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1. Introduction. A polynomial
[ ——mm————— ‘

m

P(L) = Zpk(C), LeC
k=0

with complex constant coefficients is called hyperbolic in the

Lk
n+1’Pk()‘C) = A Pk(C) (1.1)

sense of Ggrding [1], with respect to the direction NeRn, if

and only if P#(N);% O and the roots T of P(7TN + §) have
bounded imaginary parts fof real geNJi It follows that Pm

is hyperbolic, if P is, and has only real roots. It is natural
to ask for which lower order perturbations of the principal part
P~ the polynomial P is hyperbolic. In two dimensions this
gquestion was answered completely by A. Lax [4]. She showed that
it is necessary and sufficient that if Pm has a root of multi-
plicity v at the point TON + go, then each polynomial .Pm-k’
k < v, has a root of multiplicity v - k at TON + go. Kasahara
and Yamaguti [3] showed that the necessary condition carries over
into higher dimensions provided that by multiplicity one means the
number of times a given factor appears in the factorizétion-of' Pm.
In this paper we shall show that the necessary condition is valid
in any number of dimensions using a much stronger definition of
multiplicity (which for the purpose of distinction we call order).
Our definition of order is the common one associated with the

Taylor's expansion of a function of several variables.

Definition of Multiplicity and Order. Let P(7T,£) be a

polynomial of degree m in T. whose coefficients are of class

c™ with respect to ¢ " in some subdomain of Rn' The multipli-

city of P at (ro,go) is the least -integer v such that
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57 P(r,¢) # o.
The order of P at (ro,go) is the least integer | such that
& & P(ry,6,) %0
for some a,k with |a| + k = pu.
It is clear that the order of P is always less than
or equal to its multiplicity. In one dimension the two concepts
are,élways the'same; hence they are also the same for homogeneous
polynomials in two dimensions. For this reason no confusion can
arise from interchanging the words order and multiplicity in the
theorem of A. Lax.
The question arises as to when the order and the multiplicity

are the same. Let us write
m
P(1,¢&) = -rr‘(r - rk(g)).
k=1

I1f the root Ty = T () has multiplicity v and if all of the
roots rj(g) are Vv - 1 times differentiable functions of ¢,
then any derivative
F ). ol +xsw -1
T o¢ o’ >0

is a sum of products each of which contains the factor zero. Hence
in this case the order is equal to the multiplicity. Unless the |
irreducible factors of P have distinct, and hence Cm, roots,
there seems to be-no a priori reason why this should be so. One
of the conclusions of this paper is that for homogeneous hyperbolic
polynomials the ordef and the multiplicity are always the same.

For an interesting complement to the theory of this paper the

reader is referred to Ggrding [2].

2., Statement of Results. As mentioned in the introduction,

the main purpose of this paper is to extend the necessary condition
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of A. Lax to higher dimensions. Our proof is based on the following
somewhat stronger result which may also be of independént interest.

Theorem 2.1. Let P(7) = 7" + al(E)Tm-l +... be a polynomial

of degree m in T whose coefficients are of class C" with
respect to g. in a neighborhood ¢ = O, £eRn. If the roots
'rk(g) of P satisfy the order relation Im rk(g) = 0(|&|) as
E—>»0 and if »P(‘r},O) has a root To of multiplicity v, then
P has a zero of order v at (TO,O).

Our generalization of the Lax necessary condition then is:

Theorem 2.2. Suppose that the polynomial P is hyperbolic
‘with respect to the direction N and P has a zero of multiplicity
v at the point TON + go, §06N$. Then for each k, 0 < k < v, '
the polynomial P ok has a zero of order v - k at TN+ go.

We emphasize that the above theorem gives new information
even if there are no lower order terms present. One might ask
whether the roots of a homogeneous hyperbolic polynomial do, in
fact, have any a priori smoothness. The best general result

that we have been able to prove in this direction is:

Theorem 2.3. Let Pm be hyperbolic with respect to N

and suppose that the roots rl(g),...,rm(g) of P~ are indexed
8
in non-decreasing order, geNl. Then for each goeN , there

exists a constant K such that
“ ) -l-
[T (&) - m (6 )| < K[E - |, gen

The constant K is uniform over compact subsets of any set where
rk(g) has constant multiplicity.
There remains the difficult question of deciding whether or

not the necessary condition is also sufficient. The following

theorem gives some evidence in support of the conjecture that it is.
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Theorem 2.4. The necessary condition of Theorem 2.2 is also

sufficient for second order operators.

3. Some Combinatorial Lemmas. The proof of our basic

theorem, Theorem 2.1, is rather long so we shall first prove some
lemmas to facilitate its proof. We begin by introducing éome
notation. |

A multi-ipdex a 1is a vector (al,...,ar) where each coordinate
aj is an integer, 1 < aj < n. The number of components r is
denoted by |a|. If R = (Ry,...,R) is another multi-index, by

aB we mean the index (al,...,ar,B .,Bs). Let F be a

10"

sufficiently differentiable function of x = (x ..,xn) and let

1°°
y = (yl,...,yn) be an n-vector. The symbols F® and y, are
used to denote the derivative brF/axa ...axa

1 r

Yo * ¥, respectively. (Note that we are using the classical
1 r
convention rather than the more recent one of letting Yo =

and the product

o o
1 n)

Yy ey ) A homogeneous polynomial of degree m may be written

ply) = Z aaya

| ol =m
where the coefficients a% are symmetric within permutations
of the components of «. At times it will be convenient, for example,

to re-write

P(y) = 2. = 2 2%y vy,

lel=3,|8l=k, | 7|=m-3-k
where j and k are fixed integers, O < j + k < m. The symmetry
of the coefficients allows us to combine « and ¥ into a single

index &, |8] = m - k, and to re-write

= = %y oy, .
| 8=k, | 5] =m-x ,

P(y)

We shall also find it convenient to perform the above indicated

manipulations on derivatives.
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For functions ¢ of one variable T, the k-th derivative will
be indicated by ¢(k). When considering functions of several
variaﬁles F(7,x), where the first variable T 1is singled out,
the expression F(k)a means thé.mixed derivative (B/Bf)k(B/Bx)aF.

The following lemma illustrates the use of the produét notation
for indices.

r+l

Lemma 3.1.‘ If F: Rn~—->R.1 is of class C and x(og): R R,

is of class C2, then

= xS (x) = 1 P (x(0)) x %11 .

| a|=r. « | a|=r-1 «
|8l=1

Proof. It follows from the rule for differentiating a product

that r

O. o0 O e oo PR 4 4
= A gy = D PR g
oy l=1 o % k=1 | oy =1 4 T Ty

i#k
The proof is completed by using the symmetry of Fa, setting
o = R 4and setting the product of the remaining indices equal
to «a.
The above lemma is used to obtain a fofmula for the deri--
vatives of a class of composite functions.
Lemma 3.2. Let @(o) = F(x(0)) where  F is a polynomial

in XeR and x(0) is a quadratic in o¢. Then

[k/2]
¢(k) (0) = Z 3 ke Z’ FaB(X)X|xH (3.1)
j=0 j127 (k-23) ! |o|=k-23 o

| Rl =3
Proof. We proceed by induction. The assertion is clearly true
for k = O. Supposing (3.1) to be true, we differentiate both
sides, using Lemma 3.1 together with the fact that x!' is constént,

B8

to obtain




[k/2]
oD () k! S iy in
j=0 j129 (k-23)t |a|=k-2j g *y
|B|=j’I7'=l
[(k/2]

22— Z_ PO () o xy
570 129 (k-2§-1) 1 | | =k-25-1 «
|R|=j:!7|=l

In the first term on the right we replace oY Dby a single index

(of length k - 2j + 1) and in the second we replace AY by a

single index. The summation index j in the second term is

then replaced by j - 1. After simplifying, the expression (3.1)

is obtained with k replaced by k + 1. This completes the proof.
‘The next lemma relates certain bilinear forms inlthe derivatives

of a polynomial to quadratic forms in its roots.

Lemma 3.3. Suppose that P(r1) = ™... is a polynomial of
degree m in T with roots Iy + i'sk, k =1,2,...,m. Let
_ 2 2
F(x) = xl...xm and Yk = (1 - rk) + sy . Then

,23
Z (2k) ! Z FaR(Y) s,

(k-3) ¢ (23) || =27
| Al=k-3

2k | o
- Re 2_ (-1)7¥kK (Zk)p‘J’( )pzzk ) (1) | (3.2)

j=0
and X
25+1 '
Z (2k-|:1)!2 : 2 FaB(Y)s
3=0 (k—j)!(2]+l)l |a|=2j+l ‘ o
| 8] =k-3j
2k+1
2k+1 . ,
- In Z (-1) *k( ; ) 2@ (mp @13 (o (3.3)

|p(T + io) |2 and note from the factored form
2

proof. Let ®(o)

of P that ¢(0) = F(x(0)) where x,(0) = (T - r)° + (0 - s,)
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Since xk(O) = Yy

from Lemma 3.2 that

xi(o) = -2sk and xﬂ'(o) = 2, it follows

[k/2] Ke2-
(k) _ kit (-2)""<3 > o8
(0 =2_ k. — F*(v) s .
¢ o 3 RZDT Gl oy o
| 8]=3

On the other hand it is a consequence of Leibniz' formula for the

derivative of a product that
& - Ky . —_——
o™ (0) =2_ (-1) ‘.J(i)k(j)P‘J)m pk=3) (q)
j=0

By equating the above two expressions and separating the even

and odd cases we obtain

k .
Z (2k) 122K-23 2 FO® (v
3=0 jr(2k - 23)! |a|=2k-2j o
| 8]=3
2k . (2K} . ———
=2 (-1kt] ( JP(J)(T) P(Zk'J)(T), (3.4)
j=0 j
and
> >
(2k+1) ! o8
j=o It (KL= Tl oke1-24 roe,
| Rl=3
2k+1
. 2k+1\ . ,
= i 2; BTN ; )P‘J) (me#*1-D s
J:

We next replace the summation index j in the sums on the left
sides of the inequalities (3.4) and (3.5) by %k - j. The proof is
then completed by noting that the left sides of (3.4) and (3.5)
are real.

Our basic technical lemma is the following corollary of Lemma 3.3.
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Lemma 3.4. Suppose that P, F and Y are as defined in

Lemma 3 and set

= -(—)—2]]:11 TT FY(v) (3.6)

Then we have

2k . 2k . S ————
Q = Re 2 (-1)7*K ( .) p{3) (7)p(2k-3) (4
J

j=0
+ o(Z WAL s|29) (3.7)
and
2k+1
. 2k+1 . :
Im ;Z:: (-1) Ik ( | )9(3)(7) p(2K+1-3) (4,
Jj=0 J
= (Z' Qj+k+l's|2j+l) : (3.8)
Here |s| = (si +.. .t si)l/2.

Proof. Since Fa(x) = F(x)/xa or Fa(x) = 0 and Yké O,' it follows that

FYY) < K Q| o (3.9)

where K depends only on m. (3.7) is then proved by substi-
tuting (3.9) into those terms on the left side of (3.2) where
3> 1 and (3.8) is proved by substituting (3.9) into the left
side of (3.3). |

The application of Lemma 3.4 which we have in mind involves
polynomials P(T,£) in T whose coefficients depend on § =
(gl,...,ngRn and whose roots have imaginary parts which are of
the order O(|£|) as ¢£-—>»0. For such polynomials the order terms
in (3.7) and (3.8) are respectively at least o([glz) and O(|¢&]).
We next study the question of refining these error estimates in

case certain derivatives of P are known to vanish at a point.




It is convenient to define

P

. P . .

B (7,8 = Z2_(-1) J”’[P/?'](j) e (7,029 (7,5
3=0

and to set p = (|§|2 + 72)1/2. :
Lemma 3.5. Assume that P(7,§) = ™... is a polynomial of
degree m in T whose coefficients are of class c™ in a

neighborhood of £ = O and suppose that, for integers )\,v which

satisfy AN+ 1 < v < m, we have

) %0,0) =0, || <A -1, k+ |a] <v - 1.
If p < 2y, then

A+

+

B (T,8) = o(lelM + oo™y + 0(p?VP), p—vo. (3.10)

If p<v and v - p < A, then
k+ |la] <2+ v -p (3.11)
K o) = o
p k+ |lal =rx+v-p, |a <2 (3.12)

and
B3P %0,0) = 2(-1) 1”?Ire 2%(0,002) (0,0), 0] = x. (3.13)

Proof. The derivative Bék)“(o,o) is a linear combination of
terms of the form

,péj+i)3(o,o) p(P-3+k-1) 4 ) I ER T
where 0< j<p, 0< i<k and |BR] + |y] = |a]. At least one

of the terms in the above product vanishes if
|8l,]y] <A -1 and k + |af < 2v - p. (3.15)
Otherwise we would have j + i+ |[B| > v and p - 3j+ %k - i+ |y| > v
which implies the absurdity k + |a| > 2v - p.
Now if k + |a|] < 2v - p and 2v - p< N then |af < A -1
so by (3.15), (3.14) we have Bék)a (0,0) = O; hence
B, (1,8 = 0(p"V"P). (3.16)
On the other hand, if 2v - p> A, k + |a| < A and |a| < A - 1,
(3.15) is again satisfied. It follows that all derivatives of Bp
up to order A vanish at (0,0) except possibly Bg(o,o), || = .

Hence
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A1

B(7,6) = o(l€]™ + oM. ' (3.17)

The proof of (3.10) is completed by combining (3.15) and (3.16).

We turn now to the proof of (3.12) and (3.13). The inequali-

ties k + |a] < AN+ v -p and N<Vv -1 imply that k + |a| < 2v-p.

Hence if |8|,|y] < A - 1, it follows from (3.14) and (3.15) that

(3.12) is satisfied. It also shows that the only contribution

to Bp(p'v)a(030)3|a| = N\, arises from (3.14) with |[R| = 0 or
|y| = 0. 1f |y|] = O the expression (3.14) will be zero unless
i+ j=v and if |R| = O it will be zero unless i + j = O.

Thus the truth of (3.13) is verified.

It remains to prove (3.11) . The inequalities k + |a| <
N+ v -p and v - p < N show that |a| < 2A; hence either |g| 5’
N-1 or |y] <N -1. If both are < A - 1, the argument of the
preceding paragraph shows that (3.14) vanishes. If |~#| > N we
would have p - j + k - i + |y| > v which together with |¥| =
la| - |Rl < |a] - A implies p + k + |a| - A > v contrary to
(3.11) . A similar argument shows that (3.14) vanishes if |y| > A.
This completes the proof of Lemma 3.5.

Lemma 3.6. If in addition to the hypotheses of Lemma 3.5,

the roots rk(g) + i sk(g) of P satisfy the order relation
sk(g) = 0(|¢&]) as & —0, then

A3 2v-2k

Q = Re By (1,6 + o(|&]™?) + 0(p") + 0(p®V™*) . (3.18)

and

A1 A2 2v-2k-1

Im By, 1 (7,8 =0([&]"7) +0(™"%) + 0(p ).  (3.19)

Proof. We first prové (3.18) by induction on k. It is clearly
trae when k = v, for all it says in this case is that Qv is
bounded near (0,0). Assuming that (3.18) is true for k + 1,...,V,
we obtain from (3.10) and (3.18) that |

M1 2v-2k-23,

Qe = 0UEIM + 0™ + oo
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when j > 1 and k + j < v. On the other hand it is a con-
sequence of (3.7) that v-k

Q = Re B, + O(Z Qk+J) + o(|g|2" ZK

The proof of (3.18) is completed by combining the above two results.
The identity (3.19) is now easily proved by substituting (3.10)
into (3.18) and then using the resulting estimate in (3.8). This
completes the proof of Lemma 3.6. |
The next lemma formalizes the arguments which will be used
several times in the proof of Lemma 3.8.
Lemma 3.7. Suppose that ak(g), k=qgq,g+ 1,...,w, are
homogeneous functions (not necessarily polynomials) of degree k
in g, geRn, and that aq is not identically zero. If for (7,¢§)

in a neighborhood of the origin we have
w

= a, (&) 7R s o™ > o,
k=q

then g and w are even and aq(g) > 0.
Proof. Replace (7,£) by (eT,€é), € > O, divide by ¢” and let

€ =»0 to obtain

= ak(g)‘rw_k > 0, (3.20)
k=q :
which, by homogeneity is then valid for all (7,¢(). If w were

not even, the opposite inequality would be obtained by replacing
(7,¢) by (-7,-¢), contradicting the fact that aq is not identi-
cally zero. Now divide (3.20) by 779 and let T -+ to
obtain aq(g) > 0. That g 1is even is again a consequence of
homogeneity. This completes the proof.

The next lemma shows that the vanishing of certain derivatives

of a polynomial whose roots have small imaginary parts implies the
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vanishing of more derivatives at the same point.
Lemma 3.8. If in addition to the hypotheses of Lemmas 3.5

and 3.6 we have P(U)(O,O) # O,. then .
( p(k)"‘(o,o) = 0, |oz’|‘ <A, k+ |a v -1,

Proof. It is sufficient to prove the above result whén k = 0.
For by the theorem of Gauss and Lucas, Polya and Szego [6], p. 89,
problem 31, the roots of the derivatives of a polynomial lie in
the convex hull of the derivatives of the polynomial; in parti-
cular, the imaginary parts of the roots of the polynomials P(k)
are of the order O(|£|) as ¢-~0. The general result is then

obtained by applying the special case to the polynomiéls P(J),

j<v -1, with v replaced by v - j.

By hypothesis P%(0,0) = O when |a| < A - 1, hence we have

only to prove that Pa(0,0)

O for |a| = A. The proof consists
of several steps. The proof that Re P¥(0,0) = 0, |a| = A is
broken down into the three cases: (I) v even, \ even, (II) v even,
A odd, and (II1) v odd. The proof that Im Pa(o,o) = O,vlal = A,
is separated into ﬁwo cases: (V) v even and (V) v odd.

Proof of Case I. Since v is even let pu = v/2. Now apply
2y-2k

Lemma 3.6 with k = pg. The order term Of(p ) may be dropped

since v > A+ 1., Using (3.18) and substituting the results of

(3.10)-(3.13) into the Taylors expansion of B2u it is seen that
% NN
Q, < 2—("—)1\—%— Re ﬁ r%(0,0) gap( ) (0,0) + o(pM1).
! ol =
Since Qu’2 O, Lemma 3.7 implies that
‘ 0< (-1)% Re Z=  P%0,0) gap"(o,o) . (3.21)
ol=A

Next apply Lemma 3.6 with k = p - 1, again using (3.10)-(3.13),"

to obtain




13

2(-)Ht 5T« ) 2
p-1 < (2] 1 < P (0,0)P (0,0) 7

Q

I%+2 X+3)

) + O(p ,

+a, (BT + a,,(0)+ 0t

where ay is homogeneous in § of degree k. It is clear from

|K+2

the proof of Lemmas 3.5 and 3.6 that the term o(|¢& ) is' inde-

pendent of T; hence it may be absorbed into (¢) . Another

A\+2

application of Lemma 3.7 then shows that

0< (-1)* ! Rre |Z r%(0,0) £,p”(0,0).
=N

By combining the above result with (3.21), and using the fact that
P(7,0) has real coefficients we then have

rRe 2— p%0,0 £, = O;

| o] =
hence Pa(0,0) = O for each a,lal = A.

Proof of Case II. Proceeding as above, we obtain (3;21),

Since A is odd it follows immediately that P%¥(0,0) = O, la] = A.

Proof of Case III. Since v is odd let v = 2y + 1. Again

using Lemmas (3.5) and (3.6), we obtain

. -
0, < 2l pe 3= p%o0,00¢,2 (0,007

b | a|=n

+ a6 + 0",

The inequality Qu > O and Lemma 3.7 show that Pa(0,0) = 0 for

la| = A.

Proof of Case IV. Let pu be defined by v = 2u. By applying
(3.19) of Lemma 3.6 with %k = pu and then using the results of

Lemma 3.5 we obtain

_1)H s- a (v)
Gy Im Ial=%P (0,0) ¢, 7" (0,0) T 4+ aHl(&)
— O(|§|%+l) + O(p%+2).

HUNT LIBRARY
GARNEGIE-MELLON UNIVERSITY
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By incorporating the term O(‘§|A+1

) into ax+l(£) and applying
Lemma 3.7, we see that Im P(a)(0,0) = 0 (recall that 'P(V)(O,O)
is real).

Proof in Case V. Let v = 2p + 1 and apply (3.19) of

Lemma 3.6 with k = p. Arguing as above it is shown that

m
—(——)——‘)1\,. Im ﬁ . r%(0,0) gap("_)- (0,0) = o(p™hy;
a =

hence P%(0,0) = 0, |a| = A. This completes the proof of Lemma 3.8.

4. Proof of Theorems. Theorem 2.1 is proved by induction

using the induction hypothesis (assuming To = 0)

1(y: plKa

(0,0) =0, |af <A -1, k+ |of <v - 1.
I(l) is simply the statement that P has a zero of multiplicity
v at (0,0). The induction step is provided by Lemma 3.8.

To prove Theorem 2.2, we assume, as we may, that N = (1,0,...,0).

Suppose that the polynomial
m
P(T,¢) = > Py (7,€)
k=0

is hyperbolic and that P has a zero of multiplicity v at the

point (ro,go). Consider the polynomial

m

?(736.:5) = €mP(T/€,€/€) = 2 €kPm_k(T,€) )

If we write Pm in factored form

m
p(r,8) = 1 (1 - 7 (&)
{7, € ot T - 7 (§

) ~ ) 1] 0
we see that the roots ¢, of P are eTk(g/e). Since P is
hyperbolic we then have |Im Tk| < M; hence Im oy = O(e). We
~NF
notice that ﬁkr,go,o) = Pm(T,go) so P has a zero of multiplicity

~
v at ¢&= go, € = 0. Hence, by Theorem 2.1, P(1,£,c) has a zero:

of order v at (ro,go,o); that is
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O, r VY(k)a _
(Szj P ) (TO,QO,O) =0, k+ |a] + r < v.
But this implies that
(k) @ _-
r! Pm__r (To,ﬁo) =0, k + |a| < v -r,
which is just what is meant by saying that Pm—r has a zero of
order v - r at (TO,EO). This completes the proof of Theorem 2.2.

We turn now to the proof of Theorem 2.3. Let the multiplicity
of P at (ro,go) be v. By Theorem 2.2, Pm then has a zero |
of order v at (+O,go). It is then a consequence of Lemmas
(3.5) and (3.6) that

Q, , =0olr - 1)%+ |&- g% (4.1)
near'(ro,éo). The assumption that the roots rl(g),...,rm(g) are
in non-decreasing order implies that they are continuous. Let us
now re-order them so that rl(g),...,TV(g) are the roots which
1 is a sum of products of factors
|7 - Tk(g)l2 taken m - v + 1 at a time. One of these products is

coalesce at go. Now QV_

m

ir - @1 TT jr - @12,  (4.2)
j=v+l

By continuity there exists an m > O such that

- 2
Mir 7@ zmn (4.3)

j=v+l :
for 71,f£ in a neighborhood of (ro,go). We deduce from (4.1), (4.2)
and (4.3) that

IT - Tl(g)lz = O((T - To)z + |€ - go)z);(Tyg) (Tngo)

The required result is obtained by setting 7T = T, = Tl(go). Since

the above argument can be repeated with Tl(g) replaced by rk(g)”
k < v we have

|7 (&) - 7 (&) | < k|g - £ ].
That the constant K 1is uniform over compact subsets of a set
where Pm has multiplicity v is a consequence of the uniformity

of the O constant in (4.1) and of m in (4.3).
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We next prove Theorem 2.4. Let
P(7,8) = Py(7,8) + Py(7,8) + P _(T,§)
where Pp is homogeneous of degree Xk in (1,¢) and PZ(T,Q) is

hyperbolic. Let ,

Li(Byse,8) = (1= 1 (82 + (1 - 7,(8))°

1727 1 2 :
By the theory of symmetric functions, or for that matter by direct
computation, LI(P23T’£) is a polynomial in (7,£). Since it is
clearly homogeneoﬁs it is a quadratic form in (7,§);
Ll(PZ;TJE) = Q(T,e), TERl,geRn.

Now choose a coordinate system such that

Q(r,§) = ni +...+ ni, r<mn+ 1.

It follows that, in this coordinate system
r

Pl(T,g) = EZi ajnj-

Otherwise P would be non-zero at a point where P has a double

1

zero. Hence

2

(1,0 < kL (PyT,0),

for some constant K. It then follows from the result of McCarthy

and Pederson [5] that P is hyperbolic. This completes the proofs.
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