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Juan Jorge Schaffer and Kondagunta Sundaresan

1. Introduction

James [4] introduced the concept of a uniformly non-square

unit ball and certain other geometric properties of Banach spaces,

all related to reflexivity. The purpose of this paper is to focus

attention on a similar property, a generalized (negation of) uniform

non-squareness,and show that it can be expressed in terms of the

1 girth1 of the unit ball, as introduced by Schaffer [5], i.e.,

the infimum of the lengths of centrally symmetric simple closed

rectifiable curves in its boundary. Specifically, it is shown

that a Banach space is reflexive if the girth of its unit ball

is not 4.

2. Geometric properties

Let X be a given real non-trivial normed linear space with

norm || ||j let £ denote its unit ball. For each positive integer

n and each real p, 0 < p < 1, we consider the following property

of X:

(J ): There exist x1 elD, k = l,...,n, such that

(2.1) |||

for all sequences (f, ) , £, =+.1, k = l,...,n, jji which every -1,

if any, precedes each +1, JLf any.

We say that X satisfies (J ) if it satisfies (J ) for

all (sufficiently large) p,0 < p < 1; and that X satisfies (J)

if it satisfies (Jn) for every positive integer n.
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We remark that (J,) is always satisfied; that the negation

of (J2) i
s the property of £ being uniformly non-square; and

that, if (J ) were modified so that (2.1) held for every sequence

(£ ) , £ = ±l*k = l,../,n, the negation of (J ) would become theK K n

property of X being uniformly non-l (see [4]), and the negation

of (J) the property of being a B-space (see [1],[3]), all provided

X is a Banach space.

James proved that a non-reflexive Banach space satisfies

(J2)*(J3) [4;Theorems 1.1,2.1]; extending his method, we shall

show that such a space indeed satisfies (j).

Let m be a positive integer, (p±*•••,P2 )
 a strictly

increasing sequence of positive integers, and f = (f.) an infinite

sequence in X*, the dual space of X, with ||f.|| = l,j = 1,2,... .

Set

(2.2) S(P]L,...,p2m;f) = {xeX: 3/4 < (-1) 1"1f j (x) < 1

for all Je[p2i-.1^P2i^
i = l,..".,m}

(where [p,q] = { j : P ^ j < q } ) . This set is convex. We define

R(PX. •*..P2m^
f) = inf(||x|j: xeS (px, • . . ,p 2 m; f) }. Observe that,

if m, f, and all p̂ ^ save one, say p^, are fixed, S (p1,...,p^,.. .,p^m; f),

and hence R (p-i , ... ,p^^ . . • ̂ P2m^
 f) ̂  is a monotone function of p^,

the sense depending on the parity of I. We may therefore define

K (f) = lim lim ... lim R(pn,...,P9m;f)
p^oo p2-oo p2m-oo

K m = inf{Km(f): f = (fj),fjeX*,||fj|| = l,j = 1,2,...}
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(some of these numbers may be infinite). For fixed f, the sequence

(K (f)) is non-decreasing; the same is therefore true of (K ) .

In terms of these definitions, this is the fundamental

result of James:

2.1. Lemma ([4;pp. 543-544]). Ij: X is a non-reflexive

Banach space, K < 2m,m = 1,2,..., and therefore lim sup K ,/K = 1.
1 .̂  m = . _, m-1 m

2.2. Theorem. If X is a non-reflexive Banach space, then

X satisfies (J).

Proof. It is sufficient to prove that X satisfies (J )

for each fixed n and p; let these be therefore given. By

Lemma 2.1 there exists a positive integer m such that K ,/K > p,
c m-1 m 7

and therefore a sequence f = (f.), etc., such that K , (f)/K (f) >

> K n/K (f) > p. Let m and f be thus fixed, and choose
— m—l m
r > 1 so close to 1 that

(2.3) K
m - l< f >/V f > > T2P'

By the definition of K
m (

f ) > there exists a strictly

increasing sequence (q-i^.-.^q^ ) of positive integers with the

following property: if (q^ (1) , .. ., q^ ( 2 m )) , (q^ (1) ,.. . ^ {2m2))

are any subsequences such that £(i) is odd when i is odd and

even when i is even, then

(2.4) R(qMl),...,q,t(2m);f) < TKjf) ,

(9 *>\ P (rt - . -ex ^ — "1-r

V^ mO) K Nq
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r e s p e c t i v e l y . We f i x such a sequence ( q - , , . . . , q 2 ) and r e l a b e l

i t as f o l l o w s :

, , , , * , 1 2 ni l nn 1 1
KZ.b) (p^P-^ . . . JP- |_ ,P 2 J P3> . . .,P2^P3^ • • •^P2i^p2i+i-'

• n n n n 1 2 n ,
^ ^ p p p P P

we observe that odd and even lower indices still alternate.

From (2.4) ,(2 .5) , (2.6) we deduce in particular

( 2 . 7 ) R(p*, . . . , P 2 m ; f ) < TK m ( f ) , k = l , . . . , n, ...,P2m;

(2.8) R(

(2.9)

Now (2.6) shows that tpSi.l'^i1 C [p2i-ljP2i] f o r a X 1

i = l,...,m - 1 and all k = l,...,n; therefore (2.2) implies

(2.10) S(pk,...,pkm;f)
 c S(p",P2,P3,...,p5m_3,P2m_2;f), k = l

Similarly, if 1 < I < k < n, (2.6) shows that

k k[p 2 i_ 1,P 2 i] J i = l,...,m - 1, and therefore

(2.11) S(p1,...,p2m;f)
 c S ( p 3 ,

1 < l < k < n;

if 1 1 k < -t < n, on the other hand, (2.6) shows that

fp2i+ljP2i+2]ji = 1***'^m " 1^ a n d therefore

PP

1 < k < I < n.



k kUsing (2.7), we choose u,eS (pn , . . . ,po ; f) with
K JL ZTti

llujjl < rK m ( f ) ,k = l , . . . , n . Since a l l t he s e t s S ( . . . ; f ) a re

convex, (2.10) and (2.8) imply

1 n 1 n l
II u

kH ~ II- u^ll = m-1 '*

s i m i l a r l y , (2 . 1 1 ) , ( 2 . 1 2 ) , and (2 .9 ) imply

n£ n 1

n'-Hl-L uv + S uv|| > r"
XK . (f) , t = 1, .. . ,n - 1.

1 K l+l K "" m" 1

We finally set x. = uk/rKm(f) and find ||xjj| < 1 and
n P
||Sfe.x.|| > nr" K n(f)/K (f) > pn (using (2.3)) for all sequencesi K. K. — m—JL m

(g,) , .̂ = ±l,k = l,...,n, with all -1 preceding all +1. Thus

(J ) holds, and the proof is concluded,
n , fj

We have shown that (J) is necessary for non-reflexivity; it

is, however, not sufficient, as the following result shows.

2.3. Theorem. Let X be a separable non-reflexive Banach

space, and let (X ) be an increasing sequence of finite-dimensional
n ^

subspaces of X such that U X is dense in X. There exists
1 n

SL separable reflexive Banach space Y and ja sequence (Y ) of

subspaces of Y such that Y JLs. congruent to X for every

n; and each such Y and every space isomorphic to it satisfies (J),

Proof. To construct Y, choose p,1 < p < ao , and let Y

be the closed subspace of the Banach space £P(X) consisting of

those sequences (x ) that satisfy x €X ,n = 1,2,... . This
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space is separable and reflexive (see [2]). Now X satisfies

(J ) for every n and every p by Theorem 2.2; the fact that

the same is true of every space isomorphic to Y then follows

exactly as in the proof of [4;Lemma 1.1,Theorem 1.2], and we need

not repeat the argument.

Remark. Suppose that X, in addition is not a B-space (i.e.,

is not uniformly non-£ for any n); this is conjectured in [4]

to be the case always, and shown to hold when X has an uncondi-

tional basis. Then the same proof shows that Y and all spaces

isomorphic to it are separable and reflexive but are not B-spaces.

An example is obtained by taking X = £ ,X = -t ,p = 2,

so that Y can be represented as the space of infinite lower-

triangular matrices of real numbers with || (x ) || =
CD m 2

2

3. The girth of spheres

Let X be as before, with dim X > 2. Let L ,dE denote

the interior and the boundary of the unit ball, respectively.

The inner metric 6 of 5 L is defined as usual by <5(p,q) =

inf[l(c): c a curve from p to q in <5L); here 'curve1 means

^ectifiable geometric curve1, and £(c) is the length of c;

details of notation, terminology, and proofs may be found in [5].

Among other parameters of X defined in [5], we have m(x) =

inf{6(-p,p): pedE} = inf[l(c): c a curve in S£ with antipodal

endpoints}; 2m(X) may be termed the girth of £, a term more clearly
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justified by the characterization mentioned in the introduction

[5;Lemma 5.1].

It is obvious that m(X) > 2; in [6] it was shown that, although

m(X) > 2 for all finite-dimensional X, there exist spaces with

m(X) =s 2. We shall now show that these are precisely the spaces

satisfying (J) .

In the following lemma, p,qeX are opposite if p + q = 0.

3.1. Lemma. m(X) = inf{£(c): c a curve in X\L with

opposite endpoints).

Proof. If C is the set of curves in X\E with opposite

endpoints and C is the subset of those that lie in d S, this

inclusion and the definition of m(X) imply inf{£(c): C€C} <

inf{£(c): ceC ) = m(X). Let ceC be given; setting

fi = min{||x||: xec} :> 1, we find that fi~ ceC, but /i" c contains

a point qed£. The symmetric closed curve s (not necessarily

simple) obtained by putting jU~ c and -/z~ c end-to-end can

therefore also be obtained by putting end-to-end a curve d from

-q to q in X\L and the curve -d. By [5;Theorem 3.3],

m(X) < 6(-q,q) < ^

Since ceC was arbitrary, m(X) < inf{-t(c): ceC}, and the con-

clusion follows.

3.2. Theorem. For a^ given positive integer n and _a given

) _if m(X) < 2P*1p, 0 < p < 1, the space X satisfies (J ) _if m(X) < 2P

and only if m(X) < 2 (p - n" ) ~ (the latter provided pn > 1) .
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Therefore X satisfies (J) JJ: and only if m(X) = 2.

Proof. 1. Assume that m(X) < 2p . There exists, then,

a curve c in dL with antipodal endpoints, say -p,p, such that

I = l(c) < 2p~ . Let g: [0,1] -» dL be the parametrization of c

in terms of arc-length, and set p, = g (kn~-t)ed£,k = 0,...,n,

so that p o + p n = -p + p = 0. Set x^, = -t"1n(pk - P]c_1) ,k = l,...,n.

Then ||xj| = -t"1n||g (kn"1^) - g ((k - 1) n'1^) || < 1, so that x,eL,
j n _x " k

k = l,...,n. Further, -L x + L x, = I n (p - p. + p - p.) =
1 K j+1 K o D n 3

1 ,i j n ii 1
-21 np.. Therefore ||-L x, + Sx,||=2-t n>p,j=O,...,n, and

1 1 K K

(J ) holds.

2. Assume that X satisfies (J ) with pn > 1, and set

/i = (pn - 1) " . Let x,€^k = l,...,n, be as specified in (J )
K n jP

j-1 n
and set p. = /i(- E x, + £x v),j = l,...,n. We consider the

3 1 K K

polygon c with consecutive vertices p = -p ,p-j,...,p , and

claim that it lies in x\£ . Indeed, a point on the edge p p..
n

is of the form Ap + (1 - A)p., = ju(^xv - (1 - A) x.. - Ax ) ,
o JL -| .K. x n

0 < A < 1 , w h i l e a p o i n t on t h e e d g e p . 1 p . , j = 2 , . . . , n , i s o f
— — 3 "*•*- 3

t h e f o r m Ap. , + (1 - A) p . = n(-3L x, + £ x, + Ax. . - ( 1 - A ) x . ) ,
3""' •*" J I n D""**- 3

0 < A < 1 ; a n d t h e r e f o r e

| | A P j - 1 + (1 - A ) P j | | > / i ( pn - A - (1 - A)) = jU(pn - 1) = 1 ,

0 < A 1 1 , j = 1 , . . . , n ,

as claimed. Also, pn - p = fi (x - x.),p. - p. n = -/i(x. . + x.) ,

j = 2,..#,n; by Lemma 3.1,



m(X) < *(c) = L ||p. - p. || < 2n/i = 2 (p - n""1)"1.
1 J 3~L "

We can now combine Theorems 2.2 and 3.2 and obtain our main

result.

3.3. Theorem. If X is a Banach space and m(X) > 2,

then X JLjs reflexive.

Remark. A slightly more general result is: JEf m(X) > 2,

then the completion of X jts reflexive. An easy proof is obtained

from the following observation: if X is a dense subspace of

Y and Y satisfies (J ) , then X satisfies (J ) for

every p !, 0 < pf < p; therefore, if X does not satisfy (J), neither

does Y. It is in fact true that m(X) = m(Y) whenever X is

a dense subspace of Y.

It follows from Theorem 2.3 that the converse of Theorem 3.3

does not hold. To put this remark into clearer perspective,

we recall some concepts from [5]. An isomorphism class X is

the class of all normed spaces isomorphic to some one of them.

Obviously, either all spaces in an isomorphism class are Banach

spaces, or reflexive Banach spaces, or none is. Also, all spaces

in X have the same (linear) dimension dim X. We set

m»(X) = inf(m(X) : XeX},m*(X) = inf{m(X) : XeX]. It was shown

in [5;Theorem 8.3] , [6;Theorem 7] that m^ (X) = 2 if and only if

dim X is infinite. In contrast to the fact that m* (X) > IT

for all X with finite, and for some with infinite, dimension
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[5;Theorem 8.4], our present Theorems 3.3,3.2, and 2.3 imply

the following result.

3.4. Theorem, m*(X) = 2 for every isomorphism class of

non-reflexive Banach spaces, and for some isomorphism classes of

(separable) reflexive Banach spaces.

Remark. By combining the Remark to Theorem 3.3 with the fact

that m(X) < m(Y) if X is a subspace of Y, we find, in con-

trast to [5;Theorem 8.4, (c)]: For every infinite cardinal $

there exists an isomorphism class X with dim X = & and m* (X) = 2
S-* ** ^
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