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Resolution with Merging

by Peter B. Andrewsl

§l. Introduction.

in [2] it was shown that one can associate with any wff of first
order predicate calculus a certain set S of clauses such that the
given wff is unsatisfiable if and only if there is a refutation of
S, i.e. a deduction of the empty clause 0O from S. (A sequence
0154250, of clauses such that each clause in the sequence is either
a member of S or a resolvent of earlier clauses in fhe sequence
is called a deduction of o, from S (by resolution).) We shall be
concerned with a method of increasing the efficiency of the search
for a refutation of a given set of clauses.

For convenience we shall broaden slightly the definition of
resolvent as given in [2] so as to permit one to combine a substi-

tution with the operation of forming a resolvent as in ([2].

-Definition. The clause v 1is a resolvent of the clauses « and B

if there are substitutions A and ﬁ, clauses d and €, and an
)\ . A .
atom p such that? Aq = {p} Ud, BB =~} Ue, and v =6 U e. We

call p (or its antecedent(s) in «a) and ~p (or its antecedentds! in

B) the literals resolved upon. In addition, if & and ¢ contain a
common literal, we say that vy 1is a merge of « and 8 ; any literal

of ¥ which occurs in both & and € is called a merge literal.

Clearly, a merge is an especially important sort of resolvent,

for in order to derive [0 from a given set of clauses one must

obtain successively shorter clauses, and merges provide one of the

L This research was supported by NSF grants GP-4494 and GP-7660.

We shall write 7 = p U 0 as an abbreviation for 'r is the union
of the disjoint sets p and ¢ .' Thus U, unlike U , is not to be
regarded as an operator which can be applied to an arbitrary pair of
sets. Nevertheless we find this notation very convenient.
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principal means of progressing toward shorter clauses.

It is natural to ask whether one can require that all resol-
vents in a refutation actually be merges or resolvents involving
a one-literal clause. Unfortunately, the answer is negative, as
the following example shows. Let S Dbe the set of ground clauses
with the following members: |
(1) (p,q) (2) (p,r) (3 (q,1)

(4) {~p,~d (5)  {~p,~1] (6) {~q,~1}.
Resolving (1) with (5), and the result with (3), we obtain (qJj.
Similarly we can derive {~q )}, and hence [ . Hence S has a
refutation. However, no resolvent of a pair of clauses in S

is a merge.

Nevertheless, we shall discriminate against clauses which are
resolvents but not merges by requiring that no two such clauses
may be resolved with one another. A deduction satisfying this
condition will be called a deductiqn by resolution with merging.
We shall show that if S 1is any set of clauses which has a refuta-
tion, then S has a refutation by resolution with merging. When
one seeks to construct a ;efutation by resolution with merging,
one has fewer choices of possible resolvents than in an ordinary
refutation, so Ehe 'search tree' grows more slowly. Moreover,
one requires that merges occur frequently, and this tends to make
the refutation more efficient than it might otherwise be.

Of course, strategies which tend to increase the efficiency
of searches for refutations are of most value when they can be
combined with other such strategies; Therefore we shall show that
resolution with merging can be combined with the set of support

strategy [5].




Definition. Given sets K and S of clauses with K € S, we

define Q(K,S), the set of clauses derived from S with K-support,

as the smallest set of clauses satisfying.the following conditions:

(i) K S S(x,s)

(ii) if o € Q(K,S) and B e s U Q(K,S) and ¥ 1is a resolvent
of o and B, then ¥ ¢ B(K,s).

Informally, a deduction from S has K-support if every clause

in the deduction is in S U Q(K,S).

We shall show that if K and S are sets of clauses such that
S has a refutation with K-support, then S has a refutation by
resolution with merging with K-sﬁpport. To avoid any possible
confusion, we shall now define a deduction from S by resolution‘
with merging with K-support as a sequence of triples <y,g,é >,

‘ . A, A A ..
where ¥ 1is a clause, p 1is m or o (to indicate whether or

. . A . A A
not Y 1is either a merge or a member of S) and r 1is s or o
(to indicate whether or not ¥ has been shown to have K-support) .

Definition. Let K and S be sets of clauses with K cs. A

deduction from S by resolution with merging with K-support is a

.. . AN A . A
finite sequence of triples <¥,p,r >, where ¥ 1is a clause, p
. A A AL A A | . .
is m or o0, and r 1is s or o, such that each triple satisfies
at least one of the following conditions:

. AL A AL N, .

(i) Y €S, p 1is m, and r 1is s if and only if ¥ € K.

.. AN A . . .

(ii) <¥,p,r > 1is preceded in the sequence by triples <a’gl’%l>

and <B,$2,§ > such that ¥ is a resolvent of « and 8

2
. A AN . . A
~and either p; or p, is f and either Ql or 92 is sj
A . A A A . . .
moreover Y 1is s, and p is m if and only if ¥y 1is a

merge of « and 8.

Of course, if one wishes to use resolution with merging without
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the set of support strategy, one can trivialize the set of support

by taking K = S in the definitions above.




§2. Resolution Trees.

Since we shall be concerned with transforming deductions into
deductions by resolution with me rging, it.will be convenient to
“arrange our deductions in the form of binary trees, as in Figure 1.
This of course requires that a clause occur as many times in the
tree as it is used. Thus the nodes of our tree should be regarded
as occurrences of clauses, rather than clauses. It is convenient
to write ® < ¥ if the node ¢ 1is (strictly) below ¥ on some
branch of the tree, and the relation < is irreflexive and tran-
sitive, so we may‘regard the tree as a partially ordered set. We
take this as the starting point for our formal definitions.

Definitions. Let J be a partially ordered set (whose members

we call nodes) under the irreflexive and transitive relation < .
If &< ¥ we say that & is below V¥, and ¥ is above ¢. 1If
® < ¥ and there is no node § such that & < Q < V¥, we say that

¥ is immediately above ®. @ is maximal [minimal] if there is

no node £ such that ®< Q [Q< ®. J is a finite binary

tree if J is a finite set, § has a unique minimal node, every
non-maximal node of J has exactly two nodes immediately above

it, and every non-minimal node has exactly one node immediately
below it. The maximal nodes will be called leéves, and the minimal

node will be called the root of J, and denoted root (J).

Definition. A vine is a finite binary tree in which each node is
either a leaf or is immediately below some leaf. A node & of a
vine is a top-leaf if @ is above every node of the vine which is
not a leaf. ‘

It should be noted that a finite binary tree always has an

odd number of nodes. Also, a vine which has more than one node

has exactly two top-leaves.
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Definition. A resolution tree is a finite binary tree together

A
with a mapping ¢ which associates with each node @ of the tree

A . .
a clause c® (called the clause of &) in such a way that if ¢, V¥,

-and 2 are any distinct nodes of the tree with & and V¥ immediately
above {, then ész is a resolvent of é@ and é@.
A node of a resolution tree will be called a géggg if it is
not a leaf and its clause is a merge of the clauses of the two
nodes immediately above it. We shall let Q(J) denote the number
of merges in a resolution tree J.
We remark that if @ is any node in a resolution tree J,
then the set of nodes V¥ such that Q'S ¥ (i.e. &< ¥ or

$® = ¥) may be regarded in a natural way as a resolution tree; we

call this the sub-tree of J rooted in &.

Definition. Given a set K of clauses, a node of a resolution

tree has K-support if it is < to a node whose clause is in K.

A resolution tree has K-support if each of its nodes which is not

a leaf has K-support.
| Clearly each deduction from a set S of clauses can be repre-
sented by a resolution tree whose leaveé have clauses in S, and
the deduction has K-support if and only if the tree has K-support.
Conversely, each resolution tree (with K-support) represents a
deduction (with K-suppdrt).

It is easy to see that a vine represents a deduction by reso-
lution with merging. Aiso, any resolution tree which represents
.a deduction by resolution with merging has the property that the
sub-tree rooted in any maximal merge must be a vine. Moreover,
if one prunes away all nodes~above a maximal merge in such a tree

(so that what was a maximal merge becomes a leaf of the pruned tree),

the pruned tree has the same property. Thus a resolution tree
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representing a deduction by resolution with merging is in a certain
sense constructed from vines, with merges (as well as true leaves)
serving as leaves of the internal vines.

A mapping f from the nodes of a tree J to the nodes of a

tree J' will be called an order-isombrphism of J onto J' if

f is one-one with domain J and range J', and for all nodes &
and V¥ of J, £f®< £f¥ in J' iff &< ¥ in J. A mapping £
from a resolution tree J to a resolution tree J' is clause-

A A )
preserving if cf® = ¢®& for each node @ of J. If J and I

are resolution trees such that there is a clause-preserving order
isomorphism from J onto J', we may write J = J',

We shall establish certain facts about resolution trees. Our
task is simplified by the circumstance that for the most part it

suffices to consider ground resolution trees, i.e. resolution

trees whose clauses are all ground clauses (i.e., contain no in-
~dividual variables). Of course, no substitutions are involved
in forming a resolvent of ground clauses. Thus theorems about
ground resolution trees can be regarded as theorems about propo-
sitional calculus. We remark that for our present purposes, there
is complete symmetry in the roles played by atoms and negated
atoms.

Clearly a literal ﬁay occur many times in a ground resolution
tree, i.e. in (clauses 9f ) different nodes of the tree. It is
appropriate to regard certain occurrences of literals as descended

- from other occurrences of that same literal.

Definition. Given a ground resolution tree, the descendance
relation is the smallest binary relation between occurrences of
literals in the tree satisfying the following conditions( where

a,b, and ¢ are occurrences of literals):




(1) a 4is a descendant of a.
(2) If a 1is a descendant of b, and b is a descendant of c,
. then a 1is a descendant of c.

(3) If ¢€,%, and  are distinct nodes of the tree with @ and
¥ immediately abové Q, with é@ = (p} U s, é@ = {~p} U ¢,
and éQ'= 6 Ue, and if t 1is any literal in §, then the |
occurrence of t in £ is a descendant of the occurrence
of t in &; if t is any literal in ¢, then the occurrence

of t in  is a descendant of the occurence of t in V¥,

Definition. a 1is an ancestor of b iff b is a descendant of a.




10

§3. Theorems.

Definition. Let K and S be sets of clauses with K € S.

ﬁg(K,S) is the set of all clauses %Y such that there is a deduction
from S by resolution with merging with K-support, the final triple
of which has the form <y,m,8 >.
Lemma 1. Let K and S be sets of clauses such that K & S. Then
RS (M (K,S), S U MA(k,s)) = AB(x,s). |
| Proof: It is easy to see that if Ky CKESsc S, then
N8 (K,,8) S MS(K,S) S Me(K,S,). Also K SMS(K,S) so ms(K,S) ©
M (x,s U AS(k,8)) € M8 (WS (K,S), S U M8 (K,S)) .

To prove containment in the opposite direction, let K= gg(K,S)
and S, = s U ﬁg(K,S) and suppose 0 € QQ(KO,SO). Let a particu-
lar deduction of « satisfying'the conditions of the definition

AN
of ms(KO,SO) be given. Let Bl,...,Bn be the clauses of this

deduction which are not resolvents of earlier clauses in the

A A . . . A A
deduction. Then the triple <Bi,p,r > in this deduction has p=m,
AL N, . . A
and r is s if and only if Bi € K. Since Bi € So = SLJQS(K,S),

there is a deduction of Bi from S Dby resolution with merging
A
s

. . AN A )
with K-support, whose final triple <Bi,m,r > has r = if

AN A A
Bi e ms(K,S), but whose final (and only) triple has r =0 if

AN . : .
Bi £ ms(K,S). It is now easy to see that the deductions of

Bi,...,Bn, and o mentioned above can be fitted together in

the obvious way to obtain a deduction of « from S by resolution
with merging with K-support, whose final triple is <a,$,é >. Thus

AN
a € ms(K,S) .

The reader will recall that under the usual interpretation of
a clause as the disjunction of its literals, if « € B8, then «

implies f. Our next lemma states, roughly , that if we have a
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deduction of & from clauses Bl,...,ﬁn, and if o, implies

B. for 1< i< n, then from «

s eeesy O there is a deduction of
i 1 n

a clause 7Y which implies 0. Moreover this new deduction is in

certain respects at least as simple as the given one.

Lemma 2. Let J be a ground resolution tree and let d be a
mapping which associates with every leaf A of J a clause dA
such that dA.E_éA. Let ¥ Dbe a subset of the leaves of J such
that {A|dA # éA} C X and every non-leaf of J 1is below some

leaf in ¥. Then there is a ground resolution tree J' and a one-
one map f from the set of leaves of Jd' into the set of leaves‘
of J such that:

(1) @A = dfA for each leaf A of 31

(2) é(root J1) < é(root J); )

(3) M(@) <@ ;

(4) each non-leaf of 3J' is below some leaf in f_l(K N range f);
(5) either J' =J or root (3') is < some leaf in f—l(M N range

Remark: Clearly (5) follows from (4) unless JI! consisés of
a single node, so that its root is a leaf.

Proof: by induction on the number of nodes in J.

If J has Jjust one node ¥, let J' be the tree with a single
node whose clause is dV¥. This makes J' the same as J unless
av # gﬁg in the latter case ¥ ¢ X, so condition (5) is satisfied.
Verification of conditi?ns (1) -(4) is trivial.

Suppose J has three or more nodes. Let ¢i and ¢b be the
nodes immediately above the root of J, and let J and 32 be

1

the sub-trees of J rooted in @l and @2, respectively. We

may assume .é@i = {p} U o, é@z = (~p} U o, and é(root J) =

oy u oy s where p 1is some atom, and o, and o, are clauses.

For i =1, 2, we may apply the inductive hypothesis to J.
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to obtain a tree 3; satisfying the conditions bf the lemma;
we specify that 3; is to be Ji and f 1is to be the identity
map if dA = éA. for every leaf A of Ji‘

If p does not occur in é(root Ji), let J' Dbe Ji.
Similarly, if ~p does not occur in é(root 5;), we may let 3

be 3'.

2

The only remaining case is that in which é(root 3;)= (pJU ai
and é(root 3;) = {~p} U»a; for some clauses ai and a; such
that ai € o and a; c ®,. We construct the tree d! from. Ji,J',
and a node ¥ with é@‘: ai U a;, by letting ¥ be the root of

d', and letting root(Ji) and root(ﬁé) be the nodes immediately
above ¥ in I . We define the map f for J' to agree with

the maps for Ji and 3;, and see that condition (1) is satis-

fied.

To check condition (4), note that if 3; # 3i for either
i=1 or 'i = 2, then rpot(Ji) is < some leaf in f—l(M N range f),
so V¥ is below some such leaf in J'. On the other hand if

1 !
31 = Jl and 32 = 32, then since root(3) is below some leaf

A e X, root(3') is below f—lA. (Here we use the fact that a
resolution tree is finite, so A must be in range f since £

is one-one.) Thus (4) and (5) are satisfied. c(root J') =

1 1
p Vo, & o 2

! i
1 and o, contain a common literal, so oy and o, do

. . A !
also, and root(J) is a merge of dJ. Since m(Ji) + Q(Uz) <

o U o, = c(root J). Now if V¥ is a merge of J',

then «

A A
m(Sl) + m(32) we see that Q(J') < $(3). Thus J' is the desired

tree.
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. : . . A
Lemma 3. Let 3 Dbe a ground resolution tree with c(root J) =
{q) U a, where q is a literal. Suppose the occurrence of g in
root (§) has exactly one ancestor which is in a leaf of J. call
this leaf V. Then there is a ground resolution tree J' and an
order-isomorphism £ . from J onto J' such that:

A
(1) gf@ =c® - (g} if & is any node of J such that & < ¥

(2) gf@ = g@ if it is not the case that @& < ¥ in J.

(3 If @ is any node of 3 which is not a leaf, the atom
fesolved upon in obtaining g@ from the clauses of the nodes
immediately above & is the same as the atom resolved upon
in obtaining gf@ in J', Moreover ¢ is a merge if and
only if f% is a merge, and, if so, the merge literals are
the same.

Proof: by induction on thé number of nodes in Jd. If there

is just one node in J, the lemma is obvious.

Suppose that J has at least three nodes. Let & and ¢2

1
be the nodes immediately above root(d); let 31 and 32 be the
sub-trees 'of J rooted in ¢l and @2, respectively. Without
loss of generality we may suppose that ¥ is a leaf of 31,
A _ » A ° .
c® = {p,g} U o, and c@z = {~p} U o, where p 1is an atom, and
oy and o, are clauses such that oy U o, = a. g must be dis-

tinct from p, but g may be ~p. Also g cannot occur in oy s
since the occurrence of g in root(Jd) has no ancestors in clauses

of nodes in J

¢
Applying the inductive hypothesis to 31, we obtain a tree Ji
and an order isomorphism f from Jl onto Ji satisfying

conditions (1)-(3). Let J' be the tree constructed from Si, 32,

N -
and a clause I' with ¢I' = o, by letting I = root(J') and
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letting.root 31 and @2 be the nodes immediately above I in

. 1
d', Since é(root 3i) = {p} U o, we see that 31 is a resolution

tree. Extend f to be an order isomorphism from J onto Jd' by

‘letting f Dbe the identity function on nodes of 32,

Clearly conditions (1) and (2) are satisfied, and to check (3) it
.suffices to consider the node root (). But the atom resolved

A A . .
upon in obtaining both c(root J) and c(root J') is p, and in

each case the clause is a merge if and only if oy and o, contain

a common literal. Thus d' is the desired tree.

Lemma 4. Let J be a ground resolution tree, and let A be a

A
leaf of J. Let a be a clause disjoint from cA. Then there is
a ground resolution tree J' and an order-isomorphism g from

J onto 3J' such that

A A
(1) cgA =a U ch;
(2) if € 1is any node of 3 which is below A, there is a
A . A
(unique) clause ¥ S & such that cg® = ¥ U c® ; moreover,

either Y = ¢ or J' contains a merge;
(3 if @ is any node of J which is not < A, then ég@ = éé;
(4) if & 1is any node of J which is a merge, then g& 1is a
merge of J1',

Proof: by induction on the number of nodes in 3. If J has

just one node, let J' be the tree with a single node whose clause

A -
is a U cA .
Suppose J has three or more nodes. Let @l and @2 be

the nodes immediately above root(J), and let 31 and 32 be the

trees rooted in @l and éb, respectively. Without loss of gen-

erality we may assume that A is a leaf of J é@l = {p} U Bl’

l’
A . A
ce, = {~p} U 32, and c(root J) = Bl U 32, where p 1is an atom,

and f(root J)= T.
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and Bl and Bz are clauses.
. !
Applying the inductive hypothesis to 31, we obtain a tree 31

' 1
and an order isomorphism 97 from 31 onto 51 satisfying the

conditions of the lemma. There is a clause Y < « such that
A ' A . A :
c (root 31) cgy v U c@l vy U({p} U Bl). Let ' be the tree

obtained from 3i7 and 32 by putting (as root (3')) a node

immediately below root(Ui) and root(32), with clause Yy U Bl U Bz.
Clearly there is an order isomorphism g from J onto Jdt':

g® = §1® if @ ¢ 31; g =& if @ ¢ 32;
Hence 2ghA = a U B8A. Clearly if € is a node of J which is

g(root(J)) = root(J").

not < A, then @ ¢ J_, or ® ¢ J. but not < A; therefore it is

2’ 1

easy to see that ég@ = £4.

The clauses of J below A are root(dJ) and clauses below

A in Ui. Hence we need checf condition (2) only for root(d).

ILet &6 =79y - 62. Then 6 € ¥ € a, and ¢ is disjoint from
Bl u 32 (since we already have 7Y disjoint from {p} U Bl).
Hence ég(root 3) = é(root Jv)y =y U Bl U 32 =6 U (Bl U 82). We

must show that if & # o then J° contains a merge. If Y # «

1

1

Hence we need only consider the case where Y = «. Thus « # 6 = a-fB

we already know that J contains a merge, so Jd' does also.

2}

so a and 32 contain a common literal ¢, which is distinct
from p (since Y = a and p 1is not in Y) and from ~p (since

~p 1is not in Bz). Write a = (g} U o' and BZ = (g} U B;.
. A
c

Then & (root Ji) = (p) U ({q) U UB) and c&= (~p0((q}V ,Bé),

F N

. . . . ‘
so it follows from the definition- that root(J ) is a merge.

Clearly g preserves merges of J (since 9; does ) and

1
of 32. So we need only check that if root(J3) is a merge, then
root(d') 1is. But this is clear, since if Bl and 32 contain

a common literal, then v U Bl and 82 do also.

Thus J'!' satisfies the conditions of the lemma.
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Our next lemma is the crucial one. Actually we shall not
need condition (5) of Lemma 5, but we include it for the sake of

its own interest.

Lemma 5. Let 3 Dbe a ground resolution tree in which ﬁo merge

literal has a descendant which is resolved upon. (More precisely,

suppose there is no merge @ of J with a merge literal g in

8& such that some descendant of the occurrence of g in ¢ is

resolved upon.) Let T Dbe any leaf of J. Then there is a ground

resolution-tree J1'  such that:

(1) d' is a vine;

(2) there is a one-one mapping h from the leaves of J' into
the leaves of J such that éhA,= éA for each leaf A of J';

5

(3) there is a top-leaf I" of 3J' such that hI' = T

A A
(4) c(root d') < c(root J);

A A
(5) either c(root J') = c(root J) or J' contains at least one
merge. .
Proof: Dby induction on the number of nodes in J. If the number

of nodes is 1 or 3, let J' Dbe J, and h the identity map.
Suppose J has more than 3 nodes. Let @l and @2 be the

nodes immediately above the root of J, and let J and 32 be

1
the sub-trees of J rooted in ¢i - and @2, respectively. Without
loss of generality we may assume that I is a leaf of 31,
8¢, = (p) U oy, 82, = (~p) U oy, and &(root §) = o U o, where
p is an atom, and oy and o, are clauses.
Applying the inductive hypothesis to J there is a vine Ji,

l)

‘a clause-preserving one-one map hl from the leaves of 31 into

the leaves of 31, and a top-leaf I'" of Si such that h,I" = Tj

1 .
also ¢(root Sl) c {p} U o . If the atom p does not occur in
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A 1
c =
1 S al U a2 c (root J), and Jl

1
contains a merge, so let J' be 31.

A A
c (root Ei), then c(root 3;) C u

1
Next. we consider the case where p does occur in c(root Kl).

A . 1 1
- Then ~c(root Ji)= (p} U al for some clause o c a . If

1

1 N
oy # oy then 31 contains a merge. The literal ~p in

. . . A .
@2 is resolved upon in 3 to obtain c(root 3J), so this occur-
rence of ~p . has no ancestor which is a merge literal of J.

Hence there is a unique leaf @5 of 32 which contains an ances-

A
tor of the occurrence of ~p in @b. Write Cga = {Np} u B.

5 has just one

node.) Hence we may apply Lemma 3 to obtain from 32 a tree 33

(See Figure 2.) (If B =[O then Qb = @2 and J

and an order isomorphism f from 32 onto A33 satisfying the

A A A
conditions of Lemma 3, with cf@b = B and c(root 33) = cf@2 = a,.

By condition (3) of Lemma 3 we see that no merge literal of

33 has a descendant which is resolved upon (since 32 inherited
the same property from J), and 33 has fewer nodes than J, so
we may apply our inductive hypothesis to 33, with @% = f@b

(definition) as the designated leaf of J Thus we obtain a vine

3°

Jg a one-one clause-preserving map h from the leaves of 34

4’° 4
into the leaves of J._, and a top-leaf @h of 34 such that

> W

Ay = Br. = B. Let a'_= é(root 34).5 é(root 33) =

hy ¥, =¥; so a4 3 2

1
o,. If o, # a, then 34 contains a merge.
Finally we apply Lemma 4 to 34, with @Z as the designated

, _
leaf of J, and @, - B as the designated clause. Thus we obtain

4
a vine 35 and an order-isonorphism g from 34 onto 35, such
that there is a top-leaf @% = g@h of 35 with él% = ég@h =
' A ' A A
(al - B U c@h =a; U B, but cgl=cQ if § is any leaf of 34

1"

other than @4. Moreovér there is a clause dl

c (ai - B) such
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"o

A A . A '
that c¢(root 35) = cg(root 34) = 0y U c(root 34) = o U o, , and

if a; # ai - B then I, contains a merge.

We summarize the relation between 32 and 35. (See Figure 3.)

32 has a leaf @é with é@b = {~p} U B, and root @2, with
. ‘ . A
é@b = {~p} U oy 35 is a vine with a top-leaf V¥_, with c¥ =

5
1 llc 1 Calc
o 1 2° 1€ -Bcoy o

' 1

and o, S @,. There is a one-one map h5 = £ 0h4°g—l from the

leaves of 35 into the leaves of 32 such that h5@% = @b, and

éh5§Z= é(l if & is any leaf of 35 other than ..

t
Now we construct the tree J' from the trees 35, Sl, and a

node which we call V¥, with c¢¥ = {~p} U B, by putting the root

11 . 1
U 8, and é(root 35) = o, U a,, where «

of Ji and V¥ immediately above the leaf @% of 35. (See

Figure 4.) Note that g(root Ji) = {p} U ai and é@': {~p} U B
have as a resolvent the clause. ai UuBg-= é@%, so the tree J' 1is

a resolution tree. A node of gt is a pon—leaf of Jd' if and

only if it ié E% or a non-leaf of 3i or of 35; hence it is easy
to see that J', like Ji and 35, is a vine. (A node immediately
below @% in 35 is also immediately beloQ the other top-leaf

of 35, which is still a leaf in Jr1)) The leaves of 3! are

the leaves of 31, ¥, and the leaves of 35 other than Q%;

hence we can define a one-one clause-preserving map h from the
leaves of J' into the leaves of J by setting hA = hlA if

1
A is a leaf of 31, h¥ = @2, and hA = h5A. if A is a leaf of

35 other than @%. Note that I" 1is a top-leaf of J' with

A A
hI' = hlf“ = I, and that c(root J') = c(root 35) = a{ U a; c

A
oy U o, = c(root J).

Finally we must check that J' satisfies condition (5).
K] '
If o # o, then 31 contains a merge, so J' does also. Thus

we need consider only the case where 0y = 0. If ai and B
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contain a common literal, then Q% is a merge of J'. Thus we

!
need consider only the case where oy and B are disjoint, so

1

n

- = = -— 3 i
0y B oy 0. If o # oy f then 5 contains a merge,
so J' does also. Hence we need consider only the case where

1" 1

= = J i
oy o . If a2 a2 then a4 contains a merge, so by clause
(4) of Lemma 4, 35 does also, so J' contains a merge.

1

Thus we need consider only the case where o, = az. But then
A 1" :
c(root J') = oy U a; = 0 u a2 = é(root 3), so J' satisfies
condition (5).

Thus J' is the desired tree.

Remark: As often happens in inductive proofs, we have essen-
tially given an algorithm for transforming the tree J into the
vine J'., The reader may find it enlightening to carry out this

transformation on some examples.

Theorem 6. Let K and S be sets of ground clauses with K < 8.
Let K, = %g(K,S) and So =S U Ko' Let J be a ground resolu-
tion tree with K_-support such that é(root J) =0 and éA.€ S,
for each leaf A of J. Then there is a ground resolution tree
3t'  such that:

(1) J' 1is a vine;

(2) &' has Ko—suppofts _
(3) gAL€ SO for each 1leaf A of J';

(4) %(root gy =0 . ‘

Proof: The proof is by induction on %(3).
If J has just one node let J' be 3. If I has more than
one node, then it has a leaf>whose clause is in Ko. If J has

no merges, but I be such a leaf and apply Lemma 5 to obtain a

vine J' with root clause [ and with leaves whose clauses are
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in S, > with a top leaf I" whose clause is in K. Thus J,

has Ko—support, as desired.

It remains to deal with the case where J contains a merge.
Let ¥ Dbe a merge of 3 which is below no other merge. Let 31
be the sub-tree of J With root V¥, ¥ has K_-support in J,

so some leaf I of 31 has its clause in KO. Clearly 31‘ satis-

fies the hypothesis of Lemma 5, since its sole merge is its root.

Let Ji be a vine obtained as in Lemma 5 from 31, with T as

the designated leaf of J,. Note that 3; has a top-leaf I
such that &I' = ol e K.

. 1 1
If 31 contains a merge, then (since 31 is a vine) it con-

1
tains a minimal merge . Since 31 is a vine with leaves whose

clauses are in So and a top leaf I" whose clause is in KO,

1 ‘.
jl represents a deduction from SO by resolution with merging

1

l 3
A AN AN AN AN

cl) € ms(Ko,So). But by Lemma 1, mS(Ko’So) = ms(ﬁé(K,S), S U ms (K,S))=

with K_-support. Since § is a merge of J we see that

AA ) ’
ms (K,S) = KO. Let 32 be the tree obtained from Ui by pruning

away all nodes above £l (Of course root 32 may be £, in which

1
case 32 contains a single node). If, however, 31

. ' 3 3 . .
tain a merge, let 32 be 31. Then in either case 32 is a vine

with a top-leaf ({ or F'). whose clause is in K

does not con-

o 32 contains

no merges, the clauses of the leaves of 32 are all in So’ and

A A ! A A
¢ (root 32) = ¢ (root 31) C c(root 31) = cV.
We wish to replace 31 by 32 within J, but we cannot do

. . . A A
this directly if c(root 32) # c¥., So let J be the tree obtained

3

from 3 Dby pruning away all nodes of 3 which are above ¥; thus

¥ becomes a leaf of 33. We now wish to apply Lemma 2 to obtain
from 33 a tree 34 in which the node ¥ is replaced by a node

. A .
¥  whose clause is c¢(root 32). So define d on the leaves of 33
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A
so that d¥ = c(root 32), and dA = éA. if A is a leaf of 33

other than V. Let X = (A|A is a leaf of J and A = V¥ or

3)

éA.e K }. Since J has K-support we see that J d, and ¥~
o

3’

satisfy the hypotheses of Lemma 2, so we obtain the desired tree

34 and map f as in Lemma 2.

Thus if 34 has leaf ¥ such that f£f¥' = ¥, we see that

QU = df¥r = q¥ = é(root I); let J* Dbe the tree obtained by

grafting 3, onto 34 so that root(Uz) is identified with ¥,

If the leaf ¥ of & is not in the range of £, let 3% Dbe 34.

3

Note that the leaves of 3% are all leaves of & or leaves of

2.’

. . A
34 other than WV¥', so it is easy to see that cA ¢ Sq for each

leaf A of J%, By clause (4) of Lemma 2, each non-leaf of 34

is below ¥' or a leaf whose clause is in KJ; but (if there is

a node ¥ in 34) ¥' < the top-leaf of J in 3%, so J%

Q>N

clearly has Ko-support. Also é(root d¥) = c(root 34) c é(root 33)=
S(root ) =B so &(root I¥) =m. Now M(F*) = M(T,) + M(T)

= $(34) < $(33) = ﬁ(ﬁ) -1, since ¥ is a merge of J but not of
33. Hence 8(3*) < Q(S), so since J%*¥ satisfies the hypotheses

of our theorem we obtain the desired tree J°',.

Theorem 7. Let K and S be sets of ground clauses with K € S
such that there is a réfutation of. S with K-support. Then there
is a refutation of S py resolution with merging with K-support.
Proof:
From the given refutation of S with K-support we can con-
struct a ground resolution tree with K-support with root clause O
and with leaves whose clauses are in S. Let Ko = QQ(K,S) and

_ . - . . e
So S u K, Since K S K, and S ¢ S this tree satisfies
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the hypothesis of Theorem 6, so there is a vine J' as described

in Theorem 6. Let K; = KJ N {y]y is the clause of some leaf of J'},

Then J' represents a refutation by resolution with merging of S U Ky
leth Kl 1

we can obtain a deduction of ¥ from S by resolution with merging
A

A .
with K-support, in which the final triple is <Y,m,s >. Kl is

finite, so we can place these deductions one after another, and

AA .
-support. Since K, & ms (K,S) , for each clause ¥ in K

add at the end the refutation represented by J1. This gives a
single deduction which is a refutation of S Dby resolution with

merging with K-support.

Having established our main theorem for the case where the
given clauses are ground clauses, we must extend it to the general
case. The obvious approach is %o transform a refutation of a given
set S of clauses to a refutation of a set SO of ground clauses
obtained by instantiating the clauses of S, then apply Theorem 7
to gef a refutation of So by resolution with merging, and from
this construct a refutation of S by resolution with merging; all
this is to be done, of course, with due regard for the set of
support. However, unless the set of support is trivial (in which
case one can use t@e Ground Resolution Theorem of [2]), the first
step in this process is not as simple as one might suppose. One
might suppose that if 3 is any resolution tree, then there is a
ground resolution tree J' order-isomorphic to J, such that the
clause of each node of J' 1is obtained from the corresponding
clause of J by instantiation. However, the tree in Figure 5

shows that this is false. This tree also provides a counter-example
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3 Nevertheless, all we

to the second parﬁ of Lemma 2 in [5].
really need is to obtain from J a ground resolution tree 31  with
appropriate support, whose leaves have clauses in So'_ We shall
show that we can do this in Lemma 8.

In discussing substitutions we shall use the terminology of
section 5 of [2], with one ﬁinor change.i A substitution can be
regarded as a function mapping literals to literals, or sets of
literals to sets of literals. In [2] these functions are written
to the right of their arguments, but to maintain consistency with
our previous usage we shall continue to write functions to the
left of their arguments.

Definition. A ground substitution is a substitution in which

the term of each substitution component is a ground term (i.e.,

contains no individual variables).

Lemma 8. Let J be a iesolution tree with é(root 3) =0 and

let X Dbe a subset of tﬁe ieaves §f J suéh that every non-leaf

of 3 is below some leaf in ¥X. Then there is a ground resolution

tree J' and a one-one mapping h from the leaves of d' into

the leaves of J such that

(1) for each leaf A of J' there is a ground substitution 3
such that éA. = ééhA;

(2) every non-leaf of 3' 1is below some leaf in h'l(M N range h).

-

(3) c(root 'y =0 .

3 Let A = {~Pxy}, B = {{2W Rzw,Pzz}, C = (Rzw,Pzz}, C' = [Raa,Paal.
Then C 1is a resolvent of A and B, and C' 1is obtained from C
by instantiation, but there are no clauses A' and B' obtainable
by instantiation from A and B, respectively, such that C' is a
resolvent of A' and B'. Fortunately only the first part of
Lemma 2 of [5] seems to be actually used in [5].
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If 3 has more than one node, let J!' be T,

Suppose J has more than one node. .Let § Dbe a non-leaf of J
wﬁich is below no other non-leaf. Let @k and Q’ be the leaves
immediately above £ in J. Let Jl be the sub-tree of J
obtained by‘pruning off .¢ and V¥, so that § is a leaf of 31.
Let ¥, = {A|A is a leaf of 3., and A.e‘H or A= éﬁ. Clearly

every non-leaf of J is below some leaf in Ml, so we can apply

1
the inductive hypothesis to 31 to obtain a ground resolution
tree Ki and map hl from the leaves of Ji into the leaves
of Ul satisfying conditions (1) - (3). If Q £ range hl then
Hl N rénge hl C X so we can take J' to be Si.

Suppose ! € range h so there is a leaf &' of 3i such

12
that th' = ). Then there is a ground substitution 8 such

fhat éﬂ' = ééhQ' = ééﬂ. There‘exist substitutions ﬁ and ﬁ,

an atom p, and clauses & and € such that Agé = (p} U &6 and
B0y = (~p} Ue and 8Q=5suU €, so o = (6 Ue). Let 8 be
the set of all variables which occur in p or occur in the term

of some substitution component of A or of Q. Let ﬁ be the
substitution % | X 1is an individual variable in 8}, where a
is a fixed individual constant. Clearly the composite substitu-
tions ﬁ°é°£ and _ﬁcéaﬁ are ground substitutions. Let &' be

a node with é@' = ﬁéﬁé@ = [ﬁép} U ﬁéé and let Y¥' Dbe a node with
é@' = éﬁé@ = [~ﬁép} U ﬁée. Since the literals in é(é U ¢) are
in éQ‘ they are ground literals, so ﬁeé = 65 and ﬁée = ég.
Clearly ﬁép is a ground literal. Thus é@’ and g@‘ are ground
clauses. Although p does not occur in &, certain literals in

A
6 may become identified with ﬁép when instantiated by G. There-

fore let &' be the subset of &6 from which such literals have
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. A AN o A ..
been deleted, so that c®' = {HGp} U G6'. Similarly let €' S ¢

AA .
be such that é@' = {~HGp} U Ge'.

A A A A X A
Now GO&' U Ge' = G(6' U €') € G(6 U €) = cfi'. We wish to
replace Ji by a tree 32 in which ' 1is replaced by a node.
A A : 1
with clause G&' U Ge'. So we apply Lemma 2 to Jl. Let

1 other than ', while 4 =

A
dA = cA if A is any leaf of J

85' U ée'. Let Mi = hil(Ml N range hl). Qr e Hi and every non-
leaf of Ki is below some leaf in Mi, so by Lemma 2 we obtain a
ground resolution tree 32 and a one-one map £ from the leaves
of J, into the leaves of Ui such that CA = AfA for each
leaf A of 32, é root 32 = J , and each non-leaf of 32 is
below some leaf in f"l(}cl N range f£f).

Let h2 = hlof. Then h2 is a one-one map from the leaves
of 32 into the leaves 31, and every non-leaf of 32 is below

somemleéf in h;l(Ml N range h2). If Q' € range f let Qb= f_lQ'.

If A is any leaf of 32 other than SE then, since fA 1is a

leaf of Si, there is a éroﬁnd subétitution & such that QA.=
dfA = éfA.= ééhlfA.= éétha Now suppose £' 1is not in range f, so
{ is not in range h,. Then h, maps the leaves of 32 into the
leaves of J, so we let 3J' be 32 and h Dbe h2.

On the other hand, suppose there is a leaf Qz of 32 such
that @ = £Q,. Then h,Q, = h £0, = Q. Also oQ, = dfQ, = aQ' =
eé' U eeﬂ Let J' be the tree obtained from 32 by placing the
nodes @' and V¥' immediately above '. Clearly J' is a
ground-reSDIution tree with root clause [ . Let h Dbe the exten-
sion of h2 mapping the leaves of 3J' into the leaves of J, such
that h®' = & and h¥' = ¥, Since either & or ¥ must be in

K, it is easy to see that every non-leaf of J' is below some leaf
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in h'l(H N range h). Also it is easy to check that (1) is

satisfied, so the proof is complete.

Theorem 9. Let K and S be sets of clauses with K € S such
that there is a refutation of S with K-support. Then there
is a refutation of S Dby resolution with merging with K-support.
Proof:
From the given refutation of S with K-support we can con-

struct a resolution tree 31 with K-support with root clause O

and with leaves whose clauses are in S. We let X Dbe the set of
leaves of J whose clauses are in K. Then we can apply Lemma 8

to obtain a ground resolution tree 32 with root clause [ and

a one-one map h from the leaves of 32 into the leaves of 31

as described in Lemma 8. Let 82 be the set of clauses of the

2> and let K2 be the set of clauses of the leaves

in n7t (¥ N range h). Then K,Ccs

leaves of &

27 82 is a set of ground

2 represents a refutation of .Sz with Kz—support.

For each clause B € 82 there is a clause «® € S and a ground

. . A A
substitution G such that £ = Goa.

clauses, and 9

By Theorem 7 we see that there is a refutation of 82 with

K2-support by resolution with merging. For convenience we repre-

sent this refutation by a ground resolution tree 33. Let 34
be the tree obtained from 33 upon replacing each leaf A of 83

by a leaf A' with a clause « € S such that there is a ground

substitution é such that éa = QA" We must establish that 34

is a resolution tree. We can ignore the trivial case where 33

and 34 have just one node. So let & be any leaf of 33, let

0 be the node immediately below &, and let V¥ be the other node
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iﬁmediately above §. (¥ may or may not be a leaf of 33). There
are clauses 8 and € and an atom p such that 8a = {p} U &
aﬁd Ay = {(~p}) U e and 2o =6 U e. There is a ground substi-
tution A such that RR® = 8o = {p} U 6, so Aq is a resolvent
of é@' and bé@. (Také ﬁ as the trivial substitution in the
definition of resolvent.) If ¥ is a leaf of 33 then the?e is
a ground substitution £ such that B2w = fv - (~p} U €, so Alel

is a resolvent of éé' and é@‘. In either case we see that 34
is a resolution tree. If a leaf A of 83 has its clause in K2,
then éA‘ € K, so 34 has K-support. Since a merge of 33 is
still a merge in 34, 34 represents a refutation of S with

K-support by resolution with merging.
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§4 Remarks .

In §l we introduced a rather general definition of resolvent,
since we permitted the substitutions ﬁ and ﬁ to be chosen
arbitrarily. We should now like to point out that while this gen-
erality conveniently simplifies our theoretical discussion, it is
superfluous in practice, since the substitutions need only be
chosen to accomplish certain limited and specific purposes.

If a and B are clauses to be resolved, we first apply
substitutions Q and Q (the x- and y-standardizations of [2])
to obtain alphabetic variants Qa and QB of «a and B, respec-
tively; which have no variables‘in common. This assures that
occurrences of variables in the resolvent will not be occurrences
of the same variable without good reason, and permits us to define
just one further substitution ‘Q to obtain A = Be® ana B = 2.9.
We choose % in such a way as to identify certain atoms of %a J QB
with one another, namely, the atoms of the literals we wish to
resolve upon, the atoms of the merge literals (if the resolvent
is to be a merge), and perhaps other atoms of literals which we
wish to factor (see [4]).

In [2] it was proved that there is a most general unifier of
a unifiable set of well-formed expressions. We next prove a useful
corollary and extension of this theorem.

Definition. Let oy be a finite set of well-formed expressions

. VAN . . A .
for 1 <1i<n. If W is a substitution such that Wa, is a

singleton for each i, then % simultancously unifies Ops s and
o and we say that 0,...0  are simultaneously unifiable. If

% simultaneously unifies Oysvees and oL s and for any substitution
2 which simultaneously unifies & ..., and an there is a

l}
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A A A A
substitution G such that W = VeZ, then W is a most general

simultaneous unifier of ERERP and o -

Simultaneous Unification Theorem.

Let « and o be finite sets of well-formed expressions

IERREE
which are simultaneously unifiable. Then there is a most general
simultaneous unifier of al,...; and an‘

Proof:

We prove the theorem by induction on n. For n =1 we use
the Unification Theorem of [2].

Suppose ai,...,an, and o are simultaneously unifiable by

+1
A e
%, and let A Dbe a most general unifier for EREEF and o .
Since Q simultaneously unifies Oy enns and an’ there is a sub-
. . A A AA A AA ) )
stitution V such that 2Z = VoA. Now 2z« = VA is a single-
n+1l n+l :

‘o A e .
ton, so 0 unifies Aan . Hence by the Unification Theorem there

+1

. . A A AN
is a most general unifier B of Aan+l' We assert that BoA is

a most general simultaneous unifier for « <50 and an

1’ +1

. A . . AA . AN
If i< n, Aai is a singleton so BAOLi is also. But BAozn+l

. . A A . ‘oo
is a singleton, so Be¢A simultaneously unifies al""’an’ and

A . s
Now suppose Y 1s any simultaneous unifier of « o

(0% 1°°°°*°’°n’

n+1l°

A
and an+l' Then Y simultaneously unifies ..., and an’ SO

1

b
A . A
sA. Since Yan =

o
0
+1

. . . A A
there is a substitution U such that Y =

A s A . . .
n+l,U is a unifier of Aan+l{ so there is a substitution ﬁ

.

A A A A A A A A A A A A
such that U = XeB. Hence Y = UesA = (XeB)eA = Xo(BeA), so the

AN
UACQ
. . . A .
required substitution X exists.

It should be noted that if Ql and &2 are two most general

cimultaneous unifiers of ERREY and o s then there are substitutions
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Q and Q such tﬁat &l = Qo&z and QZ = Qoﬁl. Hence it is clear
that if p is any well-formed expression, le and ﬁzp are
alphabetic variants of one another. Thus the most general simul-
taneous unifier of Oyseves and o is essentially unique.

Implicit in our proof of the theorem above is an algorithm for
finding the most general simultaneous unifier of EEREE and 0 s
which involves treating each of the o, in turn. As a consequence
of the essential uniqueness of the most general simultaneous
unifier, it is clear that it does not matter in what order we treat
the a, -

Returning to our discussion of the resolvent of clauses « and
B, once we have decided which subsets of Qa U QB we wish to unify,
we might as well take Q to be the most general simultaneous
unifier of these subsets, since the effect of using any other
substitution which simultaneously unifies these subsets could be
obtained by applying aﬁ additional substitution later.‘ Thus even
with our liberalized definition of resolvent, there are essentially
only finitely many resolvents of a and HB , since %a U QB has
only finitely many subsets.

In forming a resolvent of « and B, one might as well first
unify the atoms of the literals in Qa u QB‘ which are to be
resolved upon, since we know we can treat the unifiable subsets
in any order Qe please., One thus obtains the resolvent of «
and B as defined [2], and one can make additional substitutions
to complete the merge (if the resolvent is to be a merge) . It
may sometimes happen that the mergé can be made in several differ-
ent ways (but not in all of these ways at once), but there is no

obvious criterion for deciding which is the best way of forming
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the merge. In such cases it seems reasonable to defer the actual
merge until léter, when it will occur as a factoring of the resolved
clause as it is resolved with some other clause. Thus a refutation
by resolution with merging may look exactly like a refutation as
defined in [2]. However, the chbice of resolvents is governed by
the requirement that certain of the resolveﬁts must be at least
potential merges in accofdance with the definition of a deduction
by resolution with merging.

In general, when one is concerned with the problem of search-
ing for refutations, it is advantageous to make the definition of
a deduction as restrictive as possible (without loss of complete-
ness, and without rendering deductions unnecessarily long or
awkward) , so as to minimize the choices which must be made in the
search for a refutation. There is an obvious way of making the
definition of a deduction by resolution with merging with K-support
~more restrictive; namely, modify part (ii) of the definition to
require that both Ql be ﬁ and Ql be Q, or that both 92

8.

A .
be m and Q be However, this definition is actually too

2

restrictive, as the following example shows. ILet S contain

the following clauses:

1y  {~p,~q} (2) {(p,r} (3) f{g,r}
(4) {~s,~t} (5) (s,~r} (6) f{t,~x}.
Let K contain just clauses (1) and (4). Then it is easy to

check that S has a refutation by resolution with merging with
‘K-support under our present definition, but not under the modified

definition mentioned above.
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