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Part I: ?EE General Theory
l. Introduction.

Two papers by COLEMAN ([1],[2]), published in 1964, have
created a great deal of interest in the study of thermodynamics of
materials with memory. Subsequent papers by WANG and BOWEN [3],
COLEMAN and MIZEL ([4],[5]), GREEN and LAWS [6] , and GURTIN[ 7] , have
examined the basic structure of Coleman's theory and have led to
generalizations of Coleman's results.

Coleman's results are of two types. Results of the first type
rest on a knowledge of material response to suitably short (in time
du:ation) continuations of any history of deformation. The gener-
alized stress relation and generalized dissipation inequality
(Theorem 1,[1] ) are examples of results of this type. Results
of the second type rest on a knowledge of material response to
suitably long continuatiohs and suitably slow time reparameteriza-
tions of any history. Coleman's results of the second type estab-
lish both the extremum properties of the free energy functional
at constant deformation histories as well as the relation between
the slow limit approximation to the general thermodynamic theory
and the usual equations of equilibrium thermodynamics (Theorems 3,
4,5,[1] ). In this paper I discuss only results of the first

type.




In the papers [3], (5] and [7], results of the first type are
consequences of two important properties of the response function-
als: (1) The domain of the response functionals is closed under
local linear continuations, and (2) on sufficiently smooth his-
tories, the free energy functional possesses a chain-rule property.
A continuation of a given history of deformation is a history |
obtained by adding a new segment to the given deformation path.
(The new segment may represent a constant deformation, in which
case the continuation is called a static continuation). A local
linear continuation is a continuation of short duration performed
at constant strain-rate and temperature-rate. The chain-rule

property for isothermal deformations is a relation of the form

d =Dbe F + ¥ (*)

where § and F represent the current rates of change of free
energy and deformation gradient respectively, and where the coeffic-
ients DY and &Y are history dependent. In particular, each of
the papers (1], [3],([5],[6] and [7] uses a form of (*) in which
the coefficients DY and 0y are independent of ﬁ and, further-
more, are continuous on local linear continuations of continuous
histories.

In addition to a restriction on the entropy functional, the

generalized stress relation implies that




T = PDYFT

where T, F and p are the current values of Cauchy stress,
deformation gradient, and density, respectively. The generalized

dissipation inequality takes the form
6y + (q-g/p@) £ 0

where q-9 is the inner product of the heat flux vector q and
the temperature gradient vector g. This inequality implies that
6 < 0. (In Coleman'’s theory, 6y corresponds to the negative
of.the internal dissipation, i.e. -p0Y/6 represents the current
entropy production. It should be noted that, for Coleman's theory,
the heat conduction inequality q-g < 0 is not valid, in general
but is replaced by the generalized dissipation inequality).

In this paper I establish counterparts of the generalized
stress relation and generalized dissipation inequality for a class
of materials which includes elastic-plastic materials. For such
materials, the entropy production is not necessarily continuous on
linear continuations. In fact, a plastic-elastic transition may
involve a jump discontinuity in the entropy production. Thus, it
is necessary to obtain a form of the chain rule property in which
5% may have jump discontinuities during linear continuations. In

the theory which follows, a relation similar to (*) is derived,




and the counterpart of the quantity 069 has the property that
it vanishes during certain continuations of any history. This prop-
erty along with an approximation property for the counterpart of
Dy allows Coleman's main results to be proved for the class of
materials discussed here.

More specifically, I discuss here a class of simple materials
characterized by the existence of a collection of strain-temperature

points called the elastic range. The elastic range depends upon a

given strain-temperature history for a material point and is intro-

duced here through the concept of the elastic set for the given his-

tofy. The elastic set consists of all histories which are continu-
ations of the given history and which give a special type of mater-

ial response: the free enerqgy functional is locally path-indepen-

dent on the elastic set. (Histories in the elastic set are called

elastic continuations.) Roughly speaking, this condition specifies

that if an elastic continuation is itself continued in any direction
for a short time, the free energy response functional behaves like
that of a hyperelastic material. As indicated above, the entropy
production -6¥ vanishes during an elastic continuation of any
history. 1In fact, I show in Section 8 that the quantity &9
reduces to negative the "plastic power production" in the case of

an infinitesimal theory of elastic-plastic materials.

The proof of the generalized stress relation and the general-




ized dissipatién inequality has three main parts. First, the
analogue of (*) is derived. Next, the results are proved for
elastic continuations of a fixed but arbitrary history. Lastly,

the results are extended to the given history. The proof for
elastic continuations relies on the fact that a form of the chain
rule, with 8% identically zero and DY continuous, holds dur-
ing elastic continuations. The method of extension to an arbitrary
history relies on the continuity of the stress and entropy function-
als during certain continuations of any history.

The present theory is general enough to include rate effects
duﬁing intervals of time when a given history is not an elastic
continuation of any history (i.e., during the so-called loading
peiiods). However, during elastic continuations, rate effects
necessarily are absent. This last restriction can be removed with-
out difficulty. In fact, the present theory can be extended to
include rate effects at any time during a deformation. (To obtain
the more general theory, one can introduce a viscoelastic range
in place of the elastic range. Coleman's results would apply dir-
ectly for "viscoelastic continuations" and the method used in the
bpresent theory would allow these resuits to be extended to arbi-
trary histories.)

In this paper, no assumptions of fading memory are made. Thus,

the effect of events in the distant past on the present material




response need not be small. One assumption is made which restricts

the short-range memory of the materials in question: recently

encountered states of strain and temperature are elastically access-

ible from the present state. In other words, elastic continuations

to certain past states of deformation always are possible.

The present theory is a generalization of the theory of PIPKIN
and RIVLIN [8] and of the theories of GREEN and NAGHDI ([9], [101],
[11]). The assumption of the existence of an elastic range under-
lies each of these theories, including the present one. However,
the present theory gives an analysis which is not limited to rate-
independent materials and which does not depend upon the concepts
of elastic and plastic strain. It is worth noting that the con-
cepts of elastic and plastic strain arise naturally in the general
theory presented here. In addition the generalized stress relation
can be used to derive constitutive relations for the plastic strain
rate. These remarks will be discussed in a future paper. The
notions of elastic and plastic strain which are used in Section 8
of the present paper are the classical ones appropriate for the

theory of elastic-plastic materials.




2. Preliminaries.
Let A be the set of all paixrs a = (E,v) where E 1is any

3 ana v is any real number. (Through-

second-order tensor in R
out this paper, R" denotes an n-dimensional vector space.) The
set A 1is given the structure of ten-dimensional Euclidean space

with addition and s¢calar multiplication defined in the obvious

way and with inner product and norm defined by the relations

|

a.°a

T
+ V.V
18y = tr(EE)7)

12

[ex (seT) +v21 %,

lal

respectively. A positive pair is defined to be a pair of the form
(F,®) where F has positive determinant and © is positive. (In
this presentation, F will represent the deformation gradient and
(2] the temperature at a material point.) The symbol at denotes
the set of all positive pairs, and it is clear that At is an
open subset of A,

A mapping f: [0,0) -~ AT is called a strain-temperature hig-
toxry or, simply, a history. The set of all histories is denoted
by G*. The difference between two histories in general is not a
history. However, the difference is a mapping from [0,00) into
A.v The symbol G represents the collection of all mappings with
domain [0,00) and with range a subset of A.

Following COLEMAN and MIZEL [4], it is convenient to define




for each 0e[0,00) the O-section of a history £ by the relation

f(o)(s) = f(s + 0),

s€[0,00). The history £ is one obtained from £ by removing

(o)
a recent piece of the strain-temperature path associated with £f.

Let £ and g be histories. If there exists o¢¢[0,00) such
that g(o) = £, then g is called a continuation of f. If g
is a continuation of £ and a is a positive pair such that
g(0) = a, then g is called g continuation of f to a. If
06[0,00) and beA, the [0,b] 1local linear continuation of £ is
defined by the relation

f(s-0), s> 0
flo,b]l (s) =

£(0)+(s-0)b, 0L s< o,

Note that for o sufficiently small, flo,bleGt,

The derivative of a history evaluated at se[0,00) is denoted
by %(s) and the corresponding mapping of [0,00) into A by
%. In Section 3 a discussion of smoothness requirements for his-~
toriés is presented.

The followin§ notation will be used for present values of
thérmodynamic quantities at a fixed material point:

P . . . density

e . . . temperature




€ . « . 1internal energy per unit mass
" . . . entropy per unit mass
Yy . . . free energy per unit mass

r . . . heat supply

b . . . body force per unit mass

g - . spatial temperature gradient
q - . . heat flux vector

F .. . deformation gradient

T . . . Cauchy stress

L .. . velocity-gradient tensor.
The present values of the time rates of change of ) and n are
denoted by % and % , respectively. (The dot is used both to
denote differentiation with respect to time and also with respect
to the variable s. The particular use of the dot will be clear
from the symbol above which it appears.) The pair 2cA is defined

by the relation
¥ - -1,
= (T(F 7)*/P, -N)

and is called the generalized stress.

If £ denotes the history of strain and temperature, the first
and second laws of thermodynamics can be combined to give the inequal-
ity

b + T-£(0) + q-g/O < O.
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This inequality will be referred to as the Clausius-Duhem inequal-
ity. The symbol "." denotes the inner product in n-dimensional
Euclidean space. (The value of n should be cléar from the con-
text.) The sign appearing in front df the term in T is positive
because £(0) represents a derivative with respect to the vari-
able s. One can interpret the variable s as a backward measure
of time with s=0 denoting the present instant.

In Section 7 Coleman and Noll's method [12] is used to deter-
mine the implications of the Clausiué-Duhem inequality for a class
of matefials with memory. For the purpose of the thermodynamic
anélysis this technique regards the body force and heat supply as
quantities determined through the laws of balance of momentum and
balance of energy. Of course, for a problem in which the motion
of a particular body is to be determined, the body force and heat

supply must be treated as fixed quantities.
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3. The Class of Histoxies.

Consider first the class of all functions heG such that h
is continuous, bounded, and piecewise smooth with bounded deriva-
tive in [0,00). This class is denoted by 8. if h(s) does
not exist in the usual sense, define ﬁ(s) = ﬁ(s+). The fact that
h is piecewise smooth guarantees (by definition) that the limit
h(s+) exists. For each heP8 the number Inll = sup |h(s)]|

s€[0,00)
is finite.

The histories discussed in the sequel are restricted to belong
to the class prst ggéPS nG*t. The assumption of boundedness for
the histories and their derivatives rules out histories such as
those arising in steady viscometric flows. However, since the
materials on which the present theory is based are not capable of
undergoing such flows, the boundedness condition in the definition
of P8* is not unduly restrictive.

Since P8%* < 8, the norm |l.|| induces a topology on #8+,

The next two lemmas give some properties of this topology.

Lenwa 1. Let £ be any history. Then | £ - f(o)“ - 0 as g - O,

Proof. Let o,sc[0,00) and assume that f is continuous in the
interval (s,st0). Applying the mean value theorem to each com-

ponent of £, one obtains the inequality

l£, . (s) - £(s)| < V10 Mo

(o)
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where Mfe(O,oo) is chosen so that |§(s)| <M for every

s€[0,00). Since £ only has isolated jumps, the same estimate

for the difference |f (s) - £(s)| applies for any interval

(@)
(s,s+0). Hence Hf( y - £ < Y10 Mo and the result follows
g

immediately.

Lemma 2. Let fePS8", beA and o0e[0,®) be such that the local

linear continuation f£[0o,bleP8%. Then f£[o',bleP8t for 0< o' < 0
and ||f - £flo*',b]|| - 0 as o - O.
Proof. Clearly, if £[o,b]eP8t then £[o',b]cP8T for every

0'ce[0,0l. The last statement in the lemma can be proved from the

estimate

lelor, bl - £l < sup |£lo',bl(s) - £(s)]
¢'< s

+ sup |£lo',b](s) - £(s) |
Oes=0"!

< e - f(G,)ll +

sup (|f£[o*,bl(s) - £(0)]
O<s=<qg'

+ | £(0) - £(s)]|}.

Lemma 1, the definition of £[o',b]l, and the continuity of £ imply

the desired result.

It is convenient to introduce some additional notation at this

point. The set of all continuations of £ is denoted by C(f).
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If ae A+, then the set of all continuations of £ to the positive
pair a is denoted by C(f,a). In defining the elastic set, the
histories which are continuations of a given history g and which
are close to g play an important roie. If O <.6 < oo, the set
Cé(g) is defined to be the collection of all continuations of g
such that |h - g|| < & whenever heC,(g). Each element of

Cs (g) is called a 6-continuation of g. The concept of a d-contin-

uation of g to a, where a is any positive pair, is defined in

the obvious way. The set of all such § continuations of g to

a is denoted by ca(g,a). It is worth noting that the number

Hg'— h| compares the histories g and h as functions on [0,00).
Consequently, for a fixed §, a local linear continuation of g[o,b]
in general will not be a &-continuation of g if ¢ is too large.

The same remark applies to static continuations of a fixed history.

RUNT LIBRARY
CARNEGIE-MELLON UNIVERSITY
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4. The General Form for the Constitutive Relations.
The terms thermodynamic process and admissible thermodynamic
process are used in the sense of COLEMAN and NOLL {12]. In the

present context the constitutive relations take the form

N
b = P(£)
A
L= Z(£f)
A
N g= 9&9),
where § maps St into the reals, T maps Pst into the set

of pairs A , and G maps 8 x R3 into R3.

Henceforth it is required that every admissible thermody-

A
namic process satisfy the Clausius-Duhem ineguality. If ¥

A
and I are allowed to depend upon g , then, with suitable smooth-
ness assumptions, the Clausius-Duhem inequality rules out such
dependence (see [1l] for an analogous case). For convenience the
dependence upon g is omitted from the outset.
. . 93 A
The following smoothness assumptions on $, and g are

now set forth:

A
Sl. X and Q are continuous on rps* and P8t x R3, respectively.
S2. e limit
' PE) - B(E, )
. def -
H == 1in (o)
ol0 o

exists for each £ePs',
These assumptions require that the generalized stress, the heat
flux vector, and the free energy functionals retain certain smooth-

ness features of the histories on which they are evaluated.
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5. The Elastic Set and the Elastic Range.
This section contains a detailed description of the materials
of interest here.

+ . .
Definition 1. Let y: G - R" where G <S8 is an arbitrary set

of histories. Then 7y is said to be path-independent on G if

Y(gl) = 7(92) whenever gl(O) = gz(O) and gl,gzeQ.

The notion of path-independence arises in the study of hyperelastic
materials. In fact, a hyperelastic material is one for which the
free energy functional is path-independent on the set of all his-~

tories, i.e. on all of pst.

The notion of path independence is the central idea in
Definition 2. Let £ be a history and let g be a continuation

of £ with g(o) = £ d 0> 0. Then g is said to be an elas-

tic continuation of f if the following conditions hold:

1. For each 0'€[0,0) there exists & =6(0',g) > 0 such

that the free energy functional $ is path independent

on the set of all 0-continuations of oy -

2. lim 6(0',g) > O.
a'¥0
If condition 1 holds with o' =0, then f is said to be an

— — | —— Sy e

elastic continuation of itself. Before a discussion of this
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definition can be given, some additional terminology must be intro-
duced. If g is an elastic continuation of £ and g(0) = a,
then g 1is said to be an elastic continuation of £ to a. The
set of all elastic continuations of £ will be dénoted by E&(f)
and called the elastic set for £. Note that £ is inéluded in
€(£f) 1in the event that f is an elastic continuation of itself.
The set of all elastic continuations of £ to a positive pair a,
i.e. €(f) n €(£f,a), will be denoted by &(f,a).

The definition of elastic continuation presented here is
related to the familiar description of hyperelastic materials:
the constitutive functionals (in particular, the free energy) of
a hyperelastic material are path-independent on 8", The essen-
tial idea in developing a theory which includes elastic-plastic
phenomena is that of requiring that the free energy functional
be path-independent on certain proper subsets of PS8t rather than
on the entire set. For each elastic continuation g of a history f£,
with g(o) = f, and for each 0¢'e[0,0), there corresponds one such
proper subset of 8", namely, the set of all S-continuation of
9(0)* where 6 = §(0¢',g). In other words, sufficiently short con-

tinuations of g(q, in all directions produce a path-independent

)
response from the functional $ . It should be noted that one can-
not expect, in general, that £f will be an elastic continuation

of itself. (Take the case of an elastic-plastic material when the
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current stress is on the yield surface.) For this reason ¢'€¢[0,0),
rather than 0'¢[0,0), is written in part 1 of Definition 2. Con-
dition 2 of Definition 2 guarantees #hat the sets cé(g(o')) on
which $ is path-independent not shrink in diameter to zero as
o' = 0. If one were to assume that 6(°,g) is a continuous func-
tion, then this condition automatically would be satisfied.

In the next formal assumption, it is required that, even if
f 1is not an elastic continuation of itself, £ must be a limit
of elastic continuations of £ to points £(0) as © — 0. Hence,
a sequence of recently encountered strain-temperature points can
be reached via elastic continuations which, themselves, differ
only slightly from the history £.
Al. For each fcP8t  the closure of the set U E(£,£(a))

0ge(0,00)
contains the histoxry f.

In particular, this assumption implies that the elastic set for
each history is non-empty.

In general, if aeA+ and g(0) = a for some elastic contin-
uvation of £, the pair a is said to be elastically accessible
fxow £f£. The set of all pairs aeAt which areelastically access-
ible from £ is denoted by E(f) and called theelastic xange £or
f£. Thus, for each history, the elastic set is itself a collection
of histories, while the elastic range is a set of strain-temperature

points, i.e. a set of positive pairs.
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The next lemma describes properties of the sets €&€(f) and
E(f).
Lemma 3. Let £ be any history. Then

l. If g 4is an elastic continuation of £ then £&(g) < &(f),

and hence E(g) < E(f).
2. The elastic range E(f) is an open subset of At.
Proof. The proof of 1 requires an examination of Definition 2.
[ i = . e i = '
Suppose that ge€(f) with 9 (a) f. If he€(g) with h(o*) g
then h(c+0*) = f. Let
5(e',h), ¢'e[0,0%)
6* (o',h) =

6(o*-0*,g), O'c[o*,0%+0),

Writing 6* = 6*(o',h), it follows that $ is path-independent

on C (h(o')) for every o¢'¢e¢[0,0*+0). Furthermore, lim 6*(0',h) > O,

*
6 gdo0

Hence, he€(f).

The idea of the proof of 2 is to show that certain local
linear continuations of each gec€(f) are elastic continuations
of f. The following estimate is needed: let gePS*, € > 0 and

beA with |b| = 1; then
lg - gle,plll < €290 Mg + 1]

where My = sup |g(s)|. Now, let gec€(f), with 6§ = 6(0,g) and
_ sel0,0) : A
€ = 6/[4710 Mg + 2]. By the above estimate, if ¢ < ¢, then
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lg = gle.blj < &/2, and c5/4(g[€'b]) c Cé(g) for every b such
that |b| = 1, Hence {b\ is path-independent on the set 06/4(g[e,b]),
so that g[e,ble€(g) for each ¢ < ¢ and b such that |b| = 1.
Since gec€(f) it follows from the first part of this lemma that
gle,ble€(f). Hence all positive pairs of the form g(0) + ¢b,

with € < © and |b] =1 are elastically accessible from f£. It

follows that E(f) is open.
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6. Properties of $ .

Condition 1 in Definition 2 guarantees that $ is path-
independent on the set Ca(g), where § = 6(0,g9) and gel(f).
Another way of stating this condition is to say that $ is con-
stant on the set Cég,a) for each fixed acA¥. (If this set is
empty, $ trivially is constant.) For each ge€(f) it is natural
to define a function which is derived from the restriction of {p\

to c5(9). Accordingly, if ge€(f) and 2cA”  are such that

Ca(g,a) is non-empty, define V(a;g) by the relation

»(azg) = §(g*)

where g* is any element of Gé(g,a). 1f 7 _: P8t - at

o is the

projection operator, i.e.

Wo(g) = g(0)

for each gePS+, then the domain of ¥ (°;g) is the open set
def
E (@)= (C; (9)) .
The next assumption gives important smoothness properties of

p(:9).

s3. 1. f g 4is an elastic continuation of £, then ¢ (°;g) i
1

a C- function on Eo(g).

N
.
4

et VY (+;g) denote the gradient of ¥ (-;g). Assume

that
pp ()22 1im V(g (0):g,)
n - oo




21

exists for every sequence {gn} © €(f) for which g, ~ £

an n-oo and that DY(f) is independent of the partic-

——

ular sequence {g_,} chosen from €&(f). Then DY(£)

satisfies the following approximation property: there

exists € > 0 such that

$(h) = {(£) = DYP(£)+(h(0) - £(0))

+ o(|h(0) - £(0) )

whenever h 1is both an elastic continuation and an

e-continuation of f£f.

The smoothness assumptions guarantee that $ (locally) resembles
the free energy response functional far a hyperelastic material.
Two remarks are relevant to the assumption in part 2. First of
all, in Section 7 it will be shown that Dy(f) exists for every
history f. Secondly, the approximation property in Part 2 of
S3 has the following significance. The functions Y(°;£f) and
v (*;£),may not be defined in the event that £ is not an elastic
continuation of itself. It is essential in order to obtain a
chain rule property to aséume that D ¥ f) satisfies an approxi-
mation property analagous to that satisfied by a cl function.
The assumption that such an approximation property holds is reas-
onable in view of Lemma 5 (to be proved in this section), which

shows that DY (f) and VYP(£(0);£f) are equal if £ is an elastic
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continuation of some history. It is convenient to give a name to
the pair DY (£f). Accordingly, D¥P(f) will be referred to as the
elastic gradient of the functional ¢ at £. It is clear that
Dy(£f) is an element of the set A. }(Recall that A is the set
of all pairs, positive or not.) Furthermore, DY(£f) may depend
upon all of the values £(s) where sec[0,00).

The assumption that the elastic gradient satisfies the above
approximation property implies that another type of gradient of

$ exists whenever the elastic gradient itself exists. This

gradient is computed from difference quotients
Dty - deg o)

(¢

AfE) =

£(0)

is an elastic continuation of £ to the pair f£(0)

e

where

- fl -0 as o - 0. Note that Al, Section 5,
g
£(9)

and where
guarantees that there always exists a sequence of histories
having such properties. If lim Ab¢(f) exists, the limit is

denoted by s¢(£f) and is callegdLge history gradient of $ at f.
The history gradient will play the role of the corresponding quan-

tity o6y discussed in the introduction.

Lemma 4. Let £ be a history for which the elastic gradient at

£ exists. Then the history gradient at f exists and is given by

SYP(£) = d’)\(f) + DY(£) -£(0).
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Note that the last relation is the verstion of the chain rule
property appropriate to - the present theory.

Proof. The idea of the proof is to wwvite AU$(f) as the sum of
two difference quotients and to show that each quotient has a

limit. Thus

by - bey b - b

g . g g

(£, ) B9y - P

By S2 (Section 4), the first term on the right hand side above

tends to @(f) as 0 " 0., From S3,

poe(0)y _ 4 _
8et9y - ¥g) pb(sy. AE(@ = £(0))

o) (o)

+ o(1)

0’ 3
since f( )(0) = f(og) and |f(0)| is finite. As o - 0, this

relation becomes

P - o

g

lim DY (£) -£(0).

o-0
The existence of the history gradient and the validity of the
chain rule property follow at once.

Lemma 5. Let g be an elastic continuation of f£. Then the

elastic gradient and, therefore, the history gradient at g exist.

Furthermore,

v (g(0):qg)

DY (g)

5¥(g) = O.
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Proof. To show that Dy(g) exists let [gn} c €&(g) with
Hgn -gll -0 as n - oco. By Lemma 3, {gn} c &(f£) and, for n

sufficiently large,
(g, (0)5g,) = Plgy) = ¥(g,(0):g).
Thus, it follows by similar reasoning that

V(g (0):g,) = vylg (0):qg).

Consequently, Dy(g) exists and has ﬁhe value
lim V¥ (g,(0):g) = VY (g(0):q).
n- oo ;

In order to show that 6y (g) = 0, observe th#t if gecl(f),
then ihe histories 9(0) and g(a) (for o sufficiently small)
can be chosen from a set on which $ is constant. (The validity
of this observation rests on Condition 2 in the defianition of
elastic continuations; the proof is not included here since it
is élementary but rather detailed.) Thus,

2 - Pa))

(o

=0

Ab$$§) =

for o sufficiently small. Clearly, this relation implies sy (g) = O.
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The derivative W' in the theory of PIPKIN and RIVLIN [8]
provided the motivation for the introduction of the history grad-
ient in the present theory. Although the two types of "derivatives"
are conceptually related, W' and 6y have quite different proper-
ties. In fact, the precise analogue of the history gradient in
[8] is W' evaluated at the present strain. This quantity is

identically zero while, as is shown in the next section, 69§ is

not.
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7. Consequences f the Clausius-Ruhen Inequality.

. s A :
If Dyp(f) exists, then the expression for Y = P(f) obtained
in Lemma 4 can be substituted into the Clausius-Duhem inequality

to give
A .
(Z(£) - DY(£)}-£(0) + sp(£) + Q(£:g)-g/p@ < O.

Now, suppose g is an elastic continuation of £f. Then, from
Lemma 5, Dy(g) exists and equals vP(g(0) ;g); furthermore,
5¥(g) = 0. In this case, the Clausius-Duhem inequality takes the

form
A . A »
(z(g) - vp(g(0):g) }-gLu) + algsrg) *g/p@ < 0.

The proof of Lemma 3 shows that €(f) is closed under local lin-
ear continuations. From a standard argument (c.f. [3],(51,([7], [12]),
one obtains

Lemma 6. Let g be an elastic continuation of £. Then the

generalized stress relation and the heat conduction inequality

hold, i.e.

M) = ddlg) (= P(g(0)1g))

A
da(gsg)-g <0

for every geR3.
These results correspond to the classical thermodynamic results

for hyperelastic materials.




Stronger results can be obtained using the continuity of

A A
Z and g (Sl1, sSection 4). These results are included in

-

Theorem l. Let S1, 52, 83 and Al hold. Then necessary and

sufficient conditions for the Clausius-Duhem inequality to hold
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for every admissible thermodynamic process are the existence of

the elastic gradient at each history and the relations

|
a2
I

DY(£)

0

Q

Hh
[{e}
Q
IN

5P(£f) £ 0

which hold for every history f and for every geR3.

Proof. Let f£fcP8T, From Al, there exists {gn] c €(f) such

that |lg - £l = 0 as n - co. Accarding to Lemma 6,
n

ﬁ(gn) = vp(g (0):igy)

4(gnylg)-g = 0

for n=1,2,... and for every geR3. The assumption S1 then

implies that Dy(£f) exists, that
A
Z(£f) = Dy (£f)

and that
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for every geR3. The first relation can be substituted into the

Clausius-Duhem inequality to yield
SP(£) + q(f:g)+g/p® < O .

This inequality must hold for every geR3. Setting q = 3,
5p(£f) < 0 is immediate. Clearly, the existence of Dy(£f), the
generalized stress relation, and the two inequalities in the state-
ment of Theorem 1 imply that the Clausius-Duhem inequality is
satisfied.

The following corollaries are immediate consequences of

Theorem 1.

Corollary 1. If g 4is an elastic continuation of £ and g*

is a continuation of g, with g* sufficiently close to g, then

A
Z(g*) = vYg*(0):q9).

This result shows that the stress and entropy are locally path-

independent within the elastic set.

Corollary 2. Let feP8t, Then
poY (£) = =[pOn - (pr - div g)]

where ©,7 and g are computed from the history £.

Corollary 2 follows from Theorem 1 and the energy balance equation

) = -Z.£(0) - [en - (xr - div g/b)].
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The expression for 6% given in this corollary shows that 5y

is analogous to the internal dissipation defined by COLEMAN [1].
(It should be noted that the internal dissipation in Coleman's
theory is related to a Fréchet derivétive whereas 6y is not.)
In Section 8 a special theoxy is given in which =-pdy reduces to
the rate of performing "plastic work". This special theory along
with Corollary 2 indicate that the quantity 6y is a reasonable
generalization of the notion of dissipation in elastic-plastic
materials.

The fact that 6&¢(f) < 0 implies

Coxollary 3. Let £cPs". Then
A .
pPSY(£) < -Z(£) -£(0).

COLEMAN [1] proved a corresponding result for materials with fad-
ing memory. It is interesting to note that equality will hold in
Corollary 3 if £ is an elastic continuation of some history £*.
Hence, roughly speaking, the rate of performing work is accounted
for completely by changes in free energy whenever the current
history lies within an elastic set. From these thermodynamic con-
siderations, the term "elastic set" is justified in the present

context.
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8. Infinitesimal Deformations of Elastic-Plastic Materials.

In order to illustrate the results in Theorem 1, a special
theory is discussed. This theory uses the definitions of elastic
and plastic strain-rate given by HILL [13]; in addition the deform-

ations are assumed to be infinitesimal, i.e. the components of

F-I are small in comparision to unity. The assumption of small
strains is not essential and is made only for convenience.

We restrict our attention to the class of histories
+ +
P8 = ( £eP8T|£(00) = (1,0), ©> 0].

Here, I denotes the unit tensor.
(This restriction also is made for conwenience and is not essen-
tial to the theory discussed here.) For each fePS: the Green-

St. Venant strain tensor is given by
T
E(f) = %(F'F - I)

where £(0) = (#,0). Of course, E(f) depends upon £ only
through the pair £(0). The strain-rate é(f) is defined by

the relation

E(f) - E(f )
£(£) = lim (o)
gio o

Clearly, E(f) exists for each fePQ;. The symmetric part Ls

of the velocity gradient tensor satisfies the relation
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L (£) = (FT)‘ -1lg (f)F"l

+ e s . . .
for each fePso . For infinitesimal deformations the last relation

takes the form
LS(f) = E(f)l
. . . A A, -1 T A
and it is clear that the relation I = (T(F )*/ p, -m) Dbecones
A A A
= (T/po, "‘n)

A A
where po is the density when s = +00 and T and 7 are the
stress and entropy response functionals.
The elastic strain-rate for £, L®(f), is defined through

the relation

Le(f) = £5(D(£),8(£))

where 6(f) is the second component of the pair f£(0) and where
£€ is a bilinear, symmetric tensor-value function. It is assumed

that the stress-rate at I,

) A A

A T(£) - T(£,_ ,)

e Linm - (0)
0

jexists at each fepgz . The elastic strain for £, ES(f), is

defined by
le o)
E®(£) —f L®(f )do .
o (0)
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The plastic strain-rate gg; £, Lp(f), and the plastic strain

for £, Ep(f), are defined by the relations

[aa¥a

P (£) = LS(f) -1.8 (£)

and
EP(f) = -’ (£ do ,
A (©)
respectively. The definitions of L®(f) and Lp(f) follow
those given by HILL [13]; the definitions of E¢ anda EP are

natural ones to make for the infinitesimal theory. The relation
Ls(f) = E(£f)
and the fact that £(oo) has the form (I,®) implie$ that
E(£) = ES(£) + E°(£)

for each fepgz. It is important to note that Ee(f) and
Ep(f) may depend non-trivially upon the entire history £ whereas
E(f) only depends upon £(0). |

Next, two constitutive assumptions are made which embody the

basic features of elastic-plastic materials.

Cl. Let A_ = {(E,0) cA|E is symmetric and © > 0}. Then there
exists a Cl function ¥* on A, such that, for every fePS;,

PE) = p*(22(£), O).
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C2. The mapping £ - EP (£) is continuous on PS: and

EP(£) - EP(£, )
20 () 2E i (9)
glo o

exists for each fepsz. Furthermore, for each fepgz, there

exists a.non-empty connected open set E*(f) © A" such that

1. I ) = f and g(o')cE*(f) for o < o' < 0, then

2. There exists oo(f)e(o,oo) such that £(0')€E*(f)

for o< o' < oo.

The gradient of ¢* is denoted by JYP*(E,®) and the first
component of the gradient by VE¢*(E,6).

The next lemma shows that the existence of E*(f) implies
that €(f) is non-empty.
Lemma 7. If S1, Cl1 and C2 are satisfied, then

1. S2 holds, i.e., $(f) exists at each fePsz.

2. €&(f) 4is non-empty and E*(f) c E(f).

3. Al is satisfied.
Proof. Since Y* is smooth and EP(f) exists, é(f) exists
for each fePSZ. To show that €&(f) is non-empty, note that
any history g satisfying the hypothesis of condition 1 in C2
is an elastic continuation of £. In fact, the special form for $
given in Cl1 and condition 1 of C2 imply that $ has the

appropriate property of path-independence for short extensions
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of g. The connectedness of E*(f) and condition 2 of C2 imply
that E*(f) is a subset of E(f). Condition 2 of C2 implies
that Al is satisfied.
Thus, Lemma 7 shows that Sl1, Cl and C2 define a class of
materials to which the theory of Sections 1 through 5 applies.
Denote by ¢€*(f) the set of all histories gepsz such that
g(o) = £f and g(0')eE*(f) for O £ o' <0; clearly, from Lemma 7,
€*(f) < €(f). The next lemma shows that the restriction of $

to e* (f) determines the quantities DY(f) and &6P(£f).

Lemma 8. Let fePs:. Then DY(£f) and oP(f) exist and are

given by

DY (£f) = V*(ES(£),0)

§O(£) = - ex[v 9% (% () ,0)EP ()],

— C—— a———————————— e ————————————  S—

1

Proof. Let fePSg with £(0) = (F,9), let a' (F*,0')cE*(£),

and let g,g'c*(f) with g'et(g) and g'(0)

a'. Recall

that Y(a’';g) is defined by the relation

$(a'sg) = D(g*)




whenever

where E'

and a‘.

to lowest
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g' is sufficiently ¢lose to g. It follows that

{5(9')

= ‘p*(Ee(g'):e')

p(a's;g)

= Y*(E(g') - EP(g"),®

= P*(E*' - EP(£),0")

)

= %(F'TF' - I). Thus, ¥(a';g) only depends upon £

Consequently, VY (a';g) 4is given by
Vd)(a'7g) = le*(E"‘ Ep(f)le')l

order in F'— I. Since ¥* is cl it

Dy(f) exists and is given by the relation

The proof

DY (£) = VY*(E€(£),0).

follows that

that ©6Y(f) exists is accomplished by means of a direct

calculation. In fact, if 9 is any element of

£2(0) = £(0),

dP(£)

&x (£f) such that

A N
PED - P, )
= lim (9
ol0 Ng
- pP(F - - =P
_ lim% *(E(f) - EP(f ),0(0)) ¢*(E(f(o)) E (f(a)).e(o))
ov0 . o
- P - - P
Ctim P (E(f ) - EP(£),0(0)) ¢*(E(f(o)) E (f(o)),e(o))
ol . o

I

- tr [V ¥+ (2®(£),0)EP (£) ].
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Now, define a function WP by the relation
WP (£) = ex(9* (E°(£),0)EP ().

Let us apply Theorem 1 in the special context outlined above.

The most interesting results obtained are
A S
T(E) = poY ¥* (E®(£),0)
and
-5Y (€) = WP(£) > O.

Using the first result in the definition of Wp(f), it follows

that
p WP (£) = £x{T(£)EP(£) };

hence we can refer to WP as the "plastic power production.”

Theorem 2. In the infinitesimal theory O&6P(£f) egquals WP (£),

the negative of the plastic power production; hence WP(f) > 0.

The fact that the result WY (£) > 0 follows as a special
case of Theorem 1 indicates that the theory of Sections 2-7 is
a proper generalization of the classical theories. It should be
noted that the condition WP(f) < 0 does not violate any thermo-
dynamic restrictions if one takes, for example, a more general

constitutive relation of the form
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9e) = V(E(H),EP(£),0)

for the free energy. Hence, if in a particular deformation the
condition WF (f) > 0 is violated, a form for @ more complicated
than the expression in terms of ¥* must be chosen. Thus, the
Clausius-Duhem inequality can be used to indicate when constitu-

tive rzliations are too restrictive in form.
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Part II: Rate-IndeEendenE ggteriayg

1. Intreduction.

The important role that rate-independent materials play in
theories of materials with elastic range is seen in the theories
of plasticity. Having established in Part I thermodynamic results
for materials with elastic range, I devote Part II of this paper
to a systematic investigation of the consequences of the assump-
tion that $ is a rate-independent functional.

The definition of rate-independence used here is based on
that given by TRUESDELL and NOLL[14]; the specific form used here
was introduced by OWEN aﬁd WILLIAMS [15]. This definition
requires that -ﬁ be invariant ﬁnder time réscalings of each fixed
history in its domain and has an advantage over the equivalent [15]
definition of PIPKIN and RIVLIN [8]. The advantage lies in the
fact that the formér definitibn does not distinguish between dif-
ferent rescalings of a given history, while the latter definition
singles out a particular rescaling function; the arc-length rescal-
ing function, and replaces each history by its arc-length repre-
sentation. The use of the arc-length representation complicates
the analysis because there appears to be no simple way of compar-
ing different histories in terms of their arc-length representa-
tions.

The rate-independence of @ is the central hypothesis in each

of the results in Sections 3 and 4. In particular, I show in
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Section 3 that this hypothesiScimplies that the elastic range

is invariant under rescalings of a given history; furthermore,
the elastic set changes only in a trivial way under time rescal-
ings. In Section 4, similar results specify the restrictions
which the rate-independence of $ imposes on the stress and on
the history gradient of the free energy. Specifically, the stress
functional is a rate-independent functional and the history grad-
ient depends upon the history of the magnitude of strain and tem-
perature rates only through the present value. An important
corollary of the last result is the fact that there can be no
internal dissipation during static continuations for a rate-inde-
pendent material. Thus, certain internal processes must cease
when a material point is subject to conditions of constant strain
and temperature. In the final section, a result is presented
which shows that the rate-independence of ﬁ and the special
property of 5y deduced in Section 4 suffice to establish the

rate-independence of a functional closely related to $. This final

result, when considered in the context of the theory presented in

Section 8 of Part I, gives testable sufficient conditions for the
. A . . .

rate-independence of . In fact, if during isothermal processes

the stress is a rate-independent functional of strain-history and
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if the rate of plastic work is linear in the magnitude of the
current strain rate, then @ is a rate-independent functional
of the strain-history.

The method of proof for the results in Part II relies on
many concepts and techniques used in Part I. The main new concept
introduced in Part II and used throughout is that of a g-rescaling
function. This function, denoted by 3% , rescales only the seg-
ment of a history f which was traversed in the time interval
(-oo, -0]. The importance of such rescalings is demonstrated in
Lemma 2 where I show that every elastic continuation of a rescaling
of a history f is characterized by the property of being a

o-rescaling of an elastic continuation of £.
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2. Rate-Independence and Related Concepts.

laeacad

A functional v: PS* - R™ is said to be rate-independent

if, for each history f,

y(£e @) = y(£)

for every monotone non-decreasing continuous function ¢ mapping
[0,00) onto a set containing the support of £. To insure that
the composition fe@ is an element of rgt, it suffices to
assume that @ also is piecewise smooth and has a bounded deriv-
ative. The symbol @ is used exclusively to denote a function
with these smoothness properties. If the range of @ contains

the support of £, then @ is called a rescaling function for £,

and the set of all rescaling functions for £ is denoted by Qf.
The condition on the range of ¢ guarantees that fe@ attains
the same values as does £. Further technical points related to
the definition of rate-independence are discussed in detail by
OWEN and WILLIAMS [15] . In particular, these authors show that
the definition of rate-independence given here, which is a refine-
ment of that given by TRUESDELL and NOLL [14], is equivalent to

the definition given by PIPKIN and RIVLIN [8].

. T S
Henceforth, the free energy functional ¥, introduced in

Part I, is assumed to be a rate-independent functional. The remain-

— ——————————— — —— —

der of Part II is devoted to obtaining the consequences of this
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assumption.

Before proceeding, it is convenient to introduce the concept
of a Oo-rescaling function. Let ¢e¢% and 0e€[0,00). Then the

o-rescaling function ¢0 is defined by the relation

#(s) =

o+ g(s - 0), o< s.

Note that the composition fo¢0 agrees with f on the interval

[0,00), while on the semi-infinite interxrval [0,00),

(£2%) (s) = £(0c + F(s-0))

= (f(0)°¢)(s_0)0
It follows that
(£:07) (5) = £(p)°P-

Clearly, if ¢e¢f, then ¢oe¢% and @ is a rescaling function
for f(o.) -

The functions ¢U are important in determining the restric-
tions imposed on the elastic range by the rate-independence of @ .
The relevant properties of these functions are given in

Lemuwa L. Let g be a history, 0*%,0'. and 0 non-negative numbers

with 0* < 0', and ¢ a rescaling function for Io')" The following
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conditions hold:

l. If h is a §-continuation of g with h(c*) = g, then

*gt . : '
heg® "9 is a §*-continuation of go@#? , where

0% = {3+M¢]5
and My =  sup #(s).
s€ [0,00)

2. £ ho¢0*+°' is a S-continuation of go¢0', then h is

a O*~continuation of g.

Proof. The proof of 1 is given here; the proof of 2 is similar.
Thus, let g,h,d, 6§,0*%, and o' be given as in 1. The proof rests
on the following observation. Let g* be any history and

o*c[0,00). Then for each ¢o€¢§*

sup |g*(s)| = sup |g*(g s-0%) + o%) |
SE_O‘* s >0*
*
= sup |(g*d] ) (s)] ,
s> o*
Thus, if  |lg*|| e |g*(s) |, the last relation becomes
[o%,c0) O*<8 <00
*
190 g oy = 1o%8 N 1 o,

Consider now the quantity

a'+o¥ o
|lhog = 98 |l giior, 00y S

”h°¢0"+0‘* _ g°¢0"+0’*| +

[o%0*,00)

o'+o* o'
lged - geg || [o%o%00) *
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On the right hand side of this inequality, the first term equals

Hh - g“ which, by hypothesis, is less than 5., The
[0%0%,00)

second  term can be estimated as follows:

o'+o* o
lgeg - gef u[or#o*,oo) -

= sup Ig(
s2g'+o*

(@(s-0'-0%)) - g gy (@(s-0")) |

o'+g*)

= sup Ig(ow(¢(s—o‘—0*)+dﬁg(o,)(¢(s—0'))|

s20'+0%

< M_ sup {|#(s -0' -o0*) -@(s - 0') + o*)
sz0%0*

+ *,
< Mg (1 M¢)o

where Mgggg‘VTﬁ sup |§(s)|. In this estimate, the mean-value

s=0
theorem has been applied to @& and to each component function of
g. (Note that the mean-value theorem applies here since both ¢
and é have only isolated jumps, c.f. Lemma 1, Part I.} Further-

more, the inequality

Ih - gll <8

and the mean-value theorem imply that

It follows that Hgo¢0'+°* - go¢°ﬂ[ c'+o*, ) < (3 + M¢)5 .

Consider next the estimate
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oo 0¥ _ oo’
Ineg 999 | g0 graon <

o'+o* o'
”h°¢ - h°¢ ” [o-l 'o-l+o'*]+

Ineg®" - oo™,

L
',0'+0%]

Using the me thod given above, one can show that the first term

is dominated by 6{1 + M¢}: the second term is less than 6, since
[ ] 0-' _ -
Ineg®” - g-g ”[c',oo) = Ik g“[o’.oo)'
Thus,

Hh°¢°'+°* - ge¢o'“ < (3 + My s.

[c',0'+to*]

Finally, it is clear that
] * '
[heg® *O - gog® H[ 0,0'] = In - gH[o,o']

<5< (3 + M¢)6

‘+o* (o] .
and god equal h and g, respectively, on

since h¢¢0
[0,0']. Combining the estimates obtained separately for the inter-

vals [0,0'], [0',0'+0*] and [0'+0%,00), it follows that

Ihog® "7 - Geg® | < &% = (3 + Mg e,
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3. Restrictions Imposed on &(£f) and E(f).

The results of this section will show that the rate~-independ-
ence of $ implies that both the elastic set and the elastic range
are rate-independent, each in a sense to be specified below.

The substance of these results is contained in

Lemma 2. Let £ be any history and ¢ a rescaling function for

f. Then the following conditions hold:

1. £f g is an elastic continuation of £ with o) = £,

then go@’ is an elastic continuation of fod.

——

2. f g is an elastic continuation of fe@ and I fod,

then the history G given by

AN
10}
A
Q

g(s) 0 <

f(s-0) o< s

IA

is an elastic continuation of f.

This lemma makes precise the sense in which the elastic set is
rate-independent. 1In fact, the results of the lemma are equiva-
lent to the assertion that there is a one-to-one mapping of the
set of elastic continuationz of £ onto the set of elastic con-
tinuations of feg.

Proof. The proof of 2 is given here; the proof of 1 is similar.

Let ge€(fod) with 5(3) = fe. Let 0 < o' < 0 and consider
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the history §(o=)’ where T is defined in the statement of part

~ — o-0'
2 of this lemma. Note that ') = g(a')o¢ . Now, take

6e (0,00) such that
8% = 6(3 + My) < 5(a',9),

where 6(0',g) is the positive number which determines which con-
tinuations of E(o.) give a path-independent response. With §

so chosen, let hecé(g(a.)) with h = 90" Then, by Lemma

(o)

- N * ~
1, h°¢0 o'+ is a 6*, and hence, a 6(0',g) continuation of
- ~'-G' ~ B onnd - - .
g(om)°¢o =g . Consequently, if hl,h2e06(g(0, ) with

()] )

hl(O) = 32(0) and (Ei)(ol) = (Eé)(oz) = g(o.), then it follows
~; ol -’ o~ g-g' ~

that hlg§£ h1°¢° o toy and h223£ h20¢° G o2 are 6(oc',g)~-

. ~ P
Furthermore, hl(O) = hz(O). Therefore,

continuous of g

(@n°

since $ is path-independent on the §(0',g) continuations of

F (o)
b = fidyed” 7Y
_ $(52°¢5-0'+02)
= ().
Thus, $ is path-independent on c6(§(0')). This argument shows

that part 1 of the definition of elastic continuation is satisfied

by g( c.f. Part I, Section 5). The results in Lemma 1 readily




show that part 2 of the definition also is satisfied.

An immediate consequence of Lemma 2 is the main result of
this section:
Theorem 1. Let £ be any history and let @ be a rescaling

function for f. Then the elastic ranges for £ and for feof

are identical.

Thus, Lemma 2 and Theorem 1 show that the rate-independence of
$ places strong restrictions on the dependence of the elastic
set and elastic range upon rescalings of a given history. 1In

the next section, the thermodynamic results obtained in Part I

will be reexamined in light of the rate-independence of @.

48
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A
4. Restrictions Imposed on I and 6&y.

In this section, the assumptions S1-S3 and Al (Part I)
and thé assumption that $ is rate-independent are taken as a
starting point. (The assumptions from Part I were those used in
establishing Theorem 1, Section 7.) With these assumptions taken
as hypotheses, the main results of this section are given in
Theorem 2. Let £ be any history. Ehén

A
1. Z 4is rate-independent.

—

2. OS6Y(fog) = 6¢(f)a(0) for éach rescaling function .

The proof of Theorem 2 requires two lemmas.

Lemma 3. Under the hypotheses of Theorem 2, Dy 4is a rate-
independent functional.

Proof. Let gee(f) with o) = f . Let {an] be a monotone
increasing sequence of positive numbers with limit o¢. For each
¢e¢f and for n=1,2,..., g(an)°¢o-on is an elastic continu-
ation of feof (Lemma 2, Part II). An argument similar to the
proof of Lemma 1, Part I implies that Hg(on) ~f]| -0 as n - oo
and that Hg(on)o¢o-on - fof|| - 0 as n - oo. It follows from

the rate-independence of @ that, for each n,

=b(a:g(on)o¢g_°“) = w(a:g(on))

for every acAt sufficiently close to g(on). This relation

implies that
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O“‘O’n)

v (glo,) ;s g(on)°¢ = vplglo ) g(on)).

Consequently, one can write

o-0
Dp(fep) = lim  vylgla): g5, @ )
n—oo n
= lim V\b(g(an)f g(o_ )) = Dlp(f)i
n

n—"oo
which is the desired result.
Lemma 4. Let f be any history, ¢ a rescaling function for f,

and 0<{0,00). Then

(£9) 6y = £(g(0))°H(P0)

where u{@,0} is the rescaling function of f(¢(o')) given by
u{g,0} (s) = @g(sto) - glo), se[0,00).

Proof. For each se[0,00),

(£-9) (s) = (f9) (st+0)

(o)

£(Z(st+a))
f(@(sto) - g(o) + B(o0))

T (g(o)) Plsto) - o))

[f‘¢(0.) ,oﬁ{ch}] (S) .
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Proof of Theorem 2. The fact that g is rate-independent is an
immediate consequence of Lemma 3 and the generalized stress rela-
tion.

In order to prove 2, let fePS+ and ¢e¢%. Using S3, two
approximations for the difference Q(f) - Q(f(g(o))) will be

obtained. First, the fact that @ is rate-independent gives

A _ N -
Y(£) ‘b(f(;d(o)))
= {b\(f°¢) = I/p\(f(¢(c))o[.l.[¢:0'])
_ N o _ N o
= $(Eed) - D((£eA)y))
= PUeed) D) - Bleep)g)) + PlEed) -P((£e)®)
= U T) - Plteed) )
- DY (£e) - [(£2¢) (0) - £(0)]
+ o(|£(0) - £(&(a))]),
where (fo@)? is any elastic continuation of fod to £(g(o)).
Hence
N y
N R D ((£2)®) - P(£o0) @1
bo -8z g ) = o o !

DY (fo@) - [£(F(0)) - £(0)]
+ o(|£(0) - £(F(0)]).

On the other hand, for o sufficiently small, let f¢(o) be an

elastic continuation of f£ to f(g(0)) and write
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A A N A, Fo)
£) - Y(£ ) = P(£) - P(£ )
,¢( ) v (Z(0)) v v
#(0)

= -DYP(f) - [(£d) (0) - £(0)]

+ o(|£(#(0)) - £(0) )
3(£2(9))

Ll

A
- w(f(¢(o))]

+ ¢<o)[ _—
(o)

(In this argument, it is assumed that @(¢*') > 0 for all ¢
near O. The case where @(0') = 0 for one and hence for all
0' near O can be treated easily by looking at the first esti-

N

N
mate for Y(f) - ¥ ) Equating the two expressions for

g0’
$(f) - ﬁ(f(¢(o))), dividing by 0, letting © tend to zero, and

using Lemma 3, it follows that

Sy (Eo@) = 8% (£)F(0).

Part 2 of Theorem 2 can be restated as follows: &P (£f)
depends upon [%I, the history of the magnitude of the strain-
temperature rates, only through the present value IE(O)I; further-
more, the dependence is linear. In particular, this observation

implies that the history gradient of $(for a rate-indepvendent

material ) vanishes during static continuations. Hence, for rate-

independent materials, static continuations produce no internal

dissipation.
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A
5. A Sufficient Conditiop for the Ratecludependence of ¥ .
This section contains a theorem which is a partial converse
to Theorem 2 of Section 4. This theorem provides sufficient con-

s . N N, .
ditions for the rate-independence of § when ¥ is restricted

to a special class of histories.

Theorem 3. Suppose that DY is a rate-independent functional and

that
6P (£o8) = 89 (£)¢(0)
for every history £ and every rescaling function ¢ for £.

e
log

en the relation

O A .
P (£) =-£> [-E(f(o)'f(o) + 6¢(f(0))} do

defines a rate-independent functional 7 whose domain includes

those histories for which the inteqral exists.

Proof. Assume that P(f) exists and write

~ @ A .
Y (£) =j {-E(f(c))°f(0) + 5$(f(0))}d0

(o]

)} (o) do

QO A .
=j<; {-E(f(¢(o)))'f(¢(0’)) + 54)(f(¢(0))

© A —_
=f {—z(f(g(o))oﬂ{¢:0})‘(f°¢) (o)
(o]

+ oy(f ok {%,0)))do

(#(9))

- , |
[ (BUeom) o) s TR @) + (20 )40 = Fze).
()
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Thus, $ is defined on fo@ and has the value J(f).
In Section 8, Part I, I showed that, in a special theory,
5 (f) represents negative the rate of performing "plastic work."

Thus, for the theory of Section 8, the condition

59 (£0@) = &% (£)@(0)

can be verified, in principle. Moreover; for isothernal deforma-
tions, ¥ is independent of the entropy functional %. Hence,
the verification that % is rate-independent reduces, in the
isothermal case, to the verification that Q is rate-independent,
Since @ and - P agree on a class of histories for which the
free energy at s = +o is zero, Theorem 3 gives a testable set

< s s . N
of sufficient conditions for the rate-independence of { over a

large class of histories.

Acknowledgements: I am grateful to Professors B, D. COLEMAN,
W. A. GREEN, M. E. GURTIN, V. J. MIZEL, W. NOLL; A. C. PIPKIN,
and W. O, WILLIAMS for their helpful criticisﬁs cf previous drafts
of this manuscript.

The research described here was supported by the United States-
United Kingdom Educational Commission and by the Office of Naval

Research, contract NONR-760(30).




55

References

1. Coleman, B. D., Arch. Rational Mech. Anal. 17, 1-46 (1964).
2. Coleman, B. D., Arch. Rational.Mech. Anal., 17, 230-254 (1964).

3. Wang, C.-C., and R. M. Bowen, Arch. Rational Mech. Anal., 22,
79-99 (1966).

4, Coleman, B. D., and V. J. Mizel, Arch. Rational Mech. Anal.
23, 87-123 (1966).

5. Coleman, B. D., and V. J. Mizel, Arch. Rational Mech. Anal.,
27, 255-274 (1968).

6. Green, A. E., and N. Laws, Q. J. Mech. Appl. Math. 20, 265-
275 (1967).

7. Gurtin, M. E., Arch. Rational Mech. Anal. 28, 41-50 (1968).

8. Pipkin, A. C., and R. S. Rivlin, Z. ang. Math. Phys. 16,
313-327(1965).

9. Green, A. E., and P. M, Naghdi, Mathematika 12, 21-26 (1965).

10. Green, A. E., and P. M. Naghdi, Arch. Rational Mech. Anal.
18, 251-281 (1965).

l1. Green, A. E., and P. M. Naghdi, Report No. AM-66-10, Univer-
sity of California at Berkeley (July, 1966).

12. Coleman, B. D., and W. Noll, Arch, Rational Mech. Anal. 13,
167-178 (1963).

13. Hill, R., The Mathematical Theory of Plasticity, Clarendon
Press: Oxford, 1950.

14, Truesdell, C., and W. Noll, The Non-Linear Field Theories of
Mechanics. 1In: Handbuch der Physik, b. III/2, edited by
S. Flugge. Berlin-Gottingen-Heidelberg: Springer-Verlag,
(1965) .

15. Owen,D. R., and W. O. Williams, On the Concept of Rate-
Independence. Q. Appl. Math., forthcoming.




Corrections to: THERMODYNAMICS OF MATERIALS WITH ELASTIC RANGE

chort 68"13 by Do Rn mn

l. Contents Part II no. 3
2. Pbage 14 sl
3. Ppage 23 Line 1
4. Page 28 Line 3
Line 4
S. Page 35 Third line

from bottom

6. Page 42 Line 9
7. Page 46 Lemma 2, No. 2
8, Page 53 Second Equation

Third Equation

E(f) - E(f)
A A

Q- 4g

verstien < version
A

a(f:g) = q(£f:9)
q = o >y g = 0
EP(f) - EP(;")

o) ~ 9(o)
A

-?(f(o))'f(o) -
A -4
:T(f(a)z°f(0)

£(o) - £(o)




