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0. It is awell known and frequently uséful fact that whenever a
t opol ogi cal space X is conpact, the projection ir of X x Y on
any space Y is a closed mapping ([Du] , p.227) . (The converse,
al t hough not so well known is also true [M.) Analogues of this

t heorem concer ni ng count abl e conpact ness, sequential conpactness,
m- conpact ness, etc., fairly abound'in the‘literature ( [HJ., [H] .,
[T, [N], etc.) Inthis note, using convérgence as our basic con-
cept, we propose to derive inprovenments and extehsions of many of
these results, as well as a nunber of related facts, in a sonewhat
uni f orm manner .

Whenever X i” countably conpact and Y i’ a” sequential

space'*’, ir if closed‘'“’. Following Isiwata [I] » take (8§ to be
the class of space Y such that v is closed for each countably
conpact X .(3) As |siwata points out, each subspace and each cl osed
cohtinuous imge of a space in (p is again in (~ Hence every sub-

space of a sequential space is in" (é}. (V¢ are unable to decide

whet her every space in (5 1is a subspace of a sequential space.) AS
an exanple of a space not in (8§ , take a point pej SNNN, where /™N
is the Stone-Cech conpactification of the natural nunmbers, and con-
sider N U {p} as a subspace of #N. Then [N\ {p} is countably
conpact, but the projection of Cﬁﬁh{p)x(ﬁlu {p}) on NU{p} is
not closed. Thus N U [p] does not belong to ( @} N1t follows
i medi ately- that no superset of N_U {p} belongs to (§ and, in
particular ]9% (8) (see [I]2.3).*'

Letting S, be a space consisting of a convergent sequence
and its limty i.e., honmeonorphic to the subset {0} Y1/ n| neN}

of the real line, the followng is a strong converse to the first

gassertion of the previous paragraph: if the projection of X X &i

%ﬂl °j is. closed, then X [s" countably conpact. Let us denote
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by (f) the class of spaces Y such that X is countably conpact

whenever the projection of X Xy on Y 1is closed. Hanai has
(5) /-\

shown that every space which is not a P-space’ ' belongs to (T)

1 1l = '
([H']; Theoremd4) . It follows immedrately that S, d?. Conversely,

'

no P-space belongs {B"<@ so that (T) is precisely the compl ement

of the class of P-spaces. Also, no non-discrete P-space bel®sngs

to ® fromwhich it follows that the non-discrete spaces in (N)

al so belong to @ However, ﬁhu {p}, since it is not a P-space
bel ongs to (%) but not to @. Every non-discrete P-space bel ongs
to neither @ nor @

Since sequenti gg)conpactness inplies countable conpactness and
every Prechet space is sequential, it.follows that whenever X
EonvERsENy' I Y& BRaectith of 'R 2 & %G P2 tlosed, “tRER™

7 N

X 1s sequentially conpact. These results suggest that classes

(ﬁ; and Ci) be defined bearing the sane relation to sequéntia

conpact ness as C@ and (T) do to countabl e conpactness. Since there
are conpact spaces which are not sequentially conpact (for exanple
i, L3 is enpty. Since seqUentiaI conpact ness i nplies countable
conpact ness” (§l contains (. W conjecture that the inclusion is
~ proper.

It is easily seen that the corresponding classes, ($. and (27,
for conpactness are respectively all spaces and enpty. (iven Y,
let X be the_set of ordinals less than the initial ordinal of

)‘<||

cardinality 2 X is not conpact but the projection of X XY
on Y is closed.

The unproved assertions of the preceedi ng paragraphs follow
readily from the nore general considerations which are sketched out

in the next section.




1. X and Y are topological spaces; n is the projection of
X X Y- on Y; D and E are classes of nets into X Y or X x Y>
cl osed under conposition with and cancell ati on of maps between these
$paces.

The follow ng are equival ent: (i) For every S Ex XY, Y is
alimt of an E-net in TT(S only if 1T~1(y) contains a limt of
a Dnet in S (it) For every (not necessarily continuous) function
from Y to X, the range of every convergent E-net in Y contains

a D-net converging to the same Iimt whose inage under f converges

in X
Remarks: (i) inplies (iii) : If S contains all limts of
its D-nets, TT'(S) will containall Iimts of its E-nets. Converse;

ly, if the adjunction of all Dlimts to sets is an idenpotent
closure operator in X x Y (for exanple, if D is cl osed under
iteration in the sense of the construction of [K p.69), then
(iii) inmplies (i). | o

(it) follows for every Y if every E-net in X has a con-
vergent D subnet. Conversely, this holds for X if it satisfies
' (it) with any class of Y <containing for each nenber of E. a point
whose nei ghborhood filter induces on the range of sonme one-to-one
E-net with the sane domain exactly the inmage of the filter of final
Subsetse |If the-ranges of these one-to-one nets in the discrete |
topology (or/ nore generally, in any for which only the eventually
constant D-nets converge) along with their linits actually appear
among the Y, then (ii) may be weakened to.(iii). (For XT'l’. t ake
for S the range of the product E-net; in general, take the union
of its point-closures.)

W have use for two special cases: D the class of nets and




E the class of sequences; and D = E the class of sequences.
We obtain respectively:

For every function from Y to X , every convergent sequence
in Y has a subsequence whose image clusters in X iff ir sends
sequential cluster points onto sequential limts iff ir sends sets
containing their sequential cluster points onto sets containing
their sequential limts. If X is countably conmpact this holds for
every R ; conversely if it holds for some Y containing ng X
is countably compact.

For every function from Y to X , every convergent sequence
in Y has a subsequence whose image converges in X iff ir sends
sequential limts onto sequential limts. If X is sequentially

.compact this holds for every Y ; conversely if it holds for sonme

Y containg Sl, X is sequqntially compact; if, moreover, it holds
for Y = &L , then X is sequentially compact if ir only sgnds
sets containing their sequential limts onto éets containing their
sequential lim ts.(s)

For the remainder of the paper we deal only with D = E = all
"directed sets with maps. (i) is equivalent to (iii) which says
that TT is closed; they hold for all Y iff X 1is conpact. W
shal |, however, want to take X countably conpact and inquire
about the corresponding Y. |

One result follows fromwhat we have shown so far: If ir s
closed, it preserves closures of countable sets, hence sends sets
containing sequential cluster points on sets containing sequential
[imts. Thus if Y contains Stu ir closed inmplies X countably
compact. The implication already holds ]f Y only contains a non?
blosed Fo (Hanai [H]); and for no other 'Y . W shall showthis

in a somewhat more general setting: I[f Y contains a non-closed




uni on of j?é‘ cl osed sets, then if <closed inplies that X contains
no locally finite collection of IQ cl osed sets (else the union of
the products of paired closed sets in X and Y under any one-to-
one pairing would be a closed set with a non-cl osed projection);
conversely, if every JNE closed subsets of Y have a closed union
then with X any T..l space of cardinality at nost /V'., IT is
closed.(g) Simlarly, if Y contains an ascending well-ordered
chain of closed subsets, wth each set indexed by a limt ordinal

t he union of those preceding, which is not closed, and if X con-
tains a correspondi ng descending chain of closed sets with enpty

i ntersection, then the obvious union in the product is a closed

set whose projection is not cloéed; in particular, if Y is a non-
discrete P-space and X a suitable transfinite ordinal, fr i's not

cl osed.




FOOTNOTES

(1) Call a set sequentially open if no sequence outside the set
converges to a point of the set, A space is sequential if
every sequentially open subset is open [F,J :

(2) This result inproves Lemma 1.1 of [I] and one direction of
each of Corollary 1.7 of [KL], Corollary 2 of [H], and Theorem

1 of [N .

(3) Let us note here that our (BD is apparently slightly different
fromlIsiwata's since he deals only with conpletely regular
spaces. The difference is real, since countably conpact sub-
sets of spaces in his (§ are closed ([I] Lemma 1.2) while
countably conpact subsets of a sequential space are closed
iff sequential limts are unique ([F.J Prop. 5.4) .

(4) Lynn Imer points out that this inproves an unpublished result
of E. M chael which asserts that N U {p} cannot be enmbedded
in any Hausdorff sequential space. Since it is not in (@) our
resul t inplies it is not a subspace of any sequential space.

(5) A P-space is one in which every ‘F g is closed ([GJ] p. 62).

(6) A space is a Fréchet space if the closure of each of its sub-
sets may be obtained by taking the limts of the sequences in
the subset (c.f. [5:]). This is precisely the condition im

posed by Isiwata in Lemma 1.1 of [I].

(7) This strengthens the other direction of Theorem 1l of [N (see
(2)) .

(8 One mght in the interests of symmetry, wish to consider also
ir sending sequential cluster points onto sequential cluster
points. This leads to a newkind of conpactness inplied by
ordinary and implying countable; and properly as shown by Oﬁ
and #N\{p}; not inplying sequential (else ordinary compact-
ness woul d) and, we suppose, not inplied by it, although we
have no count erexanpl e.

(9) The authors wish td express their thanks to Renababy for the
del ectabl e Japanese meal which inspired this observation.
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