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REPRESENTATI ON OF FAI THFUL NORMAL EXPECTATI ONS | N von NEUVANN ALGEBRAS

A. -de Korvin

| nt roducti on.

Let G and IB be two C al gebras with identity. . Suppose
8c G Let <p be a positive linear map of G on 1B such that
<p preserves the identity and such that <p(BXY) = Bp (X for all
B in IB and all X in. IG . <p is then defined to be an expect a-
tion of G on |IB The extension of the notion of an expectation
in the probability theory sense; to expectations on finite von
Neumann algebra is largely due to J. Dixmer and H Unegaki [1].
In [4 Tom yanma considers an expectation on von Neumann al gr bras
to be a proj ection of normone. |If <p 1is an expectation in the
sense cp(BY = Bcp(X) , <p positive and <p preserves identities,

then <p(X® =<p(X B for all X in G, B in B IB is the set
of fixed points of <p By witing <p[(X - (p(X)*(X - (p(X)] >_0

we have <p(XX > <p(X *<p(X) . Inparticular <p is a bounded map.
Let h and k be two Hilbert spaces,- h ©& wll denote
the tensor ‘product of h and k . Let G be a von Neumann al ge-

bra acting on h , by an anpliation of G in h ©k one nmeans a
map ij) of G in L(h{"k) such that $A = A©©l, where |,
denotes the identity operator on k. The image of G by an anpli -
ation is then a von Neumann subal gebra of L (h ©k) . In what
follows CT wll designated the image of G by an anpliation O
~and A will stand for i/)(A .

In this ‘paper expectations of a particular type are consi dered.
If 1B is a subalgebra of G and if [IB is the range of a faithful,

nor mal expectati'on <p defined on G then it will be shown that
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there exists an ah‘pliation of G in h (D}L, independent of B

Iand of c¢cp , such that <pOIK is a spatial isonorphismof )
This result extends a result by Nakanmera, Takesaki, and Unegaki

[2], which consider the case when G is a finite von Neumann al gebra.

Definitions.

Let M and N be C al gebras and <p a positive |linear map

of M on N Let M be the set of all nXn matrices whose
- . n
entries are elenmnents of M, call those entries A . . Define for
(n) n3
each n, <p (A. * = ((p(A. )Ye <" isthenamapof M on N
lo]) L] n n n

<p is called conpletely positive if each <p is.

Let G and 6 be two von Neumann al gebras, with G c B. Let
SRy P AN SXRECT RHLPPYOT = B PRt Fos (B 4 D,0L&T AT s el %
uni formy bounded sel f adj oi nt operators in G <p is called normal_

(T sup <p(A = <p(sup A
a a

The ultra-weak topology on G will be the weakest which will

make all Ew (A = L(Ax.,y.) continuous where §|x|| 2 < 0o
| ) Xi/\yi : X X 1

and S|y.l|| <co. Inwhat follows if N is arbitrary von Neumann
algebra, N' will denote the commutant of N If h is any Hilbert

space, dimh wll denot e the cardinality of the dinmension of h.

Propo ition 1.

Let M and: N be two von Neumann al gebras acting on h
and h”. Let <p be a * isonorphismof M on B. Let k be a
H | bert space such that dimk > Mx (~Edimh ™ dimh™ |, then:
(p®|j,< is a spatial isonorphism

This theorem says that there exists a isonetry V of ﬁka on
m@® k such that <p ® 1 (ABG) = (MA) lrc = V(A @) W (= VK v¥)

Tom yama has shown this result in [5].




Proposition 2.

Let M and N be two C* algebras with identities. Let <p
be an expectation of M on N3 then cp is conpletely positive.
This result was shown by Nakanmura, Takesaki, and Umegaki in [2] ,

One of the tools for the proof of the theoremwill be the
Stinespring construction which is given in [3] and which will be
sket ched here fbr conpl et eness sake.

Let M be any von "Neunann al gebra acting on h. Let MO©Nh
denote the tensor product of M and h as linear spaces. Let
N be von Neumann algebra of M which is the range of a faithful,
normal expectation <p . On MOh define an inner product by:
T @0 * 1Y OV = | (,, atxh. ),

i =l j=l i ]
wher e a., b. arein M x.l"y. are in h and where ( ) denotes

J h
the inner product in h. Now

' n n
Z‘aj||>1> =( I Fi>v 1**i) Ae-
i = =1 '
Let A bein M wth «A'3 = a3 a* then if x = (X.,Xz ...,Xn)

(A, x) =" (8, a: X, x") 20
i *j
By proposition 2,

A ("(a(‘.j a) Xz, x,) 2 0.

Hence the product defined on MO h i.s bilinear and positive.

However it is possible to have < £,£ > =0 with £ ~ 0. D vide




out the space MO h by all vectors of normzero. Then taking
the conpletion of that space, one obtains a Hilbert space which

wi il be denoted M@} h

Lerma 3. h is inbedded as a Hilbert space in M®©h,
Proof : In fact we shall show that h is isonorphic to N ©h,

Let a. i =1,2,...,n be operators in B, consider the nmap

. ~n - -.N
S() a. ©.) =} a x

i =l 1=1
t hen
n -N
<) a ., ) a ©x, >
i -1 .
=) (ola)
wi)7j waé-aI)XX’X3)
=7“S(aAa. X., X.)
] |
0o
= | a, X,)
iz‘l ot
Hence S is an isonetry of NOGh on h. I n particular then,

one can view h as a subspace of MONh.

Lemma 4.

<p defines a self adjoint projection E of M®h on N (JJh

Proof: Let a,, i =1,2,...,n be operators of « M Define

_n
B )72 @x) = ) ola) Ox,
i=

1 i=1

the proof in [2] shows that E is a well defined self adjoint

proj ection of MOh on NOhO . Recal | for exanple how self




adj oi ntness is checked out.

<E() a; @x,), Z.bj @y, >
i 3
=<Vp(a@xg, ) by @y L () e@p)xgLyy)

i 1,3

) (lomax,, vy)

i,3

< E a; ®xi’ z ¢(bj)®yj> = < i aj ®xi’ E ( ij @Yj)>
' 3 i 3

Lemma 5.

There exists an ul tra-weakly continuous representation |
of M in L(Ma) such that t(b) E=E(b) for all b in N,
Moreover if h and_ N(2 h are identified by the isonetry S

of lemma 3, then cp(a) = E (a E for all a in M

Pr oof : For each a in_ M define
1(d () a ©.) =) aa Q.
Zi 1 1 LA 1 1

| is then a representation of M in L(Mh) . Let b':.’ i=l,2,...,n

be operators in N then:

BL(a) () by @x;) = B() aby Oxy)

=) A ©x, =@ () by 0xp)

]

identifying ) b_®©® x. with
S T A
Let b be in N then

N

b.x. this shows that E£(QE = <p@) .
J D

LEIE() a;x %) = L) () ¢la)@x;)

=" bcp(a)Ox; = B (b) ( z a ;@ x;) .




So I(b)E =Ep(b) for all b in N To shownowthat 1 is

u. W continuous. Let

T (K eyo () " (e (h)
€k=Z ay @x™ . ~-h=Z b ®Yj=
i= =

. 2 N 2 ] '
with )_.pk” < oo and 2_(_.||Ah’\ < oo % Let agc be a net converging
uw. to a in M. Then it is sufficient to doowv that A tends

to zero where

A= T < e - o b >

k,h
We have
v Xt/ ™) *, Kk Kk K
el T AT a0 D
K,h i,j

*
Now b:j( h)(a - %a) a(-l'k) tends to zero u.w. As <p is normal,
A tends to zero. Let Nc: M be two von Neumann al gebras acting

on h. Let <p be a faithful, normal expectation of M on N

Pr oposi ti on 6.

There exists a Hil bert space k such that:

{1) h can be inbedded in k

(2) There exists an u.w_ _continuous representation | g? M in_

L(k) such that <p(A =p,t(Ap, where p, is the projection
of_k on_h.

(3 t 1i~™ a* isonorphism

(4 p comutes withall 1 (b) wth b in N

Proof: Let k = MO©h, if | (a =0 then t(a*a) = 0 so0 @la*a)=0,




Byfaithfulhess of <p> this inplies a =0. Hence | is a
* isonorphismof M in L(k) . The rest of proposition 6 is a

rest at enment of lemma 5.

Theorem 7.

There exists an an‘pl'iation of M in h Ok such that if

A 1% 2%Y von Neumann subal gebra of M which _is the range of JL

faithfuly normal expectation. <ps then there., exists an_is onget.ry

——al

V in, (NOI,)" such that <p©|k(ﬂj = VAV*, VWW* =1, jbn putting
V*V =P, then P Is .n_ (NOIM?Y <p0 I+ (A P=PAP . For_al

——— pea-- S .

™ positive, AP = 0 inplies A= 0.

Proof: Let s be a Hlbert space with cardinality greater or
equal to the maxi mum of Xy and cardinality of a Hammel basis
of Mx)h. Define T(Aj =i(A)O0l ,%=<p®©Il,. Then:

(B = (P,% Cx)IS)T(NA) (J;’ ©IS) . I;yJ propositi(;\r/1 1, X is spatial,
There exists an isonetry U of h ©s onfo k ()5 S such that

?1‘0(75) = U(AAJ\)U*. Hence

oAy = Pras U QI )U*P o

wher e Fluu’“‘\é denotes the projection of k © on h Os. Mor eover
Pogs commutes with all OBUr as B ranges over N (proposition

6) . So U*P,"U comutes with all B for B in N

Let V :Phgf_eu" t hen .V\bc :Ph®5_ (=1 h/\) . Defi ne
V¥V = P =P 0gU. Then P is in (NOI ;’. So PA = vAvx
for all A in M; dam V isin (NO©I )" . Let B bein
NN B=pB =VB» so WB =P/, =8BPv* = B VA so V is in
N. Now |




PAP = \V* VAWV
= vp(AV
= VWA = PPp(A  Aso,,

PAP = V*(p(AV = p(A) WV
= p(R) P,
Let P be nowthe central carrier of P, | - F=7(-*P = (I-p)PhQSz
'Q So P*=1. Hence if A(B =PBP* then 7\ is an isonorphism.

If AP =0 then PP(AP =0 so <PA =0 By faithful ness if

A is positive® A =0.
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