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Abstract: It is shown that an arbitrary tenperature distribution

2
tenperatures over a preceding tine interval.

may be approximated in the £ sense by controlling the bouhdary
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Let & be a bounded open subset of R*™ with a pi ecewi se snooth
boundary SB having finite (n-1)-di mensi onal vol urme. Only a rather
restricted class of tenperature distributions u(=u(x), xeft) can
"arise",, that is, can have a 'past history' j eg.,, such a u
must be analytic in x. W ask, however, vvhet.her one could start
with a given distribution - say, u =0 - and,, by manipul ating the
boundary tenperatures over sone finite time interval, arrange to
approximate arbitrarily well a specified distribution.

Thus, if tr(=TT(t,x) , t€(-1,0), xedft) is given one may obtain
the solution U of the heat equation with 0 initial data and T
as boundary data and then define the operator T froma space of
adm ssi bl e boundary data to the space of possible tenperature dis-
tributions by setting Tu = u Wnere u(x) = G{O x) for X6& W
ask whether the range of T is dense in £~;( R) .

It is easily seen that the answer to this question is inde-
pendent of ahy reasonabl e choi ce o.f t he space of adm ssible boundary
dat a.

The function U, then, satisfies the conditions

0, = A0 te(-1,0 ,xeff
(1) a(-1,x) =0 xeft
u(t,x) =T(t,x) te(-1,0), xcdf

and, with u(x) =U0(0O x), we have the integral representation

(2) u(x) =373 G (Xy.,-t) uft,y) dy dt
-1 9R Y :

where GY is the nornal derivative (with respect to its second

variable) of the Green's function for the heat equation in a. As

is well-known, G may be- expressed, for x,yeftt and 0 < -t, as




(3) G(x,y,-t) = ££ A Wa M) exp[?At]

where GA } are t he eigenval ues of the Laplacian operator in R

and {sq{) are ~x¢ correspondi ng normalized ei genfunctions; thus

(4) by = Ny, 3 (O8) =0, llall, = 1.

We recall that the i3t) 2rea grthogonal basis of £«,WJ t he

{-Ak} are positive and that, if we |et {jJIj-} be the distinct

2
ei genval ues, ordered by increasing magni tude, then {/i3/j } is
bounded away from 0 and °° . The kernel Gv of (2) is now

gi ven by Gv(x’\y"-t) = vyo VyGfx"y"-'t) and, for xeR,yed& 0 < -t,
(5) GMx,y,-t) = 8" aw(x)be(y) expfrt]

wher e vy is the unit outward normal at 'y (undefined on the
subset - assumed negligible - at which BR is not smooth) and

A(Y) = i>y' Vak(y) A por fixed At >0 and XGRA we have GA

Q * ) '
continuous (in fact, C where this is meaningful on &t) in vy
and, for fixed -t <0 and yed& G, is analytic in x.
W assert that, as (y, t) ranges over dt X (-.10 , the

'cross-sections' Gv(x,y,~t) generate <£2 (& when considered as

functions of x. It then follows that, any u(x) in £4(R) can be approxi--
mated arbitrarily well in £,(8&) by finite sums of the form
/2 **%
: o 0-
3 \P, <herke\L
. ~ Now we may find,, for e >0/ C° functions 0 (tyy), for

(t,y) e(-1,0) x 5ft, whichvanish for jy-y | >e or |t-t | > e
111

r (HV)

t'l\

and satisfy j k0 dy dt = 1; hence, using (2 and the continuity
-1 ot ™

of GY in (i;-t) , u(x) "can be approximted arbitrarily well by




T[L2\§l‘ cmOm] so T has dense range. It remains to pro.ve t he
assertion.
- Suppose, to the contrary, that the linear span of

=G (*jYj-t): (Y t) €dftx(-1,0) ) were not dense in £4(&). W
could then find a non-trivial (pelft" i.e., a function cpe", (&)

such that <p/ 0 but
(6) 0 = <<P,C"(-,y,-t)> (y,t)€dftX(-1,0) .

Expanding <p in terms of the orthonormal basis t3_"_} gives

<p = £j§ g with j§8 =<<Pg> and (6) beconmes
(7) 0 = \PY) exp[Adt] ' yeBft, 0 < -t < 1.

Ve dbserve that this series is absolutely convergent for each (y,t) since
{bk (y) exp[/}\{. t] : k=1,2,.. .} | i s square-sumabl e, bei ng t he expan- |
> sion coefficients of Gv whichis in S 2(fo) when, as here, con-
sidered as a function of X for vyedft, t < O.
If we collect the terns in (7) associ ated with mul tiple eigen-

val ues we obtain in ternms of the distinct ei genval ues /z.J

CI 0=5>j* " "<z < 1

where z :et (k-1 <t <0) and, putting K_={kA =1/i.} (note
J K 3

t hat each K.J is-fini‘te),

(9) Yo = Voty) = L, Bb (¥
- T

. The absolute convergence of the series in (8 for, say, z = 3/4 and
- the signof the exponents {jlill_} guarantee the absolute convergence
of the series uniformy in the disk |z| < 3/4. Since each of the

functions z 3 = exp[/!.j l og z] is analytic in the half-disk




{z: |z|;§ 3/4, Re z > 0} the series converges in the half-disk
to an analytic function which, by (8), nust be 0. It follows that
-A1 A
_ M
0 =Trim,_,oZ £ y'z° =y4
and, recursively, we obtain 0 =7 =y = ... soO
(10) 0="r""(y) yerB, | = 1,2,...

]
This inplies that ZkeKj/LVﬁ () "as p°rl ° Dirichlet data, by
(4 , and O Neumann data and so vani shes whence, by the independ-
ence of the a.., we have £, = j§ = ... =0 contradicting the
assunption that <p ™ 0.

It follows that tU and, therefore, the range of T is dense
in ﬁ%\N- W remark that the sane proof works for any strictly
parabolic equation if the coefficients are independent of t.
Presumably the same result would obtain for tenporally inhonogen-
eous processes, undér mld conditions on the time dependence, but
a nore delicafe argunent woul d be required.
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