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1. Introduction

We here study the nonlinear eigenvalue problem
Ax+ F(X) = A (1.1)

where A : R" o R" 1is self adjoint and linear and F(-) 1is the

gradient of a potential V¥ ; i.e.

F@® = v¥® . (1.2)
It is well known that the nontrivial solutions of (1.1l) of fixed
amplitude r (i.e. x+x = r2) are the critical points of
¢(§) E‘% A fff,+ Y(f) on X.X = r2. Moreover, if ¥ is such a

critical point, then the eigenvalue A\(y) 1is given by

~ (1.3)
2
r
It is no loss in generality to assume that
n
Laxx= 5 ax? ; (1.4)
2 ~ r~ . L 1
i=1
in this case ¢ takes the form
n o
¢(§) = 7 Xi X, + Y(f) . (1.5)
i=1

Our interest is in showing that if appropriate conditions are met,
then the nontrivial solutions of (l1.1) (eigenvectors of A + F) may be
parameterized smoothly by r,

We also obtain results about the maximal extension of a given branch

of eigenvectors,
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2. Statement of Results
P aalara o o ataataaatatala ol VoW oy

Let ¢ be given by (1.4) and assume that the numbers
{ xj, j=1,2,...,n} are distinct and indexed in decreasing
order (xj > xj+l) . In addition assume that the

map X - ¥ (%) : R - R is smooth (C3 will suffice) and satisfies

Q. 2,1/2 3-3
(x [D7¥(x) | ) / < x| b 3=0,1,2. (2.1)
|a|=3
In (2.1) D% stands for any derivative of order j and ||| for
the Euclidean norm,
The assumption that the kj's are distinct implies that the

vectors

+ rij, E‘J = (0,..,,0,1,0,...,0) > J= 1;2;' -0,
. ‘s . _ o 2 2
are the unique critical points of ¢, = T xix.i on X*X =1r
i=1 -~
For each 0 < e <1 we let
*
n n
+(- + 2 2 2 (2.2)
. l,e) = v (v, = 1 - v T v, <e
T]J 2 b ) ~ |3 (_) kzl k kel k - ;
k#j k¢ j

For our purposes we will want two numbers 0 < € < e2 < 1 such that

- 2 - 2 2
*or equivalently 'nj+( )(1,6) v ‘“}d‘ =1, ”x ) f,j “ e




the neighborhoods {ﬂj+(_)

(l,el) , = 1,2,...,n} are disjoint on
the unit sphere while the neighborhoods { nj+(-)(1,ez), j=1,2,...,n}
cover the unit sphere,
Theorem 1 (Local Existence and Uniqueness Theorem)
There is an r, > o such that for any re(o,ro] the function

¢ has exactly 2n critical points on the sphere XX = r2. These

points may be labeled in pairs (x;-(r), x} (¥)) =r (Q?(r), XS (r))

according to the scheme

+ + - -
Xﬂ (xr) € nj (1,ef and xd (r) € nj (1,61) . (2.3)

The functions r = v? (r) (respectively r ., v} (r)) are

Cl(O <r< ro) and satisfy

lim vf(r) =e, and limv, (r) = -e, , j=1,2,...,n. (2.4)
rwo I ~J ro ~J ~J

In order to state the global existence theorem it is necessary
to introduce some additional notation. For each v 5»Hv”2 =1

we let V(v) be the n-1 dimensional vector space

V(= {ue Rn|5-1=0} (2.5)
For each r >0 and v*)ﬂsz = 1 we define the symmetric bilinear
form B(rv ; -,-) : V(v) x V(v) - R by

'B(rz'; 212? =1 Fs) 2 ¢ (r(v + su + tw))

:5 osot s=t=0

" T c Y @W, (2.6




B(rv): V(v) - V(v) 1is the linear operator associated with the
bilinear form B(xv ; °,*) .*
Theorem 2 (Global Existence of a Given Branch of Critical Points)
For each j it is possible to extend the function
+ . , + .
r — vj(r) from [o,ro] to some maximal interval [O’Rj ) in such

r VT (r) is a

~J

r2). The function vf(') is
~1]

a way that the function ig(r)

]

critical point of ¢ (or x-x

extended as the unique solution of the initial value problem:

ﬁ(rz) G(r) = Eﬂr,x) , T > r
2.7
I
x(ro) —’Y’j (ro) ¢
The initial data r, v;(ro) is the unique critical point
2 + +
of ¢ on x°x = r such that Xj(ro) € nj(l,e), and Eﬂr,z} € V(X)

is defined by

F(r,v) =3 ¢Lllv, ¥(rv) - (v, ¥(rv) - v v |\
aryr| ~ ~ ~ ~

The number R; is characterized as the first r > 0 such that the

quadratic form B(r&?(r); u,u) has zero as a critical value on the

unit sphere V(v;(r)). For all r < R; the quadratic has j-1

positive and n-j negative critical values on the unit
+
sphere V(vj(r)).

The following example shows that Theorems 1 and 2 are the

best that may be expected.

* For any u e V(V) B(rw)u = [V, ]y - (g * [V, 8] V)V

~

~

- £ (V00Y) - Dy .




Let

2 2
¢0=x+2y )

3 2 2 2 2
Yy=2%x - (x +y)( +2y) ,
3
and

@ = ¢o i

If we introduce the polar coordinates
X =Y cos @ and y = r sin ¢ ,

then 17(r,9) = N (r cos g, * sinp) takes the form

2
T

n(r,8) = (1~r2) (cos2 8+ 2 sinze) +2r cos> 8
3

A simple computation shows that the critical points of 1 on

<2 + yz = 2 are those numbers g € [0,2n) which satisfy

_a_n__(r;e) = gin2g9 (1l- rz—rcos g) =0 .
a6

It is clear that for all r > O the numbers g = O,ﬁ,z,

x, and Sﬂ/ are critical points of 71, For

2

'5 - 1<r <?V5 + 1 there are two additional critical points
2 2

8 € (0,%) and 6, € (n,2n) which satisfy

cc>sei=l—r2 , ‘/;—l<r<'ﬁ+1 , i=1,2.
T 2 2

Finally, for « >-Vg-+ 1  the numbers g = O,nx,n, and 3% are again the
2 2 :

N




6=

only critical points.
We now analyze these critical points in more detail. For

0<r <‘ﬁ;-- 1 the points § =0 and =x correspond to relative
2

minima of T while ¢ = “/2 and 3“/2 correspond to relative
maxima, At r = ‘/3- - 1 (the point where M = Q) the
2 2

point ¢ = O becomes an inflection point, and for all

r >V5 4+ 1 is a maximum,
2

For‘ﬁ; -1 <r<1 the points 91 € (O,nlz) and 92 € (3xn
2

/2)2“)

correspond to relative minima of T and the character of the points

=x, 1, and 3ﬁ/ is as before., At r =1 (the point where

2

A

bi_ i = 3 1l = 0) the point 91 coalesces with ﬁ/2
2 2 :
267 |6 = Ty 26 |8 = 3,

and 92 with 3ﬂ/2. For 1<r<y5+1 g =xn and 3nx become relative
2 r 2

minima, the points el € (n,Bn/Z) relative maxima, @6 = x is still

a relative minimum, At r =V5 + 1 (the place where
2

52 n = 0) 6 = 8, == is an inflection point of 1. For
anl ==

r >45 + 1 the critical points & = 0 and 5 correspond to relative
2

maxima of 1} while ¢ = ﬁ/Z and 3ﬁ/ correspond to relative minima,

2




3. Proofs

la e e ot il

To establish Theorem 1 we look at ¢ in meighborhoods of the critical

points of ¢, = igl xixiz on XX = rz. Clearly, it suffices
to look at ¢ in a neighborhoods of re, .
We now let 0 < € < €, < 1 be two numbers such that the
+(-)

neighborhoods nj (1,61), j=1,2,...,n are disjoint on

v+ = 1 while the neighborhoods ﬁg(_)(l,e ), §=1,2,...,n

n

cover V.V =1, Weset x=1rv , vs=(v,V,...,v_) and introduce

local coordinates:

n .
where 5 Vi < 62 . (3.1)

The function ¢ becomes r2 % (r,v) where

n

- 1 2.
g (VZ,V3, voey vn’r) = [X]. + 2 uk Vk ]
k=2
2o
+ 1 y(rll -3 Vi , ivz, cees rvn) , (3.2)
2 k=2
r
and 1=)\, - A
e = Mk~ ™M

To obtain Theorem 1 it suffices to show that for r sufficiently

small (< some ro)

+

(A) There exists a unique n-1 tupple (Vz,v3, cees V:) with

N vi L€ 2 such that
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- (vz,v3,...,vn;r)

ovy
= (2 L Y, (r - v | rv )
By 22 n vy
p 2 A
+ l/ , ey TV ) 20, 1=2,3,..n . (3.3)
+ + + e .
(B) The (n-1) tupple (vz,v3,...,vn) satisfying (3.3) is the
only solution in the larger sphere ; Vk? < e22 ; and
k=1
1
(C) the map r - (v"z'(r),v+(r), ceVi(r)) is C(O<TS r) and
satisfies
Lin (5 (0),v5(r),...,v} (1)) = (0,0,...,0). (3.4)
0

The growth condition on V¥ dimplies that

2
¥ (r 1 - z v v cee, TV)
! l k=2 27 777 < Kr

n 2 ‘ﬁ - 2

1 -3 vk 2

(3.5)




and
n 4 (rl/l-rzlv2 rv rv ) [2,1/2
( ¥ xi =2 k ’ 92 eeer TV ) <Kr (3.6)
i=

for all (vz,v3,...,vn) satisfying

(3.7)

Equation (3,5) implies that if
1 I/ 2
min l1-¢
r < r, = l By | 2
K

and if (3.7) holds, then the operator

lu, M- G
K

P = diag (pl,pz,...,Pn)

with

= ot el -2 v 2 )
Pi ui = \yxl "kzz k > rvz,...,rvn

T

is invertible and

7t < - (3.9)

1
lus |
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It now follows that solving (3.3) is equivalent to solving

i S Ti(vz,vs,...,vn;r), i=2,3,...,n (3.10)

1 (vz,v3,...,vn;r)

n 2 ’
——— Y (r 1l - 2 V. ’ rv ,cot,rv ) (3'11)
" Xy b -2 k 2 n

n
ot

We now observe that for r < r, and (vz,v3,...,vn) satisfying (3.7)
n

(% T 2 )1/2 < Kr (3.12)
“ "k - 1

k=2 h-l'z |

Equation (3.12) implies that for

1
r < min(rl, ‘“zl €1) =

X 2 (3.13)

< ; (3.14)
k=2 2 =2 1

n
hence for r < r, any fixed point of (3.10) in I vk2 <e€ 2
k=2

n
must be in 2 _ 12 . The smoothness of ¥ implies that
k=2

1
T(.,r) 1is C” in (vz,v3,...,vn) and hence Browers Theorem
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guarantees (for all r < rz) the existence of at least one solution

n
of (3.10)(and hence (3.3)) in I vk2 < e22.

k=2
To establish uniqueness, it suffices to show that for some

r < r, and all r in [o,rO] the maps T(-,r) are contractions on

, This computation follows from (2.1),

n
The smoothness of r o vl(r) = (\/1 - ¥ vkz(r),v (r),...,v.(r) )
~ k=2 2 n

follows from the smoothness of x o y(x). We find that for o< r < r,

V. (r) =d vi(r) exists, is continuous, and satisfies

+ dr

n . .

j§2 Bij(vz,v3,...,vn,r) vj (r) = Fi(vz,v3,...,vn;r), i=2,3,...,n, (3.15)
where

Bij(vz,v3,...,vn;r)

1 YX / n 2
=C 2p;" - 1 (tyl - v, TV)seee, V) sij

n =2
rj/l -3 vk2
L =2
n
- (v, v, +Y v.3 (rl/l- v rv.,...,rv)
Sk M i W k=2 * 2 n




To obtain the limiting relation (3.4) we simply make use of

the estimate (3,12).,

R A I - sv,2 v -y (r|/1- =v rv v )
13 k Yxox " Yx k > TVpreeeTV
n 2.3/2 =2 11 71 k=2
(l-zvk) r
=2
n 2 <
+ ¥ 4 (ryr - zTv°, rvz,...,rvn) s 1,i=2,3,...,n, (3.16)
173 =2
and
Fi(VZ’V3"“’vn; r) =
1 Yx) V1 Ji. B2
=5 v, - (r\1 - % Vi o TV ..,rvn)
r i n- 2 =2
1- % Vi
=2
T ¥
v.
v =2 *1%3 1 n
id v t — YW(r Y1l - T v, Vv ,...,rVv_)
—\ 'x. x T k 2 n
r 11 2 =2
l1-7% Vi
=2
+ V- £ v? oy + 2y v, Sl o B2 )
- - , r - y v v eeey LV
r k=2 k xlxi j=2 xixj h| k=2k ) 22 IR
i=2,3,...,n, (3.17)

To establish theorem 2 it again suffices to work with a particular

branch of critical points of ¢ . We shall extend the branch
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x1+(r) =T vi+(r) , T € [o,ro]. It is clear that if we extend
zi+(r) as a solution the initial value problem (2.7), then
+ + . . 2
xl(r) = rvl(r) will be a critical point of ¢ on x-x=r

It is also clear that the initial value problem (or any of its
representations) has a (have) unique solution(s) provided the

operator B(rv1+(r)) : V(v1+(r)) - V(Xi+(r)) is invertible,

The condition for the lack of invertibility # along rxl+(r)

is simply that the quadratic B(riI}r) ; E/E) have O as a

critical value on the unit sphere V(Xl+(r))’ That B(rzi+(r); E/E)
has no positive and n-1 negative critical values for r < R1

follows from the fact that B(rzi+(r)) is symmetric and invertible for

o1 + s 1 1 1
r < R1 and the fact that Bo,l = ii2+ ﬁ(rzl1 (r)) = diag (pz T PRTRPITR )

maps V(el) - V(El) and has no positive and n-1 negative eigenvalues.




