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EXTENSI ONS OF TOTALLY BOUNDED PSEUDOVETRI CS

by
R A Ao and H L. Shapiro

1. Introduction. The concept of extending to the topological

.spéce X a continuous real-valued function defined on a subspace S

of X has been shown to be very useful. Wen every continuous real-

val ued function on S extends to X, Sis said to be Cenbedded in X

| f bounded continuous real -valued functions are considered, then S

is said to be C-enbedded in X. Thus every conpletely regul ar |
Hausdorff (Tychonoff) space is C enbedded in the real conpactification
uX and is C-enbedded in the Stone-Cech conpactification f3X

Results in this line have beeh extensively studied in [5].

A simlar problemis concerned with extending a pseudonetric
defined on a subspace S to the space X. This problemwas first
studied by .P. Hausdorff for the nmetric case in 1930 [6]. Hausdorff
showed that a continuous netric defined on a closed subset S of a
metric space X can be extended to a continuous metric on X Rt H,
Bing [2] and‘R. Arens [1] rediscovered this result independently.
Recently H L. Shapiro [10] studied the problemby considering
subspaces S for which every continuous pseudonetric defined on S has
a continuous pseudonetric extension to X. Such subspaces S are said
to be P-enbedded in X. Shapiro showed that if S is P-enbedded in X
then S is Genbedded in X, but not conversely. However™ S is P-enbedded
in Xif Xis conpletely regular and S is a pseudoconpact Ct-enbedded
subset of X |

_ In this paper we introduce the concept of T-enbedding , a
?i particul ar case of P-enbedding. A subset S is T-enbedded in X in case
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every totally bounded continuous pseudonetric on S has a totally
bounded continuous pseudometric extension to X* In §2 we wil|
characterize T-enbedding in terns of various types of open éovers
of the space X. In addition we shall show that in order for a
subspace S to be T-enbedded'in X it is sufficient to extend every
total | y bounded continuous pseudonetric on S to a continuous
pseudonetric on X. In 83* we show that a subset is T-enbedded
if and only if it is C -enbedded. Finally, using the concept of
T- enbeddi ng<, we give sonme new characterizations for a topol ogi cal
space to be nornmal. |

| The notation and termi nol ogy in this paper will follow that 1
of Gllman and Jerison in [5]» Qher terns used hére are defined

bel ow.

DEFINNTIONS. If (W) = (U) ;ris afamly of subsets of a

topol ogi cal space X, aid if Sis a subset of X, then by U JS we nean

the famly (U n S) 7. W say that (U) is discrete at a point
x e Xif there is a neighborhood G of X that neets at nobst one

menber of (:@). W say that X is a collectionwi se nornmal space if

for every discrete famly (G) = (U.)). _ 1 of closed subsets of X
nen X X £ L .
there is a famly (G,)_, ¢t of nutually disjoint open subsets of X
CXCXfc L
such that y, ¢ Gof or each a e I. (This definitionis due to R H
Bing [2].) .

If ® is a cover of X and if (v) = '(Vft)Ar 1 1s a cover of S
then @ is an extenstonof © if | =Jand if U n S =V for all
ael. Asequence (fu)n)nenof covers of a set Xis said to be a
Tormat sequence in case (v P+, is a star refinenment of (i n A

o .

cover fj of X is said to be a ferwal- eever in case there exists a




...3._
nor mal sequence (CD ) *+ of open cov.ers of X such that -@ is a
refi nement of (G_) . (This definition is due to Tukey [11].) If
-~ .
( (:/mn)n enN 'S @ nor mal sequence of open covers of a space X and

if d.is a pseudonetrie on X, then d is associated with ( £€)), , M
v Ce-e— JNH £ A

i f thle follow ng three conditions are satisfied:

(1) d is bounded by the identity function 1

(2) If k e Nand if d(x,y) < 2~(**Y)., then x e st(y, @) (the
star of y with respect to (3,5 .

(3) If keNandif x est(y, ®,) , then d(x,y) < 2"nk"3a,

For any real -val ued continuous function defined on X* the set,

'Z(f), of all points x in X for whi ch f(x) ~0is the zero set of f.

The conpl ement of Z(f) is called the cozero-set{__@f‘ f. The famly

(Jj) = (UM~ 1 is a cozero-set cover of X if (u\ is a cover of X

and if each Uy is a cozero-sete A Zero-set cover is defined in an

anal ogous manner.

‘ If (®-1J see* ®) is a finite sequence of covers of a set X
and if (& = (Ai(a)){igj for eachi .=1, ..., ,, then by AJ-; (K.
we nean the famly

.(A’_"‘) T An(%))(al, e @) e T X e x T

2. Equivalent fornulations of T-enbedding> W wll now

characterize T-enbeddi rig in terns of finite cozero-set covers, finite
normal cozero-set covers, and finite normal open covers. To do-this
we wi Il need sone prelimnary results that are interesting in
thensel ves. These first results are worthy of note since they state
the relationship between the topol ogical structure induced by a

pseudonetric and the given topology on the space.

PROPOSITION 2.1 If. (X ©) i

a topological space and if dis;




Sho

a, pseudonetric on X then d Mis continuous jf and only f @dc (?i__,,

wher e (__If,\c(1 Nis the topology induced by d.

PROPOSI TI ON 202 Let (X (f}) be a,_topol ogi cal _space and |let d

be a, continuous pseudonétri c on X . _If Gi’s_an £PEH _subset of X

relative to ©u* then Gis a, cozero-set relative_to ©.

THEOREM 2.3 [11, Theorem7.1] If. ( © ) ™| JL 8L nor mal
~Mnn GIN

sequence of open covers of a, topological space X, then there exists

a continuous, pseudonetric on X that is associated with ( (u ) M
rv

Since we will be considering totally bounded continuous pseudo-
metrics we will now nmake the necessary nodifications of previously

known results. These will then be applied to obtain our desired result,.

PROPCSI TION 2.4 Let X be a topol ogical space and let ( (g) ) M

be a, _normal _sequence of finite open covers of X If d jjs _a continuous

pseudonetric on X that i£ associated with ( ©3n ¢ then d jis

totally bounded.

W omt the proof of 2A

PROPOSI TION 2.5 Let X bE a topol ogical space, let Sex, and

let (tp = (Ua)ae j be_an_open_cover of S _If; © i~ a normal open

cover of X such that ~| S refines (8), then there j» a. normal locally

finite cozero-set cover (N = (W).. . of X such that

W n Scu, for each a ¢ i.

The reader is referred to [10, Theorem 2.5] for the proof.
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. ”
LEMVA 2.6 rf (u) = (Ua)ag ] L1s a2 finite normal open cover of the

topol ogi cal space X, then there i" a. normal .sequence ( {{Vvn ) ng n

-

e
jof open covers £f X such that Q.. refines (f”" and such that (v},

is finite for each n e N

Proof. By hypothesis, there exists a normal sequence (/—Cl ) KA
of open covers of X such that (fl'\/lrefines (\;f) . Let d be a

conti nuous pseudonetric that is associated with ( (lT)")’\ -w(2.3).
' NeAn N s It

For each a¢ I, let W = U[Sq(x, 2~°) : Sug(x, 2~°) c Ug] . Then

(YP) = (W) ° § is afinite normal open cover of X relativé to (7) g4

(the topology on X determ ned by d) “such that A ¢ Up for each a e |I.
A repeated application of [8, Theorem1.2], and the observation that
the covers constructed therein are finite, give us a nornal

ne€ Lo
sequence ( (vY) S"f open covers of X, relative to ’”f}ﬁ sueh
t hat (.\91 refines " and such that, for each n e N, f{f) is finite.

—

Si nce (ﬂ"l"‘dC C* and since nfzrefines (I1™), the result now foll ows.
~& N . -

THEOREM 2.7 | f S is a subspace of a, topological space X then

the follow ng statenents are equival ent:

(1) S_i£ T-enbedded in X

(2) Every totally bounded continuous pseudonetric on S can be

extended to “a_continuous pseudonetric on X

(3) Every finite normal cozero-set cover of S has a, refinenent

that can be extended t

a, normal open cover of X

(4) Every finite normal open cover of S has a, refinenment that

can be extended to a finite nornmal cozero-set cover of X

——— ————————y, ey i

Proof. (1) inplies (2). This inplication is inmediate.
(2). inplies (3)* Assune (2) and suppose that (G_) is afinite
“nor mal cozero-set cover of S. By 2.6, t here ex_i sts a normal sequence

(-@i)i e n Of open covers of S such that (VB.— refines "D and such
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that, for each i t N (—.\./:)i Is finite. Then,, by 2.3* there exists a

conti nuous pseudonetric d on S that is associ ated with ( (\E)._) AN
and,, by 2.4, d is totally bounded. Therefore, by (2< there is aﬁ
conti nuous pseudometric d on X such that d[S x S = d. Let
® .« .. -
» = (Sr(x, 2 )) «« Since (X d) is a pseudonetric space,,

it is paraconj;act, SO thée iIs alocally finite open cover (% of
X such that (vh refines (wfe By 2.1, 2.2, and the fact that_\a
locally finite cozero-set cover is normal, it follows that "y is a
normal open cover of X_relative to ,iﬁe gi ven topol ogy on X and one
easily verifies that (5f)IS refines H"« _

(3) inplies (4), This inplication follows from[9, Theor em 1. 2]
and 2.5.

(4) inmplies (1). Assune (4). Let (M be the given topol ogy
on X and suppose that d is a totally bounded cont i_ nuous pseudonetric

on S. For each me ere exists asfinite subset F of S such that
- & QPO (SR, SR Sbeet
m

covers o

Now consi der any mc N .Note t hat d’g)mis normal relative to
@d and therefore, by (4), there exists a refinenent of fiy)m
that extends to a finite normal cozero-set cover EE) mof X, Then
there exists .a nor mal sequence (q’R)."),. _ n Of open covers of X
such that (Z"-_L"_l refines @™ and such that @'1m is finite for
each i e N. )

Now for all i, mey_} | et

@m = AI;=1 @j

and
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Then for all i, me N one easily verifies that

(i) ©@ and ©. T are finite open covers of X,

(i) Cup)-o"<* @ ™ @ ™refines (",  _

(iii) (CO) ~*refines $T): and (\p** refines (j/*, and
(iv) fiTF1S refines Q0%

Now agai n consider any me N It follows from (i) and (ii)

~

t hat ("".lm) 1 e Nis a normal sequence of finite open covers of X
Then, by 2.3, there exists a continuous pseudonetric r” on X that

is associated with (ﬁ-D. ™Mo wywand, by 2.4, r is totally bounded.
VAN " e m
By (ii) and (iv), we also have

(*) Lf_x, yeSand i_[_rrgrx',y) < 2% then d(x,y) < 2~ (@),

Define r: X x X - Rby r(x,y) =°mnen 2 A.'m(x"y). Then r is a

conti nuous pseudonetric on X. Mdireover, r is totally bounded, for

if ¢ >0, let k e Nsuch that 2"~ " < e. Sincer,_ is totally
bounded there exists a finite subset F of X such that

U S, (x, 2~(**%) =X If z e Xthen z e S (x, 2' ) for
X ekl “x )

kK
‘--_..-/_
< F

sone x ¢ Fand it follows that z c st(x, A_jw_ﬁ))]j urt hernore,

I f 1 m k thenb i:Li we havs ; k ; - mand
<< *_ y ( ) M+ g Jrefl nes ") y+3 hence
.z e st(x, (uX,g"Mo Hence .- (X, y) < 2"% < e/2, whenever 1 < m< k.
_ k -m
Then r(x,z) = '?nkf_l 27-r(x,2) + g YN 2"Mre(x,2) < B, 2 ..(e/g) +

® -m
Inal 2 < e

From (®) it follows that

(**) 1fx, yesS if i >3 andif r(x,y) <2"! then d(x,y) < 2"""1"1).

Define a relation R on X as foll ows:
X Ry in case r(x,y) =0 (X, yc X.
Observe that Ris an equivalence relation on X. Let X* = X/ R be

the quotient space of X nmodulo R and let A° X - X* be the canoni cal

map. Then the formula r*(A(x), 2A(y)) :r(x,y.) (x, yeX
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determnes a well defined map r*: X* X X* - R One easily verifies
that (X*, r*) is a netric space., that (£-}r# Is the quotient
topol ogy on X*, and that the canonical map V. X -* X* is an isonetry.
It follows that r* is totally bounded.
Let S* = A(S). By (**) it follows that we can define a map
d*: S* X § - Ras follows

d*(A(a), *(b)) = d(a, b) (a, b e S).

Then one easily verifies that d* is a totally bounded pseudonetric
on S*.
. Let (:u)* be the uniformty on X* generated by the metric
r*|S* X S*. Let @ = (ul* | S* x S* and note that (S*, ®*) is a
uni f orm subspace of (X*, (tf)*) . Using (**) and the fact that
A X -* X* is an isonetry one easily shows that d* is a unifornmy
conti nuous pseudonetric on S*. Therefore, by [7* page 42* Corollary
16], there exists a uniformy continuous bounded pseudomatri.c e on X*
~such that e|S* X S =d. To showthat e is totally bounded, et
e >0 and let B* = [(x*, y*) e X* x X» : e(x*, y*) <e}. Since e
is uniformy continuous, B" e "IJ)* and therefore there exists 5 >0
such that £(x*, y*) e X* x X* : r*(x*, y*) <5} ¢ B*. NOWTr* is
totally bounded, so there is a finite subset F* of X* such that
Ux* @ F* Spx(Xx' 6a AXue Oneeasily ghows that
Uo T™. $ (x-, e) =X and it follows that e is totally bounded.
Define "d on X x X by "d = eo.(A x ~h) . Since Ais continuous
relative to CI:), d i's a continuous pseudonetric on X (2.1). Moreover,
‘if X, y eS then a'(x, y) = e(?v(x), A(Y)) - d*(A(x), A(y)) - d(x, vy) ..
Therefore cf| Sxs=d Since Ais an isonetry and since e is
totally bounded, it follows that d' is totally bounded. Ther_efore

(1) hol ds.

The proof is now conplete.
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3. The equival ence of T-enbedding and C -enbedding for conpletely-

reqgul ar Hausdorff spaces. W shall prove this equival ence in several

stages. In our final result we gi ve several new necessary and
sufficient conditions for a topol ogical space to be normal. (Note

that a normal space need not be Tj.)

PROPGSI TION 3.1 ([5. 15E.1]) Suppose that X is a topological

space and that d jls a _continuous pseudonetric on X Then d jus

totally bounded if and only if for each e >0, XjLs* a, finite union

°N zero-sets of dianeter at nost e.

LEMVA 3.2 Suppose that S 3s T-enbedded in X If f € C(S), Ii£f
: . 2 ot A -

Zy(f) / flgand if f > 0, then there exists g e C'(X) such that g|S = f.
Proof. Let f e C*(S) and suppose that f > 0 and that
Z = Zy(f) ~0. Define Yi: S >< S - Rby

t(x, y) = 1f(x) - f(y)| (x, y €9).
Then Y; is a cont i nuous pseudonetric ‘'on S. To show t hat ¥:t is

totally bounded, let e > 0 and choose k e ﬂ such that f(x) < (k+l)«e

for all x e S For n=1, ..., k, let

Z. =fx e S : ne <f(x) < (n+l).e}.
Then (zZ2, ..., Z.) is. afinite nunber of zero-sets of dianeter at
most € and one easily verifies that S= U -, Z . Since Sis

n=i n
T-enbedded in X, there exists a continuous pseudonmetric d on X such
that d| S >< S =Y. Let g X-"Rbe defined by g(x) =in¥ €, d(x,y)
(x e X). Thenge C(X) and gfs = f.

. THEOREM 3.3 Suppose that X JLS a topol ogical space. 1f S

T-enbedded in X, then S is C-enbedded in X
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Proof. Assune S/ $and let f e C*(S). Fix an arbitrary a e. B
let f(a) =a, let g=(f va) -a and h- -((f Aa) - aﬁ). By
3;.2/ there exist §, E e C(X) such that g 'S = g and E|IS: h. Let
k=(G - B +a Then one easily verifies that k e C(X) and that
kIS = f.

THEOREM 3.4 Suppose that X is a topological space, |If Sis

) —
O f— f— f— f— f—

P -enbedded Tn X (every separable continuous pseudonefric on S can

jpe 'extended 10 a separable continuous pseudonetric on X)s then S JLE
T-enbedded Tn X
Proof. This follows Imrediately from Theorem 2*7 and the fact

that a totally bounded pseudonetric space is separable.

CORCLLARY 3*5 Suppose that Xjlis & topological space. If S Is

C-enbedded In X5 then S jl3 T-enbedded in X
soenel o e LA
Proof. Since a G enbedded subset Is P °-enbedded ([10® Theorem

4.71)* the result follows from3i-x

REMARK.  Act uaIIyst T. E. Gantner has shown that a subset S of a

t opol ogi cal space is P °«enbedded if and only If it IseC enbedded [ 4].

THEOREM 3«6 | S is a dense C-enbedded subset of a topol ogical

space X* then S i~ T- enbedded.

Proof. Let (Gy, ..o, %) be a finite normal open cover of 3.
" Then there Is a cdzero-set cover (U™ ..., U) of S such that cl, U
is conpletely separated (inS) from3~G for 1=1, . .., n (["9,

Theorem 1.2]). Since SlIs C'-enbedded In X* cl, U Is conpletely
separated (In X) fromS-G. Hence there is an f.l e C(X) such that
fi(clg Y) - fQq and f.(S-G) - {!]. For each 1=1, ..., n,
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let Z, = Z(f,) and let V. = [x e X : fi(x) < 1/2). W note that
V. n Sc¢c G and cleic'chZizzicVio Therefore X = ¢l 4 S -
SV I vV =Y :ni cly U Cy :|nvi and hence (~\v Lok V) is a
cozero-set cover of Xthat* on S refines (G;,l. <>, % %). It

follows that S is T-enbedded in X

THEOREM 3.7 Suppose that X ~s a conpletely regul ar Hausdorff

space and that S 3B a, subspace of X _If S”s C‘-enbedded in X then
S i£ T-enbedded in X

Proof. Since Sis C'-enbedded in X* cl;;yv S = PS. Mreover® S
pA

is C'-enbedded in PS so® by Theorem3*&> S is T-enbedded in PS.
But PS is a closed subset of the normal space px<: so pS is C enbedded
in PX and therefore by 3-5* PS is T-enbedded in PXO Since T-enbeddi ng
is transitive® S is T-enbedded in PX, It follows that S is T-enbedded |
in X _ :

QADRALLARY 3.8 |+ X +¥s a,—eemaJ—et—eJ—y—#ega&r—HaasdeH—f——s—p&eeemr
++ S Hs a, —subspase —of X' —thenthe 4ollowng -staterent-s aFe eguivakent;

(1) Sts C*-embedded- H+- X,

(2) S jks T-embedded i+ X.

As an imediate result of Theorens 2.7 and 3.8 and known
characterizations of a nornmal space we have

THEOREM 3*9  JIf X is_a, topdl ogi cal space,, then the follow ng

statenents are equi val ent %

(1) Xi.s normal.

(2) Every closed subset of X is -T-enbedded in X

(3) For every closed subset F of X, every totally bounded -contin-

uous pseudonetric on F can be extended to a, continuous pseudonetric on X,

— e ——— —

(4) For every closed subset F of X* every finite normal cozero-set

cover of S has a refinement that extends t£ a normal open cover of X




