] does
nof, in general, require that the solution B(.),v(+) obeying the initial
condition BO =g, V(0) =b be unique. However, since in the present
application we assume that./{ is locally Lipschitz continuous& if the
other conditions of the definition are met this one is here fhlfilled

automatically. The example discussed in §6a of [1968, 4] is very

similar to the present.

B = g} D(O) = b,
and along this solution
leey=p,| + loe)l = IBe)-p_| + |Be)] < e

for all t > 0. If, in addition, there exists a { > 0 such that for each
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solution B(*),V(*) with

1%+ 8Ll + lo@| < ¢, (5.23)

both é(t) -0 and B(t) —)Be as t — », then we say that the equilibrium

solution (5.22) is asymptotically stable.

When (5.22) gives a stable solution of (5.18), the configuration,
z = Z, r = ¢R24-Be s 6 =8, (5.24)

is an equilibrium configuration of the tube that is stable against those
perturbing motions of the form (5.1) which preserve the fixed pressure
difference AP. Of course, stability of (5.22) as a solution of (5.18).
does not, by any means, imply that the configuration (5.24) is stable
against perturbing motions which do not have the form (5.1). In terms

more suggestive than precise, we can assert that asymptotic stability of

the solution (5.22) of (5.18) implies that in any motion of the form
(5.1) which preserves the given value of AP for t > 0, the velocity
approaches zero and the configuration approaches (5.24) as t — &,
provided that the motion has small initial velocity and an initial
history Bt not too far, in Z(l), from ﬁ:.

We now seek to express the canonical free energy (2.13), per
unit length of the tube, as a function 3 of the history of Bt and the

present value of B;that is, we try to cast the equation

[N

r
(0]
ory def f [z[/ + % v+ w] p2nrdr, (5.25)

1
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into the form
o) = B(%,6m) = BF,vw), (5.26)

with @ a functional. By (5.10) and (5.4), the kinetic energy of a'unit

length of the tube is

r

(] . r . R + B(t)

f %pVZandr = %pB(t)zln ;—Q = L a)lm 2——",  (5.27)
| B 1))

I

o |A
onN

]
- N

For the rate of working of the contact forces applied to the bounding

surfaces of a unit length of the tube we have

W(E) = 2mr o0 (ro,t)v(rg,t) = 2xr.0 (rp,)v(r,t) = nor(ro,t)é(t) - 0, (r;,£)B(E) = 7B (t) AP,

and, since we are assuming that AP is constant for t >0,
d :
W) = Eﬂﬁ(t)AP for t > 0.

Thus, to within an additive constant, w(t) in (2.8) here obeys

r

0
\/ﬁ w(t)p2rxrdr = -aB(t)AP for t > 0. (5.28)
1

It is clear from (5.8), (5.13), (5.27), and (5.28) that, for t >0,

(5.25) can indeed be written in the form (5.26); in fact, D is given by

: 2 t

- R +p(0)

3t 0) = LEY + 5 o)’ J——— - e (0)ar,  (5.29)
RS +85(0)

and is continuous when regarded as a function on a neighborhood § of
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B*,O in V(z).- Let us define the function 5°, of two numbers B and Vv, by
e =
3 %t x .2 R?)HS
d°(B,v) = OB ,v) = [°(B)+§pu In —— = wBAP. (5.30)
RI+B

It follows from Remark 3.1 that 7a°(xt (0)) < (), and,by (5.13) and
(5.20),
L) < L6Y. (5.31)

Therefore, for each pair Bt,b in S
(6 ,0) < 36,0, (5.32)

Remark 2.1 here tells us that the second law of thermodynamics requires
the functionals A2 and 7 to be such that the canonical free energy ®(t)
never increases in a motion of the form (5.1), (5.4). That is, on each

solution of (5.18), $(Bt,b(t)) is a non-increasing function of t for t > 0.

This observation, when combined with (5.32), implies

Remark 5.1. The functional & defined in (5.29) is a free energy functional,

in the sense of Coleman and Mizel [1968, 3, 4], for the functional-differential

equation (5.18).

The function 29 defined by

Je) = 3@,0 = L°B) - par (5.33)

may be called the Gibbs function for the tube. Its value is the sum of
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equilibrium Helmholtz free energy and the mechanical potential of a unit

length of the tube. It is clear from (5.30), that 5°(B,D) has a strict

local minimum# at the point B.,0 in E? if and only iﬁ b (B) has a strict

#h real-valued function ¢ on a vector space E® is said to have a strict

local minimum at a point z in E" if, for some 6 >0, 0 < Iy-gl <6 => ¢@y) > ¢(£)

local minimum at Be. In view of this and Remark 5.1, from Coleman and

Mizel's Theorem 3.1 [1968, 4] we ﬁay read off

Remark 5.2. If the Gibbs function 11 of (5.33) has a strict local minimum

at p_, then (5.22) gives a stable solution of (5.18).

In both the thermodynamics of materials with memory and the
classical theories of thermostatics, arguments are given to show that
the equilibrium response function for the free energy determinés the
equilibrium stress-strain function through a formula called the
"equilibrium stress relation". Here the equilibriﬁm stress relation

yields

. d
25N = oA >N for all A >0, (5.34)

AS®) = - -11; -fﬁ- 2Z°@B) for all B > -Ri. (5.35)
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Now, if 25 has a minimum at Be’ then

% b(ﬁ)l - o, (5.36)
p=p,
and, by (5.33),
% 1Z°(s)| = e,
p=p_

But, in view of (5.35), this equation is the same as (5.21). Hence, if

the Gibbs function 17 has a minimum at Be, then Be automatically satisfies

the equation of equilibrium (5.21). Furthermore, if Be obeys (5.21), i.e.

sufficient condition for the stability of this equilibrium solution is' that

d2
— d®
dp

> 0. (5.37)

=Be

By (5.33), the condition (5.37) can be written

2 )
Q-EFJZ(ﬁ)
ds

> 0, (5.38)

B=B,

and by (5.35) this, in turn, is equivalent to

d e
a5 A (B)IB=B < o. (5.39)

. It is clear from (5.20) that a sufficient (but by no means necessary)

condition for (5.39) is that °(\) be a positive, non-decreasing function

-1/2 -1/2

of A throughout the range [1+-R626e] <AL [1+'R;25e] .
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Let us now suppose that Be is an isolated solution of (5.21)
and that the material under consideration is strictly dissipative in

planar isochoric extensions. Since (2.20) and (4.13) here yield
3 RO d t t.d t
o(t) = 21tof 3t A2AA) — A ) gl A (0)} dR,
Ry

we have, by (4.14), é(t) < 0.whenever the function AL of (5.6) is not
constant on [0,®)., Furthermore, there exists a neighborhood S of BZ;O
in X(z) such that of all solutions B(:),v(:) of (5.18) with initial data
BO,D(O) in §, (5.22) is the only one for which AL is constant on [0,x)
for each t > 0. Thus, when the initial data is not B:,O , we have

®(t) strictly monotone decreasing for t > 0. That is, d is a "strictly
dissipative free energy functional" for (5.18) in the sense in which the

term is used by Coleman & Mizel [1968, 4,85], and their Theorem 5.1 here

yields

‘Remark 5.3. Suppose the material comprising the tube is strictly

dissipative in motions of planar isochoric extensions. If 6e is an

isolated solution of the equation _%Z°(Be)+-AP =0, and if 29 has a

strict local minimum at Bé, then (5.22) gives an asymptotically stable

solution of (5.18).

It follows from (5.33) and (5.35) that if (5.36) and (5.38)

both hold then 21 does have a strict local minimum at Be, and, furthermore,




37.

Be is an isolated solution of the equation )éo(ﬁe)4-AP = 0.. Hence we

can assert

Remark 5.4. If the material is strictly dissipative in planar isochoric

extensions and if

2
AP, AL > 0, (5.40)

d P
-cﬁ'é ®)
e

then (5.22) gives an asymptotically stable solution of (5.18).

An Example

Of course, the results we have obtained for transversely
isotropic materials hold if the material is isotropic. Let us heré
‘consider an isotropic material for which the equilibrium response
function E°, corresponding to the free energy functional P, has the

form associated with a "Mooney material':

R"(E) = by + by (I1-3) + by(L,-3), by >0, b, >0.  (5.41)

Here b,, i = 0,1,2, are functions of the temperature alone,while I. and
i 1

2
12 are the principal invariants of the Cauchy-Green tensor B = FFT =V

~ ~r~o ~

2 2 2 2
L ‘°‘1+°‘2+O‘§’ I ""1°‘§+°‘§°‘§+°‘1a§'
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For such a material
o - 2 '2 -
2 = (b )N+ AT) + by — 2(by+by),

and (5.20) yields

RO Ri+5
Z2°(B) = np(b,+b,)|28 In==+ B In +b,, (5.42)
1 72 R 2 3
I R +B
(o}
with b3 a function of 6 alone (for given values of RO and RI). Hence
2
R RS +B
FALE = mob by 210 2 + lg— + p| 51—~ ||, (5.43)
I R_+8 R_+B R._+B
0 I 0
and
2
d 2 2 1 1
=5 L°B) = mob b)) |G 5| "Bl 5 |} - (5.44)
ag RI +B RO+ B (RI+ B) (RO +B)

It follows from (5.35) that the equation of equilibrium (5.21) can be
written in the form (5.40)1, and here that equation becomes

ReGite) [ B, B,
p(b1+b2) 1n ) + 5 - = AP, (5.45)
RI (RO + ﬁe) RI +Be RO+ Be

For each value of AP in the range

- < AP < AP, (5.46)

with
RO
2(b,+b,)Inz—, (5.47)
1 2 RI

o
o
Fh

AP

[

(5.45) has a unique solution Be obeying

2
-R] < B, < =, (5.48)
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and for this value of Be, (5.44) yields

a2

dp

5 £°(B) > 0. (5.49)
=B,

Thus, by Remark 5.4, when the material has an equilibrium response of the

Mooney type (5.41) and is strictly dissipative in planar extensions, for

each applied pressure difference AP less than APC the tube has a unique

equilibrium configuration of the form (5.24), and there exists a { >0

such that in every perturbing motion of the form (5.1), (5.4), which

preserves this pressure difference for t >0 and obeys (5.23), both
B(t) - B, and B(t) -0 as t _,m.'

It is worth noting that for values of AP greater than APc there
is no root Be of the equation (5.45) determining the static equilibrium

of the tube.#

TThis fact was observed by Knowles [1962, 1], who showed that if the
material comprising the tube is not strictly dissipative, but instead
perfectly elastic, i.e. if g(gt) = E°(Et(0)> for all Et, with p° given
by (5.41), then, for values of AP less than APC, fhose motions of the

form (5.1), (5.4) which preserve AP must be periodic.
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6. Inflation of a Spherical Shell

Employing a fixed spherical coordinate system, we here assume

that the body is comprised of an incompressible isotropic material and

#

is undergoing a motion of the form

#?or discussions of such motions in elastic materials see Truesdell
[1962, 2], Guo Zhong-Heng & Solecki [1963, 2 & 3], Knowles & Jakub

(1965, 31, and Wang [1965, 4].

. 3
6=8, 6 =, r = r(R,t) = JRO+B(L), (6.1)

with 6, ¢, r the coordinates at time t of the material point which has
coordinates &, ®, R in the reference configuration d{ , which, of coﬁrse,
is chosen to be undistorted, We suppose that in the configuration 5K-the
and

body f% is a spherical shell with inner radius R_, outer radius R

I o’
center of curvature at R = 0. It follows from (6.1) that fs is then a

spherical shell at each time t with radii
rI(t) f r(RI,t), ry = r(RO,t). (6.2)

In such a motion the right and left principal axes of stretch coincide
~at each material point and are given by the vectors [PY Sy &y tangent

to the coordinate lines. - Thus the motion is an isochoric extension,##

##Cf. Coleman [1968, 1, §6]. The special form of the function r(R,t) in (6.1)

is a consequence of our present requirement that the motion be isochoric.
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The principal stretch ratios are

abgg,t) = ab(g,t) = % r(R,t) = [1+R fs(t:)ll/3
(6.3)

ar(é.:t) = g_R r(R,t) = [1+ R-BB(t)]_2/3 ,

and by Remark 4.1 the principal stresses 0 0¢, O, and the specific

Helmholtz free energy ¥ obey

(6.4)
7(0@04’:)
with
t -3 -2/3 B(t-s) “2/3
o (s) = [1+R 7B(t-s)] = [1+ 3 J ,
rm—B(t) (6.5)
dg(s) = oz;(s) = [oz]tc(s)]'”z, 0<s <o,
Let us define the functionals _¢ and .¢¢ by
a@ = L), L@ - AACHCE 2); (6.6)
of course, (4.6) yields
ty -
£ @1) =0, (6.7)

Employing (6.5) and (6.6), we obtain from (6.4),

t -2/3
0O —0 =,d,(0!§) =/¢[Lf+_é—-:l

(T +83651723) ) (6.8)
1) L)
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v o= w@d = w(intede 2/3) (6.9)

Let us now put

R
0
a@h L pf RZAL([1+R»_3Bt]-2/3)dR, (6.10)
Ry
o t -2/3
L5 L RA“([HR ldR. (6.11)
R, R3 + g% (0)

The value cz(Bt) of the functional @ is clearly the Helmholtz free energy
of the shell, per.unit solid angle. The significance of Aﬂ(Bt) will be
clear shortly. |

We assume that the heat supply ® and the potential h of the body
force both vanish. Since the material is a perfect conductor, q assumes

~

the values necessary to make (2.4) hold, and (2.3) is here equivalent to

i

the single scalar equation

#Cf-. Coleman [1968, 1, Eq. (6.7)].

80
sE+2o g0 = p T, (6.12)
with
v = g— (R,t) = %[R3+B(t)]-2/35(t) = glgr'zé(t)— (6.13)

We may write (6.12) in the form

2 5

.o . 2
g—r- o_(r,6) + [0 (r,t) = 0,(r,0)] = DE(” - 335” J (6.14)
. r r
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For each choice of the function B(:) on (-®,») with B > -Ri, there exists
a pressure function 7@(-,-) on [rI,rO])((-w,m) such that the dynamical
equation (2.3) holds for the motion (6.1); according to (6.14), 7@(-,-)

gives to O, the following dependence on r and t:

r o '(Q,t) e (E)t)
- r o Sl — L p a2t - L
o (r,t) = 0 (rp,t) f g. d;+s(t)3[r1 r]w(t) v il IR
Ty I
If we let PI and P0 be the pressures applied to the inner and outer spherical

boundaries, i.e.

P0 = 'Gr(ro’t)5 PI = -or(RI,t), (6.16)

then from (6.8), (6.11), and (6.15) we obtain

ap = - 485 + 2B(0) - 2507, (6.17)

with

)
|

e (B(t)) = %GRiﬁs(t)]“l”— [R(3)+B(t)]-1/:> > 0,

Le]
]

, = 2,(p®) = i%[R:;+B(t)]-4/3—[Rg+B(t)]-4/3 > 0,4 (6.18)

AP = PI - PO.

When AP is known as a function of t for t > 0 the equation
(6.17) is of the same.type as (5.16), and in the case in which AP is
held constant for t > 0 a theory of the stability of equilibrium
solutions of (6.17) is easily develope& along the lines explored in

Section 5.
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Here we assume that PI - Po is given by a prescribed function

Qof B for t >0: PI--P0 = Q(B).
For example, if the shell completely encloses the spherical
region xS = {r I rjng} (instead of just covering a spherical segment),

and if the region MS is filled with an ideal gas obeying Boyle's law, then

in each deformed state

AN
o= RlE) = 5 (6.19)
I R+

Here Pft is a positive constant equal to the pressure on the inner
surface when the shell is in its reference configuration. If such a
closed shell is immersed in an atmosphere at constant pressure PO, we have
3
R

Q) = -P. (6.20)
Ri +p O

Of course, situations in which PI-PO is constant for t > 0

also fall as special cases of our present assumption that Q is a function

of B for t > 0.

Writing v for é,we cast (6.17) into the form

B(e) = v(b)
(6.21)
Q .
OB o) + 2o 465 + g o).

We consider the following problem: First, let the function Q(-) be.
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prescribed; then, given an element g of Z(l) and a number b > -Ri find a
function pair B(:),V(:), with B defined on (-®,©) and ¥ defined on [O,M),
such that (6.21) holds for all t >0 and 80 = g, v(0) = b.
Let /ba, ;oﬂ ., and ,Zicbe the equilibrium response functions

corresponding to the functionals &', ¢, @, and ,AL. By (6.10) and

(6.11), for each number B > -Ri,
Ro
2°B) = Q/\ RZAA?([14-R-351_2/%)dR,
Ry (6.22)
R
0 .2 ,0 -3_.,-2/3
" R°4 \[1+R “B]
A R” + B
I
If there is a number Be > -Ri such that
°
46 +a@,) = 0, (6.23)
then (6.21) has the equilibrium solution
B(t) = Bes v(t) = 0, o < t < o, (6.24)

Thus, (6.23) is the equation of equilibrium for a spherical shell.

We assuﬁe that Q is a continuously differentiable function of
B in a neighborhood of Be and that the functional lﬂ is Lipschitz continuous
~on a neighborhood of BZ in X(l). The equilibrium solution (6.24) of

(6.21) is called stable under the pressure relation Q if for each € > 0
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there is 6 = 6(e) > 0 such that to each pair BO,U(O) obeying

"Bo-BZl + lD(O)I < 6 there corresponds a unique solution B(+),v(.) of
(6.21) and this solution has [B(£)=B,| + [v(t)| < e for all t > 0.
1f, in addition, there is a { > 0 such that for each solution of (6.21)
with HBO—-BZ" + |D(0)| < t we have both B(t) —» 0 and B(t) —aﬁe as

t - «, then we say that the equilibrium solution (6.24) is asymptotically

stable under the pressure relation Q.

When (6.24) gives a stable solution of (6.21), the configuration
, o =9, r = JR+B (6.25)

is an equilibrium configuration of the shell that is stable against those
perturbing motions of the form (6.1) in which PI - P0 equals Q(B(tD for
t > 0. If the solution (6.24) is asymptotically stable, then such
perturbing motions have the property that r(R,t) —>3R3+-Be and v - 0

as t —» » provided that the initial velocity is small and the initial

(1)

history Bt is not too far, in V'°', from B:.
Let A be the total solid angle subtended from the origin by

the shell.# By (6.9) and (6.10), the Helmholtz free energy of the shell is

#

If the shell encloses a complete spherical region, gX = (r | rfng},

then A = 4x.,

r

O 5 t
Al oprlar = aa@Y). (6.26)

't
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By (6.13), for the total kinetic energy of the shell we have

1 pv?-rzdr = A g2l
2 18 rI ro

1

The rate of working of the contact forces applied to the bounding surfaces

of the shell is, by (6.13) and (6.16),

W(t)

2 2
ArOOE(rO,t)v(rO,F) ArIOf(rI,t)v(rI,t)

= % or(ro,t)é —-%‘- or(rI,t)é

- 26w @ -py) (6.28)

T3 I 0" .
Since we assume that PI--PO = Q(B(t)) for t >0, if we put

def B
YY) == f Q(o)dg, (6.29)
0
then (6.28) yields
Ad :
W(t) = 3 Y(@(tj) for t >0, (6.30)

Thus, w(t) in (2.8) here obeys
r

AO 24r = -4
w(eprtdr = -3 y(p(b). (6.31)

1

It follows from (6.26), (6.27), and (6.31) that for the canonical free

‘energy (2.13) of the shell,

r

(0}
o =§[ P+%v2+4m%g (6.32)

1

-J - A (R rp©1 ™ - R3+pw1 ). 6.20)
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we have the equation

oty = &(p%,B(t))

3(p%, v(t)),
where the functional 6 is defined by
L3e5m = a6h + 5 (IR £85 @171 — (245 017) - Lyt @) , (6.3

and is continuous when regarded as a function on a neighborhood § of

B:,O in 2(2)' Remark 2.1 here implies that a(Bt,D(t)) is a non-increasing

function of t, for t > 0, on each solution of (6.21). Furthermore, since

it follows from Remark 3.1 that

LO(B50) < @ amd 2°(B°0) < @Y
if we define the function $° by

@0 = 186Nm = 2@ + 5 (@R +p172 - @Bep ) Ly, (630

then for each pair ﬁt,u in S we have

o (g% (0),v) < &eB",v). (6.35)

Therefore, we can assert

Remark 6.1. The functional ® defined in (6.33), with Y(-) given by

(6.29), is a free energy functional, in the sense of Coleman and Mizel

(1968, 3, 4], for the functional-differential equation (6.21).
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The Gibbs function for the shell is defined by
2o 1
be)y = 36,00 = a2°0) - 5 AX®); (6.36)

its value is just the equilibrium Helmholtz free energy of the shell plus
the mechanical potential of the shell. It is clear from (6.34) that
$°(B,D) has a strict local minimum at B°,¥ in E2 if and only if tKB) has

a strict local minimum at Be’ and therefore Coleman and Mizel's Theorem 3.1

[1968, 4] here yields

Remark 6.2. Lf the function Y of (6.36) has a strict local minimum at

Be,then (6.24) giVes a stable solution of (6.21).

- For an isotropic material the "equilibrium stress relation" of
classical thermostatics yields the following formula connecting the
(4
equilibrium response functions 74 and Zﬂ‘,which correspond to the functionals
7%? and ;g in Remark 4.1:
¢ = é_.. < - a___ o, . . e s .
74 (ai,ocj) = oy 5y y(ai,ocj) pOtj e f (ozi,ozj), i#j, 1i,j=1,2,3 (no summation). (6.37)
i 3

In view of this general formula, the definitions (6.6), and the identities
(4.6), (4.7), we have the following relation between the equilibrium

response functions Apuand_4¢ocorresponding to 4 and 4L

| 490 = o %& L@ for all a > 0. (6.38)
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Therefore, by (6.22),

%g,af(ﬁ) = - % 44%6) for all B > -Ri. (6.39)

1f J has a minimum at B, then dH(B)/dB = 0 at B, and, by (6.36) and

(6.29),

SA®| = . (6.40)
2

e

In view of (6.39), this equation is the same as (6.23). Hence, as

expected, whenever Qy has a minimum at 6e’ (6.24) is automatically a

solution of (6.21). Remark 6.2 tells us that, in addition, for (6.24)

to be a stable solution of (6.21) it suffices that

> 0. (6.41)

d a?
EEW”’ = 0 and =SB
B=p
P=B.

dp

By (6.36), (6.39), and (6.29), the condition (6.41)2 can be written in

the following two equivalent forms

d2 0 d
355 40 > B Q(B)I ; (6.42)
dp
B=B, B=B,
d e d
B x¢<a>|B=6 < - & Q(ﬁ),6=5 : (6.43)
e

In the special case in which PI and P0 are both held constant for t >0,

(6.43) reduces to the inequality

d 4
e 4 B) < o0, (6.44)
B=B,
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T which is the analogue for a spherical shell of the inequality (5.39) which suffices
dct for the dynamical stability of an equilibrium configuration of a
l cylindrical tube.

An argument completely analogous to that which led to Remark 5.3

here yields:

Remark 6.3. Suppose.the material comprising the shell is strictly

dissipative in motions of general isochoric extension. If Se is an

o
isolated solution of the equation ZL(Be)+-Q(Be) = 0, and if the

function j? in (6.36) Has a strict local minimum at Be, then (6.24) gives

an asymptotically stable solution of (6.21).

Furthermore, in analogy to Remark 5.4 we have

Remark 6.4. If the material is strictly dissipative in motions of

genéral isochoric extension and if (6.40) and (6.42) hold, then (6.24)

gives an asymptotically stable solution of (6.21).

It is easy to verify that in Remarks 6.3 and 6.4 the assumption
that the material is strictly dissipative in motions of general isochoric
extension can be replaced by the slightly weaker assertion that the
inequality

o S @) = 4@ mat© < o (6.45)
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¢ holds whenever the indicated derivatives exist and the function af is
i not constant on [0,®).
For an incompressible fluid the equilibrium Helmholtz free
energy is a function of 6 alone, and the equilibrium stress is a hydrostatic

pressure. Therefore, for such a material we have
o ] ' o) ’4“’
£ () = const., «a’(B) = comst., A°@B) = B) =0, (6.46)

and Remarks 6.2 and 6.3 yield

Remark 6.5. Suppose the material comprising the shell is a fluid. If

Y(B), defined in (6.29), has a strict local maximum at B.» or, equivalently,

if Q(Be) = 0 and Q(B) is a strictly decreasing function of B in a neigh-

borhood of B, then (6.24) gives a stable solution of (6.21). If, in

addition, the material is strictly dissipative in motiomns of general

isochoric extension, then the solution (6.24) is asymptotically stable.

Suppose we have a large mass of an incompressible viscoelastic

1/3

fluid containing a bubble of radius r_ = r(RI,t) = [Ri-+6(t)] which

I
is filled with an ideal gas obeying Boyle's law. If conditions are

isothermal, if surface tension. can be neglected, and if the viscoelastic
fluid is subject to the boundary condition that the stress at r = » is a

constant, positive, hydrostatic pressure Po, then the evolution of the

radius of the bubble as a function of time is governed by the present
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theory with Q given by (6.20) and R0 = o, Since (6.46) holds here, the

equation (6.23) reduces to Q(ﬁe) = 0; i.e.

P
- (R -
B, = RI<P0 1), (6.47)

and since Py and R, are positive constants, the corresponding equilibrium

I

solution of (6.21) is, by Remark 6.5, stable; if the fluid is strictly
dissipative in the sense of (6.45), then this solution is asymptotically
stable. Of course, (6.47) states that the equilibrium radius of the
bubble is

r = RIBE.. (6.48)

What is new here is our conclusion that equilibrium configuration is
stable against perturbations of the form (6.1). If, more generally, the
gas entrapped in the bubble obeys an equation of ;tate of the form

PI = f(V) with V the volume of the bubble, then the equilibrium radius

of the bubble is the root of the equation

= £ 4 3 |
PO = f(B :rrre) ’ (6.49)
and the equilibrium configuration is stable, in the sense we are

considering, whenever f is a strictly decreasing function of V in a

neighborhood of Vé = % ﬂrz. If, in addition, (6.45) holds, then there

exists a { > 0 such that, in every perturbing motion of the form (6.1)

which preserves the pressure P, at infinity and obeys (5.23), both

o

r. —or and r, -0 as t — o,
1 e I
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We may consider now a spherical shell comprised of an isotropic

solid material for which the equilibrium response function p° has the

form (5.41) dssociated with a Mooney material. In this case

. _ 2. 2. 2 2 2 _
P (E) = b, + bllar+oze+aé 3] + bzlozraé+oéd; + oz;ocr 31,
and since we here have 0, = Q, = a’l/z,
(2] [0) T
) - '1__ -2 - 9
P = by +b (@ +20 =3 +b,2a D) = L)

Hence (6.38) yields

0 2 -1 _ -2
'y (ozr) 2pb1 (ozr o ) + 2pb2 (ozr o ), (6.50)

and (6.22)2 becomes

R. .2 2 -1 2
. O R {b,(A" =X ") + b,(A—=A )}
L. = 4pf 1 . 2 dR (6.51)
RS+
Rt

with

A o= [+rp1725P - o . (6.52)

Differentiating (6.52) we find that

R%R A
3 -1/2_ ..’

R+ 8 20\ A)
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and therefore (6.51) can be written

. Y b, 02-2h + b, 0-172) .
= JF = d
o&(a) - Zf -1/2
A A -2
I
2 _ .2 1/2 _.1/2\| _ _ _ -1/2 _ ,-1/2
= —bl[Ko XI + 4(X0 kI il sz[ko xI Z(Xo XI )|, (6.53)
with
_ -3,1-2/3 _ -3,1-2/3 6.54
A = [14—Ro Bl s A= [1+RI B] (6.54)
Thus, for a spherical shell comprised of a material with an equilibrium
response of the Mooney type, the equation of equilibrium (6.23) has
the form
L e b E(R.B )Y  4b ER B + 2 ER,B)Z ~ 4b E(R,B) T
S Q(Be) = 1 o’Fe 1 0’ e 2 0’"e 2 0’ e
4 - 2 -1 .55
— b ER},B)" — b EREB,) T 2b,E(RY,B)T F AbERLB) T (6.55)
where
3 R -3
£R,B)° = S = G R, .
R+ 8

The relation (6.55) and the limiting case of a thin shell have been given
by Green and Zerna [1954, 1, §3.10]. The accompaﬂying graph shows the
function l&?for the case RO/RI = 2 and several values of bz/b1' A similar
graph for the special case of thin shells is given by Green and Adkins

[1960, 2, §.13].




i 1 ‘ 1
1 1.5 2 2.5 3
a(R,.8)

. [ .
The function JL for materials with equilibrium response of

the Mooney type, -assuming R, = 2R..
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By (6.53), the condition (6.43) for dynamical stability

L

becomes
B < ey
B-Be 3RI
_4p_
3
3RO

We assume,.of course, b1 > 0 and b2 > 0.

which AP = PI"PO is held constant.

-

I 7 4 5
bIEREB) + biEREB)T + byE(R,B)” + byE(Ry,B)|

I 7 4 5 2
byERYB) " + bIERG,B)T + byER,B)” + byE(Ry,B)| -

Then for b

2

Consider the case for

(6.55) has at least

one solution Be, in the range -Ri < Be < o, for each value of Q = AP.

For b2

= 0, there is a critical value of AP above which (6.55) has no

solution. As the accompanying graph shows, some solutions Be of (6.55)

do not obey the condition (6.56).

For a spherical cavity in an infinite medium, R, = », and we have

0

#See Gent & Lingley [1959, 1] for the case b2 = 0, for related calculations

with other free energy functions, and for an interesting application.

4@)

and
d.4°@)
dg

Thus

Let us assume that the pressure P

if the pressure P

I

2
pbl O"I' + 4\

- — oy "1/2
5) + 2pb2(>\.I ZXI +1) (6.57)

3125y, (6.58)

I

(6.59)

at infinity is held constant. Then,

in the cavity is constant, the equation of equilibrium

(6.23) has at most one solution for each value of AP = P_—P_ . If

I 0

(6.56)

#
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b2 = 0 there is a critical value of AP above which the equation of
equilibrium (6.23) has no solution; if b2 > 0, then the equation of
equilibrium has exactly one solution for each value of AP. In each

case it follows from (6.44) and (6.59) that the equilibrium solution

for the constant pressure difference AP is stable. If PI = £(V) with V
the volume of the cavity, and if f is a decreasing function in the
neighborhood of an equilibrium value of V, then, by (6.43), the corre-
sponding equilibrium solution is again stable. 1In particular, equilibrium
solutions are stable when P_ is given by (6.19), i.e. when the cavity is

I
filled with an ideal gas.
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Appendix: On History Spaces

Let Xil) be a Banach function space formed from functions
mapping (0,») into the real axis El, and suppose that y(l) has the

following properties:

(1) The norm "‘"r on gil) is compatible with the usual partial

ordering of functions on (0,®); that is, if { is in zﬁl) and if & is a

measurable function mapping (0,®) into E1 with lg(s)l < lg(s)l a.e.,

€9

then € is in Yr

and Hgﬂr < ﬂg"r. Furthermore, if "."r is not

identically zero, then Hgﬂr 0 only if IC(S)I =0 a.e.

2) Zil) has the following Fatou property: If gl,...,gn,... are

in V(l)
=r

, if ||§n|lr <K<, and if lgn(s)IT le(s)| a.e., with &

measurable, then £ is in g? and

Ll = lsll, < x.
@

(3) Y, "contains all right and left translates of its elements;

that is, if { is in Xﬁl) then T(O)Q and T(O)Q defined by

0 for s e (0,0],

@) -
(s-0) for s & (0,x),
"and
T(O)g(s) = {(s+0) for s € (0,»),
are in 2(1) for each o > 0.

r
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4) Z(l) contains the constant function 1: defined by 1:(5) =1

for s in (0,%).

) v

¢ 9)

‘has the relaxation propertyﬁé that is, for each { in Zr

fes. [1966, 1, §6]1 [1968, 1, §4,5]1.

S ATt = o.

g =0

1 .
(6) Xi )is a separable Banach space.

A Banach function space with the properties (1)-(6) is called

Uiis

a past history space.

##See Coleman & Mizel [1967, 3] [1968, 2].

@) 1) ¢

Given any past history space Xr > we may consider the set v

measurable functions g which map [0,®) into El and satisfy Igr"r < o,

where 8 called the past history of g, is the restriction of g to (0,).

The function "-" given by

lel = lg@]| + llg I (a.1)

is a well defined semi-norm on X(l). If we identify, in the usual way,
functions g, £ in Z(l? obeying “g—-f" = 0, then Z(l) becomes a Banach

space with "'ﬂ its norm. A Banach space so constructed is called a




|

pt

l
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1)

history space.# The elements of V are called histories; their independent

#Cf. (1967, 2, §31 [1968, 2, §3]. See also [1968, 4, §2] where Eb is
replaced by E" and instead of 2(1) the symbol ¥V is used. In [1968, 2]
Coleman & Mizel give a motivation for this ﬁethod of defining history
spaces; in that essay the values of the functions in a history space

are taken to be vectors in an arbitrary separable Banach space.

variable s is called the elapsed time. It follows from (A.l) that, even

after identification, each history g has a well defined value g(0) at

s = 0; g(0) is called the present value of g. It is clear that a

1)

must have a "special dependence” on the

¢9)

present values.-of the histories in V .

continuous functional over V

#

The form of the principal of fading memory"” which we use in

#l.e. that proposed in [1967, 3].

this essay implies that the functionals s and_ s’ of (5.5) and 4 of

(¢Y)

(6.8) are continuous functions on a history space V while the

functionals 7@ of (5.8) and «C of (6.9) are not only continuous, but have

(L

4
continuous Frechet derivatives on V .
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