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On an Inequality for Operators on Hilbert Space
T. I. Seidman
31 Recently, Z. Nehari mentioned to the author the inequality

(A, any bounded linear operator on a Hilbert space H)
2 2 . 2
(1) sup(|lax||“- |<x,ax>|“: x ¢ H, |lx|l= 1} < inf(||A-zI]|*: z € C}

and raised the question: Under conditions on A dpes equality
hold? It is not difficult to obtain a necessary and sufficient
condition on A for equality to hold in (1) but the condition
obtained below (Theorem 6 ) is, unfortunately, unlikely to be use-
ful. An independent proof is given of a sufficient condition from
which it follows that equality holds in (1) if A is normal. A
number of preliminary results will be obtained along the way (%2,
£3); in the hope that these may be of interest in themselves, they
are obtained in somewhat greater generality than would be required
for their application in &4. Thanks are due to V. J. Mizel for
the original proof of equality when A 1is an hermitian matrix and
for several stimulating discussions.

For completeness we include a proof of a more general form of
the inequality (1) applying to nonlinear mappings. Let A be a
Lipschitzian function whose domain and codomain are the Hilbert

space H. For x,y €¢ X with x # y, let
y (Asx,y) =[lax) -aw) 12 - [<x-y,A ) -a)>]%1/[x-y]|*.

Defining AZ by Az(x) = A(x) + zx for =z € C, we have
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-y lI%y (a_sx,v)= A @) A+ 2 -y [Pllx-y 1% [<x-y,2(x) -A(y) +2 (x-y)> |2
=A@ -a () 12+ |2]%llx-ylI%+ Re z<x-y,A(x) -A(y)> 1[x-yll?
Stz 2=y )| %+ [<x-y,A (%) -A () > | 2+ 2Re z|lx-y||%<x-y,A(x) - Al)P>]

=[lx-yl1*y (a53,y) .
Clearly,
Y(Asx,y)= ¥(A_;x,v)< sup( A, () -A_(v) [12/lx-y[I? : x,yeH,x#y)

whence

(1) sup{y(A;x,y) :x,yeH,x#y]
< inf{SUP{HA(X)—A(y)—z(x—y)Hz/Hx-yHZ:x,yeH,xﬁy}: zeC)

This, when A is linear, reduces to (1).

%2. In this section A will denote a bounded operator on a
Hilbert space H. Define the minimal radius of A (denoted by
R(A)) by

R(A) = inf({|ja-z1|]: z € C)

As the function 2z - ||A-zI|| is continuous and as we may restrict
our attention, in taking the infimum, to the compact set

(z e Cc:|z| < ZHA"}, the infimum is taken on; a complex number =z

such that ||A-zI|| = R(A) will be called a minimal center for A

(we show below that this is unique).

THEOREM 1: The function ¢, defined by o¢(2) = HA-zIHz, is a




~3-

strictly convex function from C to R.
Proof: Set ¢(z;x)=H[A-zI]xH2= <Ax-zx,Ax-zx> so that ¢(z)=sup p(z;x).
Let t,s > 0, t+s = 1, xeH, “x"= 1, u,veC; set X, = Ax-ﬁx, xV=Ax-vx.

Then

o (tu+sv;x) Htxu+sxv||2

tznxunz+szuxvuz+2ts Re<xu,xv>

(el I 248 llx, I1%) -ts Cllx [| 24 ], |12 -2Re<x x> -

]

Since (”xu“2+HxVH2—2Re<xu,xv>) = qu-xVH2 = |u-v|2, this gives
o(tu+svix) = t¢(u;x)+s¢(v;x)-ts|u-v|2.
Since this holds for each xeH with ||x||= 1, we have
o (tutsv) < t¢(u)+s¢(v)-ts|u-v|2
so that ¢ 1is strictly convex.
COROLLARY: There is a unique minimal center (denoted by z(A)).

Proof: It has already been shown that a minimal center exists.
By definition a minimal center gives a minimum for ¢ and, by the

strict convexity of ¢ , this is unique.

The disk B(A)=(zeC: |z-z(A)| < R(A)} will be called the min-
imal disk of A. Denoting by w(A) the numerical range
(w(A) =({<Ax,x>: xeH, HXH= 1)},it is clear that o(A)S w(A)S B(A).
We next see that for points of the spectrum which are boundary
points of w(A) the 'spectral theory' is as in the case of a nor-

mal operator.
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THEOREM 2: Let xoeo(A) with A, a boundary point of w(a).
Then, (i) there is an 'approximate eigenvector!' (for short: aev)
associated with Ao (i.e., a sequence {xn:n=l,2,...} with

x, €H, nxuu= 1 and H[A-%OI]an - 0), (ii) if (x, )} 1is an aev
of A associated with Ao , it is also an aev of A* associated
with f;, (iii) if (x )} 1is an aev associated with A  and
{yn} is an aev associated with xeo(A)(x#ko), then they are
'ultimately orthogonal! (i.e., <x ,y>= 0), (iv) if |x [=1
for n=1,2,... and H[A-%o]mxnn = 0 for some m>1 then (x_ ]
is an aev associated with xo (in particular, if x#0 and
[A—AOI]mx = 0 then x 1is an eigenvector so the index of %o

is 1).

Proof: As o(A)S w(d), %o must be a boundary point of o6(A) and
so is in the approximate point spectrum of A ; this is just
property (i). As w(A) 1is a convex set in C and as every
real-linear functional on C 1is of the form 2z - La(z)= Re az
with |4 ll=|a|, there is a complex number a with |al=1 such
that Re az > Re an, for zew(A) . Replacing the operator A by
a[A-Aoi], there is clearly no loss of generality in assuming for -
‘the remainder of this proof that a=1 and Ao=0 so that O0eo(A)

and
(%) Re <Ax,x> > O

1f, now, |jxll= 1, |lax|l< e, we have (setting o=1/2|al|, y=x-oA*x

so |yl 3/2)
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o< Re<Ay,y>=Re<Ax,y>—aRe<AA*x,x>+a2Re<AA*x,A*x>
2
< laxllliyl-alla*x)|2+e® [alla*x ||

< 2¢/2 - a(l-a|all; |a*x|? = (3e-ala*x||?) /2 .

Thus,

1/2

(2) laxx| < (6llalle) if xll= 1, |lax| < €

Property (ii) follows immediately from this implication. If
lxll=llyll= 1 and |ax|l < e, llay-Ayll < e , then
IA<y,x>| = |<Ay,»> - <[A-MIly,%>|

< llylllaxxll+liay-aylllixll = (sllalle)

V2, .

so that property (iii) follows. Finally, if |ix[= 1, ||aA™x|<
with m> 2 set B = A"l ana vy = Bx/||Bx||. Then .
IByl|=[1A™~2 (a™x) |I/llBx]l< |a]™2e/|lBx|| so that, by (2)

le*yll? < ellslllal™%c/lBx||. Thus,

IBx|| = <Bx,Bx>? = <x,B*y>?|Bx]|?

< lllli*yli®lexl? < eliBli*[a]™2e .

Hence, Han =1, HAman -~ 0 (m>2) implies HAm—lan - 0 as

n -~ o and (iv) follows by induction on m .

%83 In this section S will denote a non-empty bounded subset of

a real Banach space X . For X, €X , define r(S,xo) by

r(s,x,) sup{Hx-xOH: xeS}

inf(r: s € B (x,))
where Br(xé) is the closed ball with radius r centered at X
(i.e., Br(xo) = {xeX: Hx—xOH < r}). The minimal radius of S

(denoted by r(S)) is given by




r(S) = inf{r(S,x): xeX].

A point xeX such that r(S,x) = r(S) is called a minimal center
of S and the corresponding ball Br(s)(x) is called a minimal
ball of S ; if the minimal center exists uniqueiy it is denoted
by x(S) and the corresponding minimal ball by B(S). We'denéte
by S and S* the closure and closed convex hull, respectively,
of S © X ; as the balls Br(x) are closed and convex, any one
which contains S also contains S and S* so r(S*)= r(S)= r(s)

and, if it is defined, x(S*) = x(S) = x(S)

THEOREM 3: Let S © X as above with X uniformly convex. Then

x(S) (and so, too, B(S)) is well-defined.

REMARK: Under the weaker condition that X is reflexive it can
be shown that the map x - r(S,x) is weakly lower semi-continuous.
As, in taking the infimum, attention can be restricted to the
weakly sequentially compact set {xeX: |x||< 2 sup(|lyll: yes}}, the
infimum must be attained and a minimal center must exist. 1In

this case the set of minimal centers is a non-empty bounded con- -

vex set - but need not be a singleton.

Proof (0of Theorem 3): Let r = r(S) be the minimal radius. Then

there must exist a sequence {xn] of points x e€X such that
r, = r(S,xn) - r. The condition of uniform convexity asserts that:
for every € > 0 there is a 6 = 6(e) with 0 < 86 <£1/2 such
that, for u,xex with |ju|,|lv]l <1 and | (u+tv)/2]| > 1-6 , one

has HuivH < €. Given € > O, let n,m Dbe large enough that
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r<r.,r. <r' < ry¢/(1-8)., By the minimality of r there exists

n
xeS such that Hx—aui,r where a = (xn+xm)/2; take u = (x—xn)/r',
v = (x-x)/r' so lull = Hx-xnu/r' <r /r' < 1 and, similarly,
lvll < 1. Then | (u+v)/2| = ||x-all/x' > x/r' > 1-8 so Hxn—xmu

= rt|u-v|| < r'e < 2re. Thus {xn} is a Cauchy sequence and

X, = limnxn is defined. By the continuity of the map

x - r(s,x), r(S,xo) = 11mnrn =TI SO X, is a minimal center of
S. That every sequence {xn} for which r(S,xn) - r must be a
Cauchy sequence proves that this limit X is uniquely determined
80 X, = x(S) .

THEOREM 4; Let S,X be such that B(S) is well-defined and such

that, for every subspéce Y ©€X with codim ¥ = 1, there is a pro-

jection P onto Y with ||P|| = 1. Then x(S)es*,

REMARK: If X 1is 3-space with a regular octohedron as unit ball,
then taking S to be a face of this octahedron gives an example
such that x(S) is well-defined but O = x(S)£S*. Perturbing
this slightly, 'puffing out' the octahedron a very little, pro-

vides an example such that X is uniformly convex but =x(S)g£S*.

Prqof (of Theorem 4): There is no loss of generality in assum-
ing that x(S) =0, r(S) =1 so B(S) is the unit ball of X.
If O = x(S)#s*, then,as S* 1is closed and convex, there exists
£eX* with llEll = 1 such that <x,£ > d > 0 for all xeS*. Let
Y be the nullspace of §, so codim Y = 1, and let P be a pro-

jection ente Y with ||P|| = 1; let a be in the nullspace of P
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with <a,£ = a. Now, for xeS we have |x|| <1 so |prx| < 1;
as x-Px = ta with t =<x,&/0>1 we have x-a on the seg-
ment joining x and x-Px. Thus, for xeS we have _"Q—au <1
so that r(S,a) < 1, contradicting the assumption that B(S) is

the unit ball of X.

COROLLARY: If X is a Hilbert space or dim X = 2 then, if

. x(S) 4is defined, x(S)eS*.

22992: If X is a Hilbert space then, for any subspace Y, the
orthogonal projection onto Y has norm one. If dim X = 2 then
codim ¥ =1 implies dim Y =1 so that, by a theorem of Kaku-
tani, there is a projection of norm one onto Y. (Indeed, if Y
is a l-dimensional subspace of any Banach space we have Y = sp{y]
with lyll = 1; by the Hahn-Banach Theorem there exists £cX* such
that <y,&> = ||&]| = 1, in which case x - <x,£>y is the desired

projection.)

if B(S) is well-defined, let s® = {xegzux—x(S)” = r(s)]}.
We wish to show that B(S) is determined by the textreme points!',
in this sense, of S. For general S this need not be true even
if X is quite 'nice!. For example, if X = LZ and
s = {j(l-l/n)en:n =1,2,...} where {en:n=1,2,...} is an ortho-
normal sequence, then S = S, B(S) is the unit ball, but s® is

empty. We have, however, the following.

'THEOREM 5: Let S be compact and X uniformly convex. Then B(S)=B(SO)
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gsggﬁz There is no loss of generality in assuming x(S) = O,
r(S) = 1. so B(S) is the unit ball of X. By the compactness
of §, _SO is non-empty; by its definition, r(SO,O)= 1. Thus,
if B(SO) # B(S) we must have r(SO) <1 and x(So) = a # 0;
hence, |lx-all < 1 for =xes®.

For xeS let t(x) = sup(t:|x-tall < 1}). For xeS\8°,
x| < 1 and t(x) > (1-|x|)/llall while, for xes®, t(x) > 1 by
the assumption above; thus, t(x) > O for all xeS. Let xoeg,
t = t(x)) so “xo-taH = 1. For 0<e<t, set x_=x_-(t-€)a;
then, by the uniform convexity of 'X, ”X€” < 1l and we set
6(e) = l-HXGH > 0. Now, for xeS with Hx-on < 6(e), x-(t-€)a
= (x-xo) + x_ 8O lx-(t-e)all < 1 and t(x) > t-e. Thus, the
map x - t(x) is lower semi-continuous on the compact set S
and so attains its minimum t, on S; as t(x) > O for =xeS,
tb > 0. It follows that lx-t all <1 for xeS so r(s,tya) <1

which contradicts the uniqueness of B(S).

84 In this section A is a bounded operator on a Hilbert space

H. Let A, =A - z(A)I; then z(A)) =0 and R(A) = R(A) = |IA0||=a.

Il

We may write Ay in polar form: A UP with P non-negative

o

and U wunitary. For xeH set
2 2
v(A3x) = |Ax]|® - [<x,Ax>|

x| = 1) (clearly »(a) < [all®). as

and let vy(A) = sup{y(A;x):

in 1, we have
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<Ax+zX,AX+ZX> - |<x,Ax+Zx>|2
2
|

v (A+zI;x)

[HAXH2+ 1z|2”x + 2Re z<x,Ax>]

12

}

[<x,Ax> | %+|z| 2 ||x||%+ 2Re z<x,Ax>]

= 7 (A;x)

so that vy(A+zI) = v(A). The inequality (1) now takes the form
3) y(a) < R(A)?
which follows from

Y(A) = y(A-z(A)I) < HA-z(A)IH2 = R(a) 2.

THEOREM 6: Equality holds in (3) (i.e., y(a) = R(A)z) if and
only if there is an approximate eigenvector {xn} of P assoc-
iated with « (as P is non-negative with ||p| = HAOH = Q,

a is in the approximate point spectrum of P) such that

< > o
Xn,an (0]

Proof: Suppose, first, that there is such an aev of P. Then
vy(As;x ) = v(A ;x) = HA X H2 - ]<x A X >|2
>“n’ 0o’ n o'n n’ o' n
= llex ||1%- |<x, ,uPx > |
n n n

2 2 2 2
< ol %420 Px -onc [|-0 [ <, s > | 24 [ |l -0 1.

Since Han =1 and HPxn—aan - 0, y(A;x ) - o?; thus ‘y(A)_>__R(A)2
which, with (3) gives the desired equality.

Conversely, suppose equality holds in (3). Then there exists,
for any € > 0, x_ecH with Hx€H= 1 such that y(A;x ) Z_az— e2;

i.e.,

Y(A;xe) = V(Aogxe)

HPX€H2—I<x€,pr€>|2 > a2 - ¢2
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It follows that
Qa

(o -2?) flag, x, ||

2> o-fiex, |2

= [ (an) Pllam,x 12 = flax_-px_|I?

where {E%} is the spectral resolution of P; thus HPx€-ax€H§ €

Now,

m
v

I<x€,UPx€>l = lakxe.Ux€> + <x€,U[Px€-ax€]>|

> o] [<x_,0x > | - lpx_-ox_|

so that |<x_,Ux_>| < 2¢/[|a| (if o0=0, then A is the O oper-
ator and the result is trivial). The sequence [xl/n:n=l,2,...}

is thus the desired aev of P.

This condition for equality is not very helpful. We give
an independent proof of a sufficient condition which seems handier.
Considering the spectrum o(A) as a subset of C (considered as
real 2-space) we may apply the results of 3; it seems more natural
to refer to the minimal disc, rather than to the minimal ball, of
| o0(A). It is clear that o(A) € B(A), that r(o(a)) < r(o(a), z(a))

which is the spectral radius of Ao’ and that r(o(a))< R(A)= HAOH.

THEOREM 7: If r(o(A)) = R(A) (so the minimal disk of A is just

the minimal disk of 0(A)), then equality holds in (3).

Proof: Without loss of generality we may assume z(A) = O and

r(o(a)) = R(A) = 1; since 0(a) C B(A) = B, (0), this implies that

B(o(A)) = B(A). As 0o(A) is compact, we may apply Theorem 5 to
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show that B(oo) = B, (0) where o = {zeo(A):|z|=1). By Theorem
4, then, O 1is in the convex hull of o, (which is already

closed) so that

where {zk} is a finite subset of Oy and the {ck] are non-

negative reals. Clearly, each is not only a boundary point

Zx

of 0o(A) but, as w(A) € B(a) = Bl(O), each =z is a boundary

k
point of w(A). It now follows from Theorem 2 that, for any

€ > 0, there are elements xkeH such that

e ll = 1, llag -z ll < e, I<xg,x>] < e for j £k

Now set

x = Qox, Y=4Lonx .

Then

lax-yll < T oy llax, 2, |l < e
Hy“z = Zs,k cjckszk<xj,xk>
> B cplz 2l %= 25 egoplzs7, | I<xy, x> |
> 1 - ¢ ZS#k cjck > 1 - K(K-1)e

where K is the cardinality of {zk} (as we are working, here, in
2-space, it can be shown that we may take K < 3); thus, as
HAXH z_HyH—HAx-yH, we have ”AX”Z arbitrarily close to 1 as

€ gets small. At the same time,
< = . . z. .
I y,x>| 'E],k cjckzk <XJ:X—]{> I

2 2
= Izk ckaHXkH | + Z‘J;ék cjcklzkl |<Xj’xk>{
. . <x. > < -
o + ZS#k cjckl X35 %p | < K(K-1)¢

1
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so that |<x,Ax>| < |<y,x>| + |<x,Ax-y>| < (K?-K+l)e which goes

to O as ¢ does. Combining these shows that HA;x) may be

made arbitrarily close to 1 by taking e small so that

y(a) = 1 = R(a) 2.

COROLLARY: If A 1is normal, then

sup( [lax||? - |<x,20>|%: x|l = 1) = inf (|la-z1|%).

Proof: If A is normal then

sup{ |A-z|:Aeq (n) )

Il

lla-zx ||

HA-zIH) so r(o(a)) = R(A) and Theorem 7

(i.e., r(o(p),z)

applies.
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