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SUBDI RECT | RREDUCI BI LI TY AND EQUATI ONAL COMPACTNESS
| N UNARY ALGEBRAS <A f>.

dinter H Wenzel *

In [6] M Yoeli characterizes the subdirectly irreducible
unary algebras G = <A;f> with a finite carrier-set A a
unary operation f and a connected f-graph (nentioning its
significance for the problem of synthesizing automata by para-
Il'el composition). W intend to give a different proof based on

a very sinple criterion for subdirect irreducibility for a nore

general result (nanely the characterization of all irreducible
unary algebras) in |l. W couple this with a few sinple renmarks
- whi ch seem neverthel ess of sone independent interest. In $2

- we study equationally conpact unary algebras G = <A;f> and give
a conplete characterization of them Finally, in $3 we show that

every equationally conpact algebra G = <A;f> is a retract
_ \%
of its Stone-Cech-conpactification (in case of algebras G = <A/ f>

with fn(x) / x for all n and x this follows, of course,
V
fromthe fact that the Stone-Cech conpactification 3G of G

is an elenentary extension of G see [ 10] \ The results in £2
and $3 contain all the answers concerning unary al gebras that are
usual ly asked in this line of questioning for specific classes
of universal algebras (see [4],[10],[12],[14]). | want to express
nmy appreciation of numerous stimulating discussions with Dr. R

Alo.

We use the standard term nol ogy (see, e.g., [3],[12],[15])

and assunme famliarity with basic results (see [2],[3],[12]).

*Thi s, research S supported b n NSF. M Center of pxcelJLency” grant.,.
awarded to thevggparﬁﬁgnt of Xa?henatics 0 CarnegPe-NbﬁlonyUnpversity.
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W recall that G = <A;f> is called " connected'® if for any two

elements a,b e A there exist nme N =NU{O0O} (N= set of

—

natural nunbers) such that f"(a) = f™(b). Each unary al gebra
G = <A f> is in a unique way the disjoint union of connected
unary al gebras G~ = <A;f>,, i e |, called the ' connected com

ponents of G . Finally, U and n denote the set-theoretic

fl

operations " union® and " intersection” (U means disjoint

union), V and A denote the lattice-theoretical operations

| f 11

cup and Mmeet" . A universal algebra G = <A f> is then

subdirectly irreducible if flI(8& ;i€l) = co always inplies
9, =0) for some i_ el (0., are congruence relations on C,
10 o] 1

0) =identity relation).




81. Subdirect irreducibility.

As wel | -known, an arbitrary universal algebra G of type r

is subdirectly irreducible if and only if it has only one
element (i.e. G = 17) or the congruence-lattice C(GQ = <C(0Q;
V,A> is atomc and has exactly one atom (see [1],[2] and [3]).
One also knows that if a,b are two different elenents in A

there exists a congruence relation *r , e C(G which is nmaxinal
with respect to the property a * dt”.aiD) and there exists a
congruence relation 9 , £ C(Q mﬂi%&Dis m ni mal with respect
to the property a s b{gD .’). Thus, since 0(0 , *a/ b and

a, D ayJD

(a,b) € Ax A = oo we conclude that the subdirect irreducibility
T
of GJ]4 1 inplies the existence of two different elenents

a,b € A suchthat 0 , =60 ( = identity relation) » On the other
a, D
- hand, since the congruence lattice of the factor algebra GO0 |,
a,iD
is atomic with the unique atom ¥) ~VvVvO T~/ 0 "~ incase G/ 1
a,ID a,D a,ID X

a,n . .
we conclude fRat the existence of two different elements a,b e A

such that if) , = co inplies the subdirect irreducibility of G
W state this sinple observation in the next remnark.
Remark 1. If G4 1 is a universal algebra then it is sub-
T .
directly irreducible if and only if ib , = & for sonme a,b e A
a, ID

We could immediately apply the above remark to determ ne the
subdirectly irreduci ble ones anong the unary algebras G = <A/ f>
but prefer to nention first anothqgr sinple observation on subdirect

irreducibility in unary al gebras:




Remar k 2'; Every subalgebra B of a subdirectly irreducible
unary algebra G = <A;F> (F = set of unary operations)
I's subdirectly irreducible.
The proof of the last remark is quite clear si_nce every
congruence 0 e C(H) can be extended to 0" e C(G by specifying
that a™ = a,(0') holds if and only if a, = a(A) or ai*:agl’i
Thus, if 6 1is the unique atomin the atomc lattice C(G then
6o (= 6 restricted to B) is the unique atomin the atomc lattice
C(6) unless | B ='I(in whi ch case the matter is even sinpler).

To attack the problem of characterizing the subdirectly
irreduci bl e unary algebras G = <A;f> we prove the follow ng
fundanental |ema which reduces the problemto the case of connected

unary al gebras.

Lenma 1: The unary algebra G = <A;f> is subdirectly irreducible if
and only if either G is connected and irreducible or G is the dis-

joint union of G. and & where G1 is connected and irreducible and
VAl - X

proof: \Wenever ft is a subal gebra_of G we know that f)™
(defined by x = y(0) if and only if x,y € B or x=1vy) is

a congruence on G Thus, if G would have nore than two connected
conponents G say GMG"N, . .. then 0 Ay £1 934y A0 PA.UA,=
co together with 0‘. .7l co for i/ jJ ‘inplies that G
I's not subdirectly ilrreduc[:)i ble. Thus, G=G, or Q=G UGy
where G,;, & are connected conponents. If C= C—lJ~ UG, and
|A-|,|Ad ™~ 2 we get the contradiction @ n A =, Q ~ 7,

J A _ AL As AL
Oa / 0% Hence, say, |A]| = 1. The remainder of the proof is

cl ear. g. e. d.
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e pr'oceed to derive another sinple observation after which

the main-result has the character of an easy corollary:

Lemm 2: |If aI*aZ aretwo different elements in the unary alge -
bra G = <A;f> such that f_(ai) =f(a) and | [f(a™,ara} | =

3 then G is not subdirectly irreducible.

. * * can H
Qroof: FPan '='f (%) We assume without |oss of
\ generality that a. jl [aj]
f/ \f , L -
. . (<[ay];f> 1is the subal gebra
a- ag
X generated by a,) . Since
X s y(0 ) is equivalent to x=y or [Xy} =[a _,a.} we
al >a2 . X 2
conclude that 0 , = co inplies {ab} = {a,a.}, i.e. [ff> =
- arD XZ [EANP:
0); this is inpossible since a: ~?3(7r=, i) 2aMd App | A~ A
Thus, 0a 5 " (0 for all a™b € A vhi clhziin view of rémark 1)
settles the matter. g. e. d.

Thus, if we want to find the subdirectly irreducible connected
algebras G = <A f> we are left with the following possibilities
(we describe the structure by the associated f-graphs):

g?h o Q
T Tt
L1 onni o N+l A a3./ \

- -y B 4

. . *n+l
5 : : * aZ: cl o
:3 . ; *n »>
| 13 t t a\l. /
* N \ a
3‘ ¢2 T : i, ./
o N+l . o=an n-1
ror
! H '
on i : . c,
h f 8. J
K« .
J




i™(jo) is subdirectly irreducible since On n,_J_|(Qj ) - °°

in case h ™ 1.

] is not subdirectly irreducible since-for arbitrary n/ m
nm” o, the relation n* mM( 9 max("m;) 1S true and Ofmax(njm] *
od? thus, On,m/ a).

00 00
] Is not subdirectly irreducible since | is (up to iso-

00 -

nmor phi sm a subal gebra of j* (we use remark 2) . m

Every congruence on Cn- is (as easily seen) of the form 9

(m divides n) defined by a.lz_a.J(O") | f %nd only if mi-j.

Thus i'b = a) is equivalent to a.
f R N - =60 i i valent to the di bilit f
rin S ] " kyI aI?I di vc|) sors m ofI snngganceen thlos |se e<|3|L\1/|I \%1 (IentI lyoo

a.(0 ) for all divisors
3

I = j(nmod n) or n:pk(p:prirre number, k e N)) we conclude
that O = a) for a. ~a. canhold if and only if n=p .
aj, a; | D
Hence, (,*_K are exactly all subdirectly irreducible al gebras of
P
the form C.

W sumup our results in the follow ng theorem

Theorem 1; The (up to isonorphisn) only subdirectly irreducible

al gebras of type r = <1> are C9}(h J>1), j.,,Cy (wrere ke N,
K

. p
and p is aprinmenunber) and j U149 .9 \) 1, p., U1l
T °° T kK r

Ve realize that all subdirectly irreducible al gebras but

| and ] U1 are finite, hence equationally conpact (for the

00 00 4-

concepts see, e.g. [12]). As we wll see in the next section,
@ T . . : @

j U1l is also equationally conpact while | Is not. W
therefore turn our attention now to the characterization of the

equationally conpact algebras G = <A f>.




82 Equat i onal I\} conpact al gebras G = <A f>

To state and prove our main-result it proves useful to
enrich our |anguage by a few suggestive concepts? An el enent
x e A is called stagnant if f(x) = x; st(Q. denotes the
set of stagnant elenents in G If ne NO and a € A
then the n-periphery 'V\;J(a) of a in G is defined by n,(a) =
(b;be A f"b) =a and f"™%b) 4a -(incase n=0, the

| ast condition becomes void). Thus, a e "~(a) is equivalent

to <[a] ;f>= Cn for nJ>1, he qu(a) i.s equivalent to b = a,
and a e Ig(? is equivalent to a e st(G. The follow ng
observation is equally clear: If n,me N, n§ m and b € A
then b e *\ﬂ(a) fi't\ﬁ(a) i® equivalent to m- nJ>2 f%b) =a
and <[a];f>% c¢g with 2 7~ dsd/ mn.

W denote by i the language of first order logic vvith_
identity and countably many vari abl es X~ of type r=<|l> associated with
the class of all unary algebras G = <A;f> W use the well-known
concept of satisfiability of a formula Oe L (see, e.g., [11])
and recall that the algebra 8 = <B;f> 1is an el enent ary extension
of G=<Af> if and only if an arbitrary a e A? satisfies an
arbitrary formula $e L in G if andonly if it satisfies the

same formula in H W then have the following | enma:

Lemma 3: If B is an elenmentary extension of G = <A;f> then
we have the follow ng rel ationships:
(1) st(G =<f) isequivalent to st(<R =(f>

(2) For every ae A "Q(?) = A s equi valent to ns(a) = <f>,




(3) B contains a subal gebra isonorphic to r» if and only if @

contai ns such an al gebra.

proof ;
(1) follows fromthe fact that (3x)(f(x) =x) 1is a sentence in

L which is true in G if and only if it is true in 8.
(3) follows for the same reason fromthe sentence (3x)(fn(x) =

x Af™"Y(x) / x) . To see (2) we take the formula $= (%9

(fF"(x) =x, Af™*x) ~x.). |f we assume that n”a) j4 <

Qx O 0 o ) B» [
then a = (a*a™a, = . ) e A° satisfies $ in B, hence a
satisfies $ in G i.e. there exists a. e A such that fn(al) =
a, fndl(al) N a. In short: -r%£a) ~d. g e d

Lemma 4: Ch Is retract of every extension B = <B;f> that
contai ns no subal gebras (isonorphic to) . unl ess n divides

m

proof; W prove the result for convenience's sake for n = m

The general case can be easily adjusted. W assunme as before that

Ch': [ag 8 5-#,a,"] wth f(a) = a1 (all indices are deter-
m ned nodulo n). Evidently we can defi ne hormonor phi sm conponent -
W se. If B 1is connected then for every b e B there exists

]
a unique smallest mb) e hg such t hat fm(b'(b) e C%g say

m{h\ _ . _ . .
f (b) = a. .py- Ve define <p(b) = a and easily verify

(bj ‘Lib)-mib)’
that <p : B --IQ is aretraction. |If B is not connected and
B1 is a connected conponent disjoint from B then we have two
possibilities; Either Hy contains a subalgebra C& = f in
n n

whi ch case we have a retraction P 81 - ?: and an i sonor phi sm




0: C‘:_l % i.e. a honmonorphism tj)O<P-g or 6_[ contai ns no
subal gebra Cm m . 1. In the latter case we pick sone bo e B1
and map it via <p to a,€ C,. . Then we have for every b € B

a unique mb) e Ny such that f™P) (b) e [hg , say f™P) (b) «
k.,b?

£ (B). W conplete the definition of <p by requiring that
<p(b) =°L/b\-m/b) (where the index of a is agai n determ ned

modulo n) . It is again easy to check that < B., -* G defines

a hononor phism g e d

We should remark that to construct <p in the above |ema we
in effect applied an algorithmdue to Novotny [9].

To deriVe the next crucial lemma we again facilitate natters
by suitable concepts: The elenent a e A is an elenent of

grder n (ne N if (1) fa) / a for all me N and (2) n"a)

contains a mniml elenment b, i.e. there is no ¢ e A such
that b = f(c). The element a e A is an elenent of infinite

order if (1) f™a) / a for all me N and (2) there is an

infinite chain ao"a"a" ..... ,a” . such that a = ao ,
am n A|t|_|'|) and ai * aj for i % j*
Lenma 5: If C = <A f> is a unary algebra with at |east one

subal gebra (i sonorphic to) Cn for somre n e N in which every
el ement whose finite orders approach infinity is of infinite order,

then G 1is equationally conpact.

proof: W know froma result by Weglorz [12] that a universal al-
gebra is equationally conpact if and only if it is a retract of

every el enentary extension. So let B = <B;f> be an elenentary
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extension of G and let us prove the existence of sonme retraction
(pi B->A W knowfromlerrrfa 3 that cyclic subal gebras % of
(B which are contained in B\A have isonorphic copies contained
in A W therefore conclude with lemma 4 that every connected
conponent $1 of 8 which is disjoint from G can be nmapped
into G via a hononorphism <p.. Solet [[G] =<[[A] ;f> be
t he subal gebra of H each of whose connected conponents inter-
sects A. Then ”fF'(a) A ”r[E:_i_Ji"\a" holds true for every a e A

and n e Ng, therefore,, [[AI] = Un;i(a);n e NdaeA). Real | y

abit nore is true: If we call an elenent a e A a bhranch-
element if Ig(a)\ Iga) / < j

A A %a a== _
and call u/nfi (/a) \\V rn (/a\t) n e N) . "**£ Sonﬁ%ﬁgp%'gimem
AT, r. r: A A *E' I \  Dotted graph ¢ B\ A
the branchrof— a, say br(a) , KX - * —
(see diagram™ then [[A] = LA T

L]
4

{J(br(a); a runs through all brancﬁ-eléfrents aeA UA W,

of course. define <th‘; = identity and fix now an arbitrary branch-
elenment a € A Qur aimis to define a hononorphism <p : AU
a
br(a) -« A such that (p |a=<pL =1id. There are three possibilities: )
11
(1) <[a] ;f >=cy, for sone me N, say [a] = C' = fa 78 "8 Ne o o N
If then b e br(a) Hn_(a) then we define 0 (b) = a (i ndi ces-

H n a -n :
recall, count nmodulo m . (2) f (a) ~a for all m~> 1, but there
exists sone. n e N such that n’\(a) j4 (f> while k_(a) =d> for
all 'k~ n+l. Then, by lemma 3, n.(a) / () say z e na(a).

In this case we define cp, on br(a) as follows: If O0<Ek < n

and b € br(a) n ko(a) then, o (b) = f"™¥z ). (3) For every
ft a 0
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n there exists n >n such that a is of order n* in G

oM 0
In this case our assunption inplies that a is of infinite order;
i.e. there exists a sequence a = ao,ai, 44444 cat, e of elenents
in A such that a®= f(an-ﬂ' (equival ently, ane-np'(a)). W

then map every b e br(a) nnoa) via <a to <0 (b) =a . Thus,
! a a n

in each of the possible three cases we defined to on A Ubr(a)
a

as hononorphsiminto A which is the identity on A If we do
this for every branch-elenent a e A in the manner i ndicated
then it is a matter of sinple verification that the locally defined

honmonor phisns <p : AUbr(a) -+ A patch up to a retraction
a

(pi [[A] - A g e. d.

Si nce the'proof woul d proceed in a quite anal ogous fashion
we only state the follow ng anal ogous result:
Lemma 6; If G =2Af> is a unary algebra with a subal gebra
(irsomorphic to) j* in which every el enent whose finite orders
approach infinity is of infinite order, then G 1is equationally
conpact .
An anal ysis of the proof of lemma 5 brings to light the fact that
the meat of the matter consisted in showing that an algebra G = <A f>
is retract of every extension ft = <B;f> which essentially under-
lies the conditions of lemma 3 (which, in viewof that lenma, is
granted by el ementary extensions). W state that observation in
tte—fott+ow ng renmark. - -
Remark 3: If G = <A f> contains sone ~'”~ J>1* then it is re-

tract of .every extension ft = <B;f> with the follow ng properties:
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(1) n~(a) =" 1is equivalent to "~(a) =<0 for all ae A and

(2) n. cB inmplies the existence of e ¢ Q such that n
divides m
(3) Every element a € A whose finite orders approach infinity

is of infinite order.

W now have collected what is the meat of the follow ng

characterization-theorem

Theorem 2; The unary algebra G = <A;f> is equationally conpact
if and only if

(1) For every a e A limn;n = order of a) :ﬁfo i mplies that
~a is of infinite order. '

(2) G contains either some subal gebra r»n(n J>1) or the

subal gebra j *.

proof: Lemmas 5 and 6 state that (1) and (2) inply the equati onal
conpactness of G  Vice versa, let G be equationally conpact,
then limn;n = order of a) :tt) inmplies that the infinite set
T=[a-= f(xl),>& = f(xz),....,xn = f(xn+1), ______ } of equations
is finitely solvable, Jience solvable. Thus, a is of infinite

order verifying (1). To verify (2) assune that G contains no

cyclic subalgebra r*e Hien |{f”(a),f”~](a),....,f(a),a}| = n+l
' n

for every ne N and a € A Thus, the infinite system of

equations T= {Xq=f(x",xx = f(x2), T (M) >—) 8

finitely solvable, hence solvable. If (ap,a3,...,8n,...) € A~

n
is a solution of V then evidently <{apgn € Ng}Uf (ag);n e Ny); f>
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(-4

=j% 1is a subalgebra of Q g e. d-

V¢ now turn our attention to the obvious next question in this
line of investigation: |s MWcielski's conjecture" (see [8],
[12]) true in the class K(<1»? W will give an affirnative
answer in the next section. In other words: W wll show that
every equationally conpact unary algebra G = <A f> is the al ge-
braic retract of sone topol ogically conpact Hausdorff al gebra
B = <B;f>. -

LIBRARY
N‘Huc'ogu'lg” A

HT ...;;h.'l-'.'“llf

CMNEGIE-MELLON UNIVERSITY
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\Y,

§3- M the Staone-Cech (‘nnrpnr‘fifi catian _of G = <A f>

If G = <A f> 1is a unary algebra, A is endowed with the
_ . Vv _
di screte topology and pA is the Stone-Cech conpactification of the

t opol ogi cal space A then f: A-> A is a continuous mapping and

has, thus, a unique extension f: pA-« pA The unary al gebra
\%
80 = <pA;f> 1is then called the Stone-Cech conpactification of the

algebra G (Evidently we can construct pG for arbitrary unary

algebras <B;F> in the sane fashion). |[If G has no cyclic
subal gebra C then f"x) / x for all nJ>1 and xeo

It was shown in Pachol sky and Weglorz [10] that the Stone-Cech com
pactification pG of such G is always an el enentary extension of
G Hence if G in addition, is equationally conpact then it is
a retract of pG But even if the equationally conpact G has
cyclic subalgebras CT there exists a retraction < pG-> G.  To
establish the result we need the follow ng decisive |emma:

lemma 70 If G = <Af> is a unary algebra and cp is a subalgebra
of pG then there exists a subalgebra (s of G such that n

divides m

proof; Let us make a fewprelimnary remarks: |If y e pA\ A then

y=1lim a. where (.,¢*DJ> is anet in A (i.e., D is a
d e D? d

directed partially ordered set, shortly directed poset, wth res-
pect to ~, and ag e A for every d e D). Since A is a dense,

wdi screte subspace_aof pA we know_t hat A-l, A2 CA and APl & =
implies A™ fl A =JIf (where A is the closure of Al in pA),

for A c.A is an open and closed set in A  thus A and A\Al
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are conpl ementary open and cl osed sets in pA (see, e.g., [5],

chapter 6.9). Thus, if A= (a.;de Db and y = 1lim a, such that
d €D

AH f"(A) =/ for some_mt. 1 [of course, f(A) =(f"(aq);

as € A)], then Aft fMA =<f inplies that y/[ f™(A), i-e.

y /! fNy) =1lim f"(ad)
d €D

So assune that (« £ G for every divisor d. of sone me N

m
and let x e pA\A. W then have to showthat f (x) / x to

end our proof. Let G, i e |, be the connected cdrrponents of G
The carrier set of every Gy since, Dby assunption, it has no
stagnant el enent, can be represented as A. A1 U A]2_ l*JA3 such
that A2ft A4 =<f> for | ~k and f(A") ft A2 =0, i, =123
1 f G1 is inthe class I'\ of unary al gebras w thout cyclic

subal gebra then this is a |emma by Ryll-Nardzewski (seeflol). [If*

on the other hand, G has a cyclic subalgebra C o1 n(i) J> 2,

say Cna\‘ JRLANEAPN R S I8\ 1))y then we first subdivide C .,

as follows: If n(i) is even, we take d‘ ={a ,a,...,a.., .},
n(i) .0 Z n(i;-
2 = fasgald JA -(pX if n is odd, we“take.
n(I)I Vo3 (T*) 3 z(l? _ 3 =
Ca(i) T M o n(i)-3 - en(l) fa, & vum RAiy-2 2 (i)
(a_ ... }. Ineither of the two cases we define AJ = Ca.. U
n(i)-4i 1 v 1)
[a;a € AL\NC .... and a e (2Kk) ~(c) for some c e G* '..._),
i r\t} ‘n(i) nul
j = 1,2,3. It is an easy matter to check that A.i, j = 1,2,3,

t hus defined, satisfies the conditions stated at the begi nning.
. L x o
Thus, the carrier set A of G satsifies A:% UA UA?,

Al nAZ=A'nA3=AZnA3=0, A'nfrAY) = A2 nf"A) =

A% 0 1"(AY) = > if A= U(AZii el). | = 1.2,3. Hence, pA =
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A UA UA, and we can now assune that x e A for sone

1 <j <€£3 Inother words: x=1im a; where (a__ D "> is
- d a— -

de D -
a net in A”. Since A” 0 f™~) = (f) we conclude that f"(x) =
lim f™(a,) € eAXA3 i.e. f™"(x) * x. g. e. d.
d € D a '

Appendfx: The triple-division of A which we used in the |ast Vproof

- was stated as Ryll-Nardzewski’s lemma_in [10] for the case G €lrv

It should be noted that in case G e !Kthere are actual ly al ready

t wo subsets AT+%2 SY°A that A=A WK-,4A. 11 A, =% and f(AY)fl A—J-=
f(A;)) HA = (). The proof, of course, remains elenentary.

We can now prove our last result:

_'Theorem 3: If G=<Af> is an equationally conpact al gebra then
it is the algebraic retract of its Stone-\C/Jech conpactification pG
proof: W can assunme that G contains sone cyclic al gebra '(-,d,

d A~ 1. In light of the last |enma, remark 3 and theorem 2 we

only need to showthat ru(a) = (f is equivalent to n (a) = <p
Li (W

for every ae A and n € N So let x e (pAAflfp(a) for sone
ae A Thenthere is anet (&#,DJ in A such that x =
.hiEpDa". Hence, a = f"(x) = tgli‘g_ans"(aC}'. Since ae A is an
isolated point in pA there exists do e D such that f”('acl, = a
for all d J> do This settles the matter if at |east one of the

a® is in xy(a); this is quaranteed unless a is a stagnant ele-

ment . If a were a stagnant elenent and none of the a, was in
1 a
rigfa) we would conclude that f" (ag =a for all dJ=zdgs i.e.
a=limf™a) =f™Ylima ) = f™%x) ~ a This contradiction
de D d de D¢ :

finishes the proof. g. e. d.
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