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Let S = {x e X sup” <Ps(x) < °°} where<p = {<P) is . afamly
of sem -norns determning the topology of X It is shown that <p

<
may be chosen so S, is denseiff X has a bounded generating set iff

0
there is a continuous normon X*. It is shqmn that these conditions
hol d for separable Fr échet spaces and for quotients of products

of Banach spaces. An exanplé is given of a Fréchet space containing
no bounded generating set thus contradicting an assertionlof L. Maté

t hat %p i s dense for Fré&chet spaces.
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Al'l spaces, X, Y, ..., in this paper are linear spaces with
| ocally convex Haussdorf |inear topol ogi-es. Gven X, let $ = @(X)
be the set of all famlies <p = " of conti nuous sem’-norrﬁs on
X determ ning the topology;, for <p e $ | et %0 = (x e X l\lp(x) =
supa"(x) < °°}.  For subsets Tc: x, let [T] be the closed I|inear
hull of T, if X has a bounded generator, i.e., if there is a
bounded set r-c Xx with [r] =X, we call X a'BG space!. Again,
for a subsét T<=x, let T"be its annihiiator, T~= (4 e X*: £(x) =
O for x e T}, let 1° be its polar set, r° = {£ e X! [4(x)] <1
for x.€ T} and let v-p be the M nkowski gauge of r° so, for 4 € X*,.
i>(£) =inf {t: "€t 1°} =sup {|E(X)| : xe T]. By the definition
of the strong topology on X*, ~pis (strongly) continuous (and
everywhere finite) if and onl-y if Tis bounded in X; it is a norm
if and only if [T] = X

It is asserted in Mat€ [I] -that, gi ven a Fréchet space X
and <p e $( X), <p:{<R’f,P°>"'3A t he S%S Is dense in X That this
need not hold in géneral may be seen from the follow ng el enentary

exanpl e.

Exanple 1: Let X = s be the space of all sequences X = [ Xp, Xo, ]

with the topology of -coordinate-w se convergence. ~ W may take

<pe$tobegivenby (p (x) =nmax{|x, | : k<n} (n=1,2,...) or
n JE —
N e <&with 0,(x) = | *nl - Then $" is the set of all bounded sequences

(which T£ dense in X) but §? = {0} since, for k> n and any x e X,
=t o <P.(x)/n < NP(x)/n.




This makes it clear that the dehsity of :§p in X depends on
t he choi ce of .<p e $ and rai seé the question: Can one (in particu-
lar, if Xis a Frechet space) choose <p e <€(X so that % is dense
in X? or, sonewhat nore generally: Can one choose <p e $(X) so
that the closure of % is a specified closed subspace Y?_ W .begin

by showi ng the equival ence of certain conditions on X, Y.

Theorem 1: G ven a space X and a cl osed subspace Y c: x, the follow-
ing conditions are equivalent:
(A) There exists <p e $(X) such.that "é =Y,
(B) There exists a bounded set r ¢ x with [r] =Y.
(O Y is a BG space. |
(D) There exi s.ts a (strongly) continuous semn -nor mV on X*
such that V") = v*,

(E) There exists a (strongly) continuous norm 1/ on Y*.

Proof: The equival ence of (B) and (Q) is immediate. The equival -
ence of (D) and (E) follows fromthe observation that we may take
V=uVver (where T: X — Y~ is the 'restriction of domain® map)
and noting that T is continuous, open, surjective, and linear with
kernel Y. W now show the equival ence of (A and (B) and of (CQ
and (E).

Gven (A), set T= (x € X I}’_.,(x) < 1}. CIearIyITis bounded;
as r is bal anced and convex, [F] = lj.;k’rrmhi ch is just S’q_) =Y.
Conversely, suppose we are given (B) . Let 0 be a set of continuous
sem -norms on X such that fI {""(0): $, e $} =Y, such a set $ may

be obtained fromany element of $(X/Y) . Let A be the index set of




$ = i$, }i» which we may assume infinite and let B be the set of
all finite subsets of A, for j8 e B, x € X, set Og(x) :n’\

max{|a(x): a € )8 (where n" is the cardinality of |j§ and |et

o~ A ~
:A{#E*j}. Next choose any <p e $(X) and define p € * as foll ows:

for <p}/ e $ there is, as T is bounded,, cy > 0 such that T <= cy

{x e X Ey(x) < 1}; set Py(x) =<py(x)/cy and £ = {?,}. Finally,

let <p = 0 U$; since each 0 € ~ is continuous and (p e $” we have

<p € . For x € V\ehave<P*x =0if " GO (as T<=
aFr)1d <P(x) < 1 i f %e % Thus ( c %o whence Y(— [r] 5y)

_Sqo On the other hand, the construction of O guar ant ees t hat
sup_gt.ng<) = °° for x"Y so q§ 5Y and _S.: =Y.

Gven (C), there is a bounded generating set T for Y and v=v*p
is the required continuous normon Y*e Conversely, given (E), let
B={w GY\. v(7) < 1}; the strong continuity of v neans Bis a
nei ghborhood of 0 in Y* and so there exists a bounded set Fey
such that | °58%* Then'v” is an everywhere finite continuous seni-

normon Y* and, as u- p">v and 1/ is anorm v-pis anormon Y*

and so [T] =Y. _ _ QED

For conveni ence we state separat ely' the results above in the

case X = Y.

Corollary: The following conditions on a space X are equival ent:
(A) There exists <p e $(X) such that % i s dense. |
(B Ther'e is a bounded generating set for X (i.e., Xis a
BG space). '

(O There exists a continuous normv on X*,




Remark: Cearly, if Xis a Frechet space the <p of condition (A

may be taken to be countabl e.

Lerma: A Fréchet space X has a pre-conpact generating set K if

and only if it is separable.

Proof: Suppose X is separable and {Xi’XE""} is a countable dense
subset . Letting f be any netric giving the topology on X set
Yo = A/ flTNoAaXpAa andKoa AynA* Since y, — 0, K is pre-conpact.
Si nce each xnis in the linear hull of K and [xﬁxo%f ..} is dense,
Kis a ggnerating set. Conversely, if Kis a pre-conpact generating
set then K (being a conpact metric space) contains a countable
dense subset {y-, y2, . . . }; let Sbe the set of all finite | i near
conbi nations of the {y,} with (conplex) rational coefficients._
Then S is countable and, as {y-.,y2 *°<} is dense in the generating
set KK Sis dense in X which is thus separable. _ QED
Since a pre-conpact set nust be bounded, any separable Frechet
space is a BG space and a positive partial answer to the question
rai sed above is that, for a separable Fréchet space X, one can
al ways choose <p e $(X) so that § I's dense; fromthe construction
one can clearly arrange that Sf contain any specified countable set.
We now col |l ect sonme conditions under which a positive answer may be

given to the question.

Theorem 2:  Any of the following is sufficient to ensure that X is

a BG space:




(A) X is a Banach space.

(B) X is a separable Fréchet space.

(O Xis a product' of BG spaces.

(D Xis the inage., under a continuous linear map., of a

BG space.

(BE) X is a quotient of a product of Banach spaces.

Proof: (A) is trivial, (B) follows fromthe Lemma above. (C holds
because the product of bounded subsets of the factors is bounded in
a product space and the product of generating sets is a generating
set. (D holds because the imge, under a continuous map, of a
bounded set is bounded, of a dense set is dense. (E) follows
imediately from (A), (G and (D). QED

% now note that the final answer to the question: Does there
al ways exist <p e $ such that % is dense? is negative even when

restricted to Fréchet spaces.

Exanple 2: Let A= {A=A. A, ... 1:ﬁ.' <A< ...; A integers}
and let Hbe a Hlbert space big enough to contain an orthonornal

set [a.A: A6 A). Nowlet X:JTII;| wi th each I;I] = H the topol ogy

on X is determ ned by the sequence of sem -norns <p = {, ,<Po, - . . }:

<B (x) = [1,7T X vvher%TT': X—H =His the canonical projection

taking X = [X,,Xo,...] € Xinto x e H the normbeing that of H.
# .

Then X is a Frechet space; we observe that, by conditions (A and
(O .of Theorem 2, i.t is a BG space. For each A e A set b.A = [a.A,
A a®, Ag a.A,...] e X and let Y be the closed linear hull of {b}\-.
A € A}y W assert that the Fréchet space Y (we give Y the induced




topol ogy,, determ ned by <p) contains no bounded generating sets,

i.e., Yis not a BG space.

Proof: W suppose, to-the contrary, | that T is a bounded generating
set for Y (we may, and do, assune that T is also closed, balanced,
and conVex) and proceed to show a contradiction. Boundedness of
Finmplies that each <Py is bounded on T so én: sup{<p 1_l(x) . x e T <
® (n=1,2,...). Choose Me A such that sup {/id(I+c )} =°° ; we
show that by £ [F] so T cannot be a generating set. Suppose, now,.
that be[T]; then, as [T] = TLKI"', there would exist, for some k = k*,
an x(o2 € k* T such that 9n(x(0) - by) < 1/4. By the definition of
Y, there is, for each n, a linear conbination x(n)= S, ./ISb, (a-
AEA A A

finite sum |%& = i’f"(n) vani shes for Anot in sonme finite set, in
'general dependi ng on n) such that both <I3_1(x(0) - x(“)) < 1/4 and
<P,(x® - x(M) < 1. Then <Py(x™ - b,) < 1/2 so /4 >
”Tf'l(x(n) ERVA 2=LA/\/\A| 2t |*M~1! 2wnence - ' (ﬁ)| > 1/2.
Now <P,(x(® - x(™) < 1 inplies that 1 > HI ~ A~ - 7rx9| >
vavall - BP0 > A @l an- M) 2y 2- 10 This:
however, would inply that /in/25 1+ k’\cnso /in/(l+cn) < &N for
n=23,... which contradicts the choice of the sequence /i- QED

It is known that there may exi st. i n Banach spaces, closed sﬂb-
sbaces whi ch are not the range of any continuous proj ec_tion;
considering X and Y of the exanple above in the light of condition ‘

(D) of Theorem 2 gives the follow ng anal ogue.

Corollary: There exist Fréchet spaces (indeed, count abl e product s

of Banach spaces) containing closed subspaces which are not the




range of any continuous |inear operator on the space.
A nunber of open questions may be mentioned here.

(1) Odering 0 by inclusion, |et $o'be the set of all m nimal

fanilies of seni-norms deternini ng the topology on X In Exanple 1
we have 0 e $o and S" dense while <p i *o and S(p not dense. If X

Is a BG space and <p e $°, must % be dense?

(2) Call a space X a Thereditary BG space’ (HBG space) if every
cl osed subspace is a BG space. Every Banach space and every
separabl e Fréchet space is HBG Afe there any other HBG spaces?
I's the product of two HBG spaces necessarily HBG? In particular,
Is the product of the spaces X of Exanple 1 and H of Exanple 2 an
HBG space? |

(3) Is every BG space a quotient of a product of Banach spaces?
In particular, is every Fréchet BG space a quotient of a countable

product of Banach spaces?
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