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1. introduction

This paper concerns solutions of the non-linear hyper-

-bolic equation

Qz(wx')wXX = Wi . (1.1)

Using methods developed by Ludford [5], zabusky [8] studied

this equation for Q having the special form

%(8) = (1 + ef),

and for the boundary conditions,

w(Oo,t) = w(L,t) = o0, t > o, _ | (1.2)
w(x,0) = wo(x), 0<x<UL, , :(1.3)
w, (x,0) = O, - 0 < x < L. (1.4)

Zabusky examined this problem as a model for a non-linear

_ string.  He observed that any solution must eventually break
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down in the sense that some second derivativevbécomes inﬁinife.
This result as well as the techniques used to prove it, namely
the method of Riemann invariants, have analogs in Lﬁdford's
work [5] on the one-dimensional motion of a polytropic gas ¥
Usihg methods which differ from those of Ludford and

Zabusky, Léx [3] extended the breakdown result to a generai

#During the process of revision our attention was called to
work of R. E. Meyer [6]. The class of equations considered
there does not include (1.1). ‘
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positive function Q subject to the condition
lo' (&) |> m > o. ' (1.5)

Here we study (1.1) under the following assumptions on Q

- and boundary conditions on w:

Q(§) > 0 and Q(0) = 1, | (0,)
Q' (§) S0  for §Zo, (0,)
w(o,t) = w(L,t) = 0,

w(x,0) =0, w (x,0) =w;(x), 0<x< L. ' (1.6)

In order to simplify the calculations we impose convexity
conditions on wl(x) (seé conditions on f(x) in Section 2),
but it is pointed out in Section 3 how our results can 5e
extended to broader classes of functions wl(x).
It is interesting to compafé equation (1.l1l) with the usual

Qiinear wave equation in which Q is a constant. ' In that case
the conditions (1.2), (1.3) and (1.4) correspond to a unique
. solution existing for all timé. This solution and its deriv-
atives up to any order Xk .can be bounded in terms of bounds
for derivatives of Wy having corresponding order. Moreover
all solutions are periodic and possess a common period depend-
ing only on the constants Q and L. For the non-linear equa-
tion our results like those of Lax and Zabusky show that
globél solutions for all x, 0 < x < L,_almost never exist.

This of course eliminates the possibility of periodic solutions.
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‘However certain boundedness results for the linear wave equa-

tion are maintained. It turns out that wherever the solution

exists w, is bounded by the same bound as for the linear case

t
(see (2.8a)), while_wX may or may not be bounded depending on

. the nathre of Q.

A physical application of (l.i) occurs in the theory of
oné-dimensibdal hotions of a gas in material coordinates. In
that theory Q2 is related to the sound speed and Lax's
assumption (1.5) is satisfied. On the other hand the equation
also serves to describe one-dimensional motions in elasticity.
This is pointed out in [11 for shearing motions in general
incompressible isotropic simple elastic materials ih finite
strain. Applicétion to longitudinal vibrations inlelastic
materials satisfying certain.special constitutive'assemﬁfiohs
is discussed in [2]§§97-98. In both of these applications
condition (1.5) is unsatisfactory, while (Ql) and(Qz) afe
quite nafural.

One‘éurpose of this paper is to exfend the Ludford- N
Zabusky-Lax result to general Q's satisfying (Ql) and (Qz).

The teéhniques again involve Riémann invariants. In the course
of our study it was observed fhat there are certain differences
in behavior of solutions of (1.1) corresponding to differences
in the nature of Q. These differences concern the regions of
the x, t plane in which smooth solutions do ekist, and a dis-
cussion of them forms the second aim of the paper.

The classical boundary valué’theory for equation (1.1) on




a strip establishes the existence of a solution for all x in
o f:x é;L for some interval 0 < t < T, For a given x, of
course, the solution may exist for a much longer time; the
results described here concern.the time intervals of existence ¢

for different x-values. It turns out that if Q satisfies

the solution'mugt exist for all time even though it does
break down for some x-values outside these intervals.

The crucial condition on Q for existence of such x-intervals

appropriate conditions there can exist intervals of x in which' i]
is,ébnvergence of the integrals

o0/ ‘ o _-GD '
[oowat =a, [ owat - a, @

Our methods yield initial data leading to x-intervals of global

existence only if either a; or a, is finite. A novel feature

of our theorems is that they establish existence in arbitrarily
large time intervals only for solutions w which have the
~ property thatvthe values of W become unbounded. (Our conditions
on wl(x) will exclude the solution w(x,t) = 0, for example).

Our purpose in considering the initial conditions (1.6)
rather than those of Zabusky is as follows. The breakdown
result remains true if one retains (1.3) and replaces (1.4)

by the more general condition ‘wt(x,o) = wl(x). Moreover, if

et e e L R

either a1 or a2 is finite'then infinite time intervals of

existence occur for large classes of initial data, cases in

)

R ,
e b bd Loy

which wl(x) = 0 being an exception. Hence Zabusky's initial

conditions are special in this regard. We have adopted (1.6)
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- in order to illustrate the possibility of infinite intervals

of existence and still keep the computations simple.

2. Statement of results
For orientation we begin our discussion with some standard

facts about the method of Riemann invariants. Consider the hy-

perbolic quasi-linear system of two equations,

L [U]

I

U, - A(U)Ux =0, U = (u,v). - (2.1)

Suppose that U is a continuous function' U = U(R) of R = (r,s).

If the transformation U is one-to-one and has nonvanishing .

‘Jacobian then it is possible to invert so as to obtain R.= R(U),

and byvintroducing R(x,t) = R(U(x,t)) we may write (2.1) in

the form

R, - A(RIR_ = O, | 4' (2.2a)

where

A(R) = (V) "' A@UR) VY,

o
l=
I

Vy Vs

(u’r us). (2.2b)
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When E(R) is chosen so that A(R) is diagonal (this is always

i i
| e

possible after multiplication by integrating factors) then the
functions r,s are called Riemann invariants.
The method of Riemann invariants consists in interchanging v

~the roles of R and X =(x,t) in (2.2). This means we assume

d  ed d

that R=R(X) is one-to-one and has nonvanishing Jacobian. Then

X= X}R) and (2.2) becomes

bl

xr + dztr = 0, xs + dlts = 0, (2.3a) ]
with |
d; o . ]
é(R) = 1 d2) s dl 7‘ dz' - (2.3b)

In (2.3) dl and d2 are functions of r and s so that

these equations are linear. o ‘ .

The idea now is to solve (2.3) for X = X(R), invert to

v

obtain R = R(X) and then obtain a solution of (2.1) by means

of the formula
U = gRE). | (2.4)

The following well known and easily proved result shows the
sense in which this is a valid procedure. Note that "region"

always means open region.

Lemma 1. Let X(R) denote a solution of (2.3). If & is a

L}
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region of the R plane in which the mapping X = X(R) is one-to-

R X # 0, then (2.4) yields

one onto a region & and J(X) = det V

»

a solution of (2.1) on 8.

—




We emphasize here that the theorem requires both that the .
" mapping be globally one-to-one and that J # 0. The latter
condition yields only local invertibility. It is the global
property which is hard to prove in general. Observe that

, equatidﬁé (2.2), (2.3) and the transformatioh formulas

tsdx - xsdt atrdx + xrdt

dr =' . T 9 ds = J s (205) |

yield immediately the following relations:

J

(d, - a)t t_, c (2.6a)

det(VxR(X)) = g1 f (d2 - dl)rxsx. o (2.6b)

(R
I

These formulas yield immediately the following supplementary

result.

Lemma 2. Let X(R) and &' satisfy the conditions of Lemma 1

and assume in addition that X = X(R) is.continuous on €'. Then

if t_ or té approaches O as R+ROGBQ', the function U(X) defined

by (2.4) satisfies ux(X(R))—»oo r vx(X(R))—eoo as R-R_.

In order to épply these lemmas we must translate boundary
and initial conditions on U as a function of X into con-
ditions on- X as a function of R. The resulting linear prob-
lem for X(R) is then solved in a portion & of the R plane.

For that part of & for which X(R) ' is one-to-one and J ¥ o)

we then obtain a solution of (2.1).



It turns out in the problems we consider that the non-
vanishing of J 1is sufficient to quarantee that X(R) is
globally one-to-one. Thus, by (2.3a) and (2.6a) we can obtain
existence theorems for (2.1) bf sol§ing linear equations for
X (R) ;nd showing that the derivatives tr and ts do not
change sign. Note that the domains of existence one obtains
are automatiéally determined by the linear problem for X(R).

Let (% be the image of the U-plane under the mapping
R,=‘@(U): and let se the sub-region‘in which X(R) is
determined. The initial curves on which the data for X(R)
are given will of course be in G%. In the problems we con-
sider.these initial curves are of finite length and consequent-
ly § will be bounded. There are then two possibilities.
First ?§C:(%) in which case one gets bounds for U simﬁly
in terms of the size of §. The other case, however, is that
Qna3 Qo may be non-empty. Then it will follow that U can
-become arbitrarily large in its domain of existence. This
latter case corresponds to a; < ® or a, < © inr(l.7).

- We remark that when a; ='qo ,and 52 = @, as is_the case in
gas dynamics problems, (% is all of the R-plane so that if
one starts with finite data then U alwayé possesses d
priori bounds.

We now state our problem precisely. We formulate it as a
system for w¥“= u, w, = v. We seek a solution U(x,t) =
(u(x,t), v(x,t)) of the équation

U

€ - A(U)Ux =0 | (E)

s

-
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when

_ o L
A (V) =(Q2(u) O) "

~ where Q satisfies conditions (Ql) and (Q2) of Section 1. - U

is to satisfy the conditions,

v(o,t)

=‘; V(L:t) = O,‘ t..>.. 0,' ’ | (A)
u(x,0) =0, " o<x<um, - ®
- v(x,0) = £(x), o0<x<L. (C)

It is easy to see that this is equivalent to (1.1) énd (1.6).
Concerning f(x) we assume thaf it is twice differentiable
and concave and vanishes at x = 0 and x = L. Under thgge
conditions it will have a unique maximum value a > O at some
point b in (O,L)f Séme remarks on more general boundary
conditions are contaihed in Section 3.

Let X(R) be a solution of (2.3) in a region . We
dencSte by D(X,8) the subregion of . & in which J(X) # O
and by S(X,§) the image of D(X,0) under X. U(X,8) denotes
the function (2.4). Our results can be now stated Qith ref-
erence to the figures below. The situations mentioned iﬁ

the introduction can be dealt with as three separate cases.

Case 1. a < min (al;az) < oo.
r .
(. Q;a') - —t—— ’(CL,“')
— 0 |,




10

Theorem 1. If Q and f satisfy the conditions of Case 1
AANAAALNAANAAANN & ) — —

there exist functions X' and Xg, i =1,2 defined on § such

that:

(1) S(Xg , §) contains some triangle of the form Tg of Fiqure 1,

~ and the associated mapping is one-to-one.

(2) S(Xl,fb‘contains some region of the form B,BB,F of Fiqure 1.

(3) The function U defined by

U‘i’ (X) in T‘.; i=1,2
UXx) =
lUl (X) ~ in  ByBB,F )

is a smooth solution of (E) satisfying (A),(B),(C). 

Remark 1. The curves separating the Tg from Dl are charac-
teristics of (E) which are images under an X? of one of the

sides of Q.

Remark 2. As we have indicated before, we obtain bounds for
WMAAAAAAAA WA
_the solutions immediately. For equation (E) the Riemann invar-

iants are
u

r=v+Mu), s=v - M(u), M(u) =Afo o(&ya¢. (2.7

Since by Figure 1 |r| < a and |s| < a we have then

vl <o, lul <m@, |  (2.83)

where m(a) is defined by
m(a)

Q(€)dE = a ‘ (2.8b)
o. i.

.:4’

=

food  ed e ed ed
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Remark 3. It can happen that D(xl,fb = Q, S(Xl,(b = Dl and

that the mapping Q-»Dl is one-to-one. Then of course the

solution U is extended to all of Dl. One can then proceed to
2

TS in a fairly obvious fashion (see Section 5). The process
_ can be continued to D3,Tg,... until some second derivative

becomes infinite. The linear problems to be solved to obtain
thése succésSive continuations are all in the same square 0
so that the bounds (2.8) obtain as long as the solution exists.
The interesting fact is that 6ne need not actually solve any

further problems. All the remaining solutions, which we

denote here by X2n+1 and Xin i =1,2, can be.obtained
from the functions Xi and Xxl. This is the content of the
next theorem and is our statement of the idea of Lﬁdford and

Zabusky.

Eheogg&~g£ Under the hypotheses of Theorem 1 there exist

WA

linear combinations VY(R), " (R) and ﬁl(R), i=1,2, of

the functions X?(R), Xl(R) and - Xl(R*) [R* = (-s, -r)],

such that the successive solutions X2n+1(R) Xin(Rf‘ of .
(2.3) on & can be expressed in the form
DA S A x = n¥+ ¥, n=1,2.. . (2.9

The crucial fact about the'representation (2.9);is the fol-
lowing: |

Lemma 3, .The function det VRW changes s?qn in .,
It follows from Lemma 3 that det VRX2n+l must change

sign in & for n sufficiently large. Hence it is O some- .

place in £ and by Lemma 2 the solution must break down. This

yields




-
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Theorem 3. f Q and f satisfy the conditions for . v]

VAARAAALAAAAL AL RAre —_— ———

Case 1 some second derivative of the solution must eventually ’}

become infinite.

2) . . | .
" Note that in this case the image S% of the U plane is the e

Case 2. a > max(al,a

infinite strip -2a2 < f-s < 2al.

oy

s h-s=-2a,

4

oy

(a,a) n-s=2%ea,

]
‘ (o,,q,-zq‘)n’ | ]
]

Az -
-
Figure 2.
Theorem 4, If O and f satisfy the conditions for Case 2 ‘ ¢]
“there exist functions X? defined on § and x! definead on - ';]

A
a subset § of { such that the conclusions of Theorems 1

. == = . o
and 3 remain true. The curves B?l, B82 boundlgg T1 and

'Tg tend asymptotically to lines x = @ and x = B, where

o< u< < L.

Remark 4. Observe that here we obtain global existence (i.e.
WAAARAAAAML VAN

for all time) in the intervals [0,%] and [B,L].

Remark 5. Note by (2.7) and Figure 2 that the first inequality .
in (2.8a) continues to hold. However the second inequality is
now meaningless, and indeed we shall find that u’ is unbounded

in T? , 1i=1,2. On the other hand for each T €(0,® U is
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bounded in the truncated triangles. T? NeE<7T), i=1,2

Case 3. min (al,az) < a < max (al,az).

For this case the geometrical situation is intermediate

‘ betweeﬁ‘fhose depicted in Figures 1 and 2. When the right hand

inequality is strict one of the tiangles Tz is bounded, the
other ié unbounded. - Thus global existence of U is obtained only
in one intefval'(which'is a degenefate one if equality holds on
the left). When equality holds on the riéht, both of the tri-
aﬁgles Tg are unbounded, but global existence stil} obtains in
at.most one nondegenerate interval. For brevity we will not in-

dulge in a detailed analysis of Case 3.

3. The linear problems.

’

In this section we formulate the linear problems for X(R)
in the R-plane. This mans first the translation of conditions

- (a), (B), (C) into conditons on X. For the special choice

~of A(U) occuring in (E) equations (3.2) become

X, - qtr = Q,‘xs + qts = (o] q=Q(M

(52N, 6.1

with M(u) being defined as in (2.7). If we eliminate x from

these equations we find,

t

rs = Plr - s)(t - t), | , (3.2

where p(§) Qf (M'l(E/Z))/4q2(§)._ Note that conditigns'(Ql)
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and (Q2) yield
p() $0 for £Zo. | (3.9)
Equatio?s (2.2) become in the ﬁreseﬁt case,
r, -qr, =0, sy + 0s, % 0. (3.4)

Condition -(B) states that t = O corresponds to u = 0

or r = s, Hence
tr(r,r) + ts(r,r) =0 _ (3.5)
In addition x = x(r,s) hence by (C)

1l = X X, + X S, = f'(x)(xr + xs) on r = s (3.6)

Now g = Q(0) =l onr =35 hence by (3.1) and (3.6)

1l = f'(x)(f:r - ts) on r = s .V - (3.7)

'Again we have v = r = £(x) on r = s.  Here we must use our
assumptions on f(x) for we wish to invert this equation. Let
‘us denote the ascending and descending portions of the concave

function f£(x) by wl(x) and wz(x) respectively. Thus

£(x) =¢;(x) 0<x<b, ¢j(x) >0 0=<Lx<b, ¢j(b) =
(£;)

£(x) = ¢,(x) b<x<L, ¢4(x) <L b<x<L, ei(b) =
(£,) .

[ —

)
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Now, corresponding to the interval Klg of Figure 1 we have

x(r,r) = wil(r), Q Sur < a. : (3.
Then by (3.1), (3.5) and (3.7)
| I -1 _ 1, -1 ' L
t (r,x) = -t (r,r) =3 [o(x@)D" = 5(e | (r)) ,0<r<
(3.
On the interval 552 we have
. N -
x(r,r) = 9,7 (r), O0<ZrZga, (3.
and
t (r,r) = -t_ (r,r) = l{w'l(r))' o<r<a, & .(3
r'\*s s \Fo 22 s Oz rza e
Consider now the first of conditions (A). Here v =0
that the.imége of x =0 is r = -s. Thus x(r,-r) =0 or
_ xr(r,—r) - x (r,-r) = 0. Hence by (3.1)
t (r,-r) + t (r,-r) =o0. o (3.

15

8)

a,

9)

10)

12)

The second of conditions (A) yields the same condition for t.

Observe that conditions (3.9) imply that tr > O,ts <0

_ while in (3.11) the signs are reversed. We wish t to increase

as we move into the R region in which (3.2) is to be solved.




B’ | ' B\
Fiqure 3.

What suggests itself for Case 1 is the following. We determine
ti(r,s)‘ as a sélution of (3;2) in Cﬁ = OBBl with (3.9) on OB
and (3.12) on OB, ; tg(r,s) is a solution of (3.2) in 2, = OBB,
with (3.11) on OB and (3.12)von OB2. The images of the regions
OBBi will then bg Tg. |

The fact that g is a function only of r-s means that
the equation (3.2) remains invariant under the change
(r,sLQQ(—s,-r). Henée each of the above problems can be ex-

tended to a doubled triangle Kg. Define functions ¢E(r) on

-a <r < aby
@) (-x)= -0 (), ¥,(-x)=2L-2,(x), & (r)=; ¢] (1),0 < r < a.

Then the above problems for tg are equivalent to the following:

o _ o .o . . :
ti,rs = p(r - S)(ti,r - ti,s) in (ﬁ = 3 BB, , (3.}3)
o _ o & '

ti’r(r,r) = -ti,s(r,r) f ¢&(r) on B B, (3.14)

Remqgk_g; For future reference wé observe that the tg can be
extended to the reflection of (ﬁ in r = s by simply solving
the initial-value problem (3.13), (3.14) for (x,s) on the

opposite side of r = s,

; y

e g ed ed A
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Once the t values are determined the x valugs can be

found from (3.1), (3.8) and (3.10). The appropriate equations

are, s

xﬁl’(;,s) = z'cbi(r) - frq(r ;_s')t‘i’,s(r,s')ds', i=1,2. (3.15)
Case 2 is treated in the same way except that'the appro-
priate regions in the R plane are trapezoids instead of trigngies

as indicated in Figure 2. |
| In order to obtain next the solution tl(r,s) corresponding

to Dl we solve a characteristic initial-value problem for (3.2);

1

We take as data for t the values of t°

1

values of tg on s = a. Here we must distinguish between the

on r = a and the

two cases. In Case 1, t, is obtained in all of the region Q

of Figure 1 with

tl(a,s) = ti(a,s), -a < s < +a |
. ~ (3.16)
1l o ' :
t (r,a) = t2(r,a), -a <r< +a
1

In Case 2, t~ 1is obtained in the sub-rectangle Q&, r>a - 2a,,

s > a - 2a, of & (see Figure 2) and (3.16) holds on

1
a - 2al <s<a, a - 2a2 < r < a respectively. The function-
x1 is obtained again from (3.1) this time in the form
. s B
1l (o) 1
x (r,s) = xz(r,a) - a q(r-s')tS (r,s')ds!. (3.17)

‘.The solutions corresponding to the succeeding regions

T2n 2n+1l

i and D in Case 1 (there are none for Case 2) are obtained

by essentially the same processes. For the tin we match the -

t values on one characteristic edge of ) to those assumed
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by t2n—l (obtained in the preceding step), and use con-

ditions (A) to obtain (3.12) on r = -s. The solutions tfn
will alternately be obtained in & = ByB'B, and &, = B;BB,
t2n+-l

(see Figure 3). For the we match t values with

tin on one characteristic side of , and with tgn on another
characteristic side of §.
We end this section with some comments concerning the

solution of (E) for more general initial functions than we

have specified.

Remark 7. Suppose that u(x,0) = O but that the initial
PAAAAAANAN WAAL .

function v(x,0) has several maxima and minima at, say,
Xyseees X0 Then one can simply solve the problem in sections

as indicated in Figure 4. The linear problem corresponding to
t A C

. X
@
Fiqure 4.
Tg will be exacEly as above. The problems corresponding to
Tg, Tg, ... Wwill be of the same type except that the data on
r = s will not be antisymmetric with respect to r = 0. The.

linear problems for Dl, D2,... will be characteristic prob-

lems in rectangles with data taken from pairs of the triangles

Tz. The continuations to Ti, Dn+l, Dn+2;... are then dealt

with in a strictly analogous way.

[

4
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‘Remark 8. If both u and v are initially non-zero the general
MAAAAAAAAL WAL . .

procedure is the same as that given in the present section
except that the initial curves in the r,s plane are not straight
lines. We shall not pursue this situation here, but it is

possibIe‘to obtain results analogous to those we have given.

Remark 9. We want to comment on the special conditions of
WAAMAAAAM W

zabusky and Lax, that is,
u(x,0) = £(x), v(x,0) = 0. ' (3.20)

This problem must be handled somewhat differently siﬂce we note
that the image of the 1iné t = 0 in the R-plane is r = -s,
which is the same as the image of x =0 or x = ﬁ where |

v = 0 also. Aésume again that £(x) has a Singlé maximum

at x = b. Then the appropriate procedure is as indicﬁtéd in

Figure 5. The solutions in Ti and Tg are obtained first by

AS
B = 0 B,
Bl» ///) B, S
. ‘
- [T T ,
A' Ty 'E Ta L S B. B
! : Fiqure 5,
solving initial-value problems in OBB{ and OBBé respectively
with data given along OB. B is the point (r,-r) where
£ (b) . . .
T=J owat. @

o
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1

The solutions in D and Ti are then obtained in the same

way as those in D1 and T% in our problem.

The interesting difference between oﬁr problem and that of
Zabusky is that in the latter problem, Case 2 does not lead
to unbounded solutions. Indeed observe that in Case 2
r < ay by (3.21).‘ Hence the triangles OBB! and OBB'

1 2

2 < f-s < 2al that is within (% sO

that both u and v have a priori bounds. A consequence of

lie entirely within -2a
these bounds is of course that the t(r,s) values remain

bounded, so that one cannot infer the existence of a solution

for all time for any interval of x.

4., Existence of Solutions in T? and Dl

We consider the function ti which in Case 1 satisfies (3.13)
and (3.14) on the triangular region G& = B'BB, (Figure 3), ork.
-in Case 2 satisfies these equations on the trapezoidal region

“1 = B'BB;BJ (Figure 6). s
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That such a function exists and is uniquely determined is a
standard result. We proceed to show that the function xi(r,s)
defined by (3.15) satisfies (3.1). From (3.15) it follows

directly that (3.1b) holds:

o _ o
X1,s = "9ty -
Note moreover that
© _ 20 () +t° (5,1 - [ (qlx-s)t® _(r,s')) ds
X1,r = 1 (¥) 1,s (80 - j_ qlr-s')ty ,(r,s')) ds'.
r _ .
(4.1)
By (3.14)
o ! :
A tl,s(r,r) = =& (), (4.2)
while (3.2) may be wirtten in the form
o _ o :
(qtl’s)r - "(qtl,r)s- (403)
Using (4.2) and (4.3) we may simplify_(4.l)]to
s A
o _ 1 ! le) !
xl,r = él(r) +'Ir(q(r—s )tl’r(r,s ))stds' »
(4.4)

= q(r-s)ti,r(r,s),

which is (3.la). Therefore sinée (3.8) and (3.9) clearly hold,
the functions (xi,ti) as defined in (3.13), (3.14), and (3.15)
constitute Xo. Moreover, as was observed earlier ti(r,s)

and hence xi(r,s) may be extended to all of § by solving

(3.13), (3.14) for (r,s) on the opposite side of r = s and
applying (3.15).
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' N
Now let Kﬁ. denote the part of ﬂ& lying in r + s > 0.

| 1
We want to show that D(Xi, (ﬁ) = (ﬁ. _ Ti will then denote

the image under X? of Qi.

L] ‘ . . .
Lemma %. Let. k = min ¢1(a) on -a < &< a, Then i Q&,
o o o o
> -
ty,p > 0ty o <0, alt] , -t] ) >k (4.5)

We recall that wl(x) is concave so that k 1is positive.
We integrate (3.13) first with respect to s and then with

respect to r and we obtain,

y r ' .
£,r(5:8) = () - [ plr-y) (¢] (r,y) - t] ((r,9)dy, (4.6)
S
o ' T o o :
tl,s(r,s) = -@l(s) +J p(x-s)(tl’r(x,s) - tl’s(x,s))dx. (4.7)
4 s |

Note that p(r - y) and p(x - s) are negative in Ql and
1 . . .
® (r) is a positive even function. Hence, by successive approxi-

mations, ti >0 and t° < 0.
: s X 1,s

‘Next we observe from (2.7) and the definition of p that

L _4d
P =73 alz - 9 log g(r - s).

We denote ti - t° by P(r,s). Then if we subtract (4.7)
s X 1,s

from (4.6) we_find,

r-s

P(r,s) = (@) () + 2 (s) - =] (& log q(2)) (P(x,r-2)
O

+ P(zfs,s)idz. : _ (4-9)..

v
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Once more we apply successive approximations. We set

(o) 1
P.(r,s) = @1(r) + ¢i (s),
and we verify by induction that

n
P (r,s) > k Z (-1)7 (log q(r-s))7.
j=0  Jj!

The assertion is true for n = O. Assume it is true for n.

Then
n . % T¥-s ,
n+1(r s) > k -k Z' 154%3- I %; log q(z) (log q(z))jdz
j0 . © | |
- n+l '
=% ), —(—1— (log q) 7.
j=0 |

On the other hand it is easy to see by a standard successive

approximations analysis that the sequence Pn(r,s) converges

"uniformly to some function P(r,s) which thereby is the unique

solution of (4.8). Hence we conclude that
-log g
P > ke = k/q:.

and this proves the last estlmate of (4.5).

Lemma 4 and equation (2.6a) show that indeed D(xl,ﬂ ) = Q&

and we proceed to the verification that S(X (ﬁ) = T As a

first step we prove that t (r,s) is positive in Ql‘ We integrate

(4.2), taking tl(r,r) to be zero and u51ng (4.6) . This yields,
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r X

@, (s) - fIP(x - Y)P(X,Y)dy.dx
: s S '

ti(r,s) = »<I>l (x)

]

BLx - ¥) 4y ax (4.92)

Z@l(r) ;‘@l(s)v—k alx - y)

n —H
—__

2]

= ¢1(r) - ¢i(s) + kJ(x -s)?
whete
, z .
J(z) = -z + jq?:) = -z + 2u(z). . (4.9b)
o -

The second equality in (4.9b) follows from the fact that by

(2.7)
du(r - s) _ 1
d(r - s) 2q
Note that J'(z) = -1 + q(z)-"1 >0 and J(0) = 0. Hence J(z) > 0

for z > C; Thus

ti(r,s) > ¢i(;) - ¢i(s) fof- r > s. (4.10)

Since Qi(r) is increasing it follows that ti > 0 in 55

!
hence certainly in Ql‘

Lemma 4 and equations (3.1) show that

~ o . ' :
x]_’r > 0, xl,s > 0 in Ql' (4.11)

[ J

-

14
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We recall that ti(r,s) was so constructed as. to satisfy

tcl’(r,s) = t](-s,-1), (4.12)
. o ' o N
that 1s.bt1’r(r,-r) + tl,s(r,-r) = O. Hence by (3.1)
le) Ko] | C
xl’r(r,—r) - xl’s(r,-r) = 0. (4.13)
It follows that 'xg(r,-r) is constant and since xg(r,r) = 2®(r)

we have xi(o,o) = 0 and hence xi(r,—r) = 0. But then.by

(4.11) x° +x° >0 hence xi(r,s) > 0 in Qi.
3

1L,r 1,s ) A

We can now construct Ti. In Case 1 Tg' is the region

in the X plane bounded by the images of OB, OB1 and BB, -
of Figure 3. Note that the image Eﬁé of BBy is a character-

istic of (2.1) and hence satisfies

ax = q(u).
dt

Since u decreases as we move down along BB, the curve Eﬁi

. in the x - t plane is convex upward as shown in Figure 1

and Xi Blzﬁ forms a closed curve. Then the remarks of the pref
ceding paragraphs show that S(Xi,‘%} CIT? and by construction
the boundary of Qi is mapped onto the boundary of fi.

We observe next that the mapﬁing from Q& to S(Xi,(&) is

. : ! f
one-to-one. Consider two points P and Q in say in the
Yy

position below. $

Fiqure 7.
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We use the relations (4.5) and (4.11). Along PR and along

"RQ t increases hence t,. > tP. Similar considerations hold

Q
for other configurations and one proves (xp,tp) = (xQ,tQ)
s [
only if P = Q. Thus S(Xi,ﬂ&) = Ti and the mapping is

_ one-to-one.

In Case 2 we need a slight modification. The region Gﬁ
is now the trapegoid BOBl"Bl of Figure 6. We deduce, jusf as
before, that the mapping Xi: S&QQS(Xi,S&) is one-to-one. We

prove that ti-eoo as R—R_ ~ where R is on BlB{ . As

R—4Ro we have r - s-2a hence u—m and heﬁce by (4.9)

ti—»oo. We now define Ti as the region in the X-plane

bounded by the images of OB, BB and OB" under x%.

1 1 1

Observe that Lemma 4 and (3.1) show that

!

X, + x_ = q(tr - ts) > k in (ﬁ.

Since x = 0 on OB{ it follows that along any segment starting

on OB{ and drawn parallel to OB x must increase from O to

at least k(a - al) on BlEl' Thus x values in BlElB must be

greater than k(a - al). In particular if a = x(Bl) we must

have « > k(a - al). We already know that t-—o as R—B,
1 hence the image of BBl is the characteristic E'ﬁi

of Figure 2. Consider the curves x(r,s) = ¢ for c < k(a-al).

along - BB

These lie in the rectangle OBi'BlEl' They start on OEl'and end

on B{Bl and as R—;B{Bl along them t—®@. Hence Tg contains

at least the infinite strip O < x < k(a—al), 0 < t< o. Hence

we obtain Ti as in Figure 2 with a > k(a - al).

4
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We know now that the mapping Xi is one-to-one hence we
can define its inverse R(Xi) and form Ui(X) = U(R(X)) .
By Lemma 1 this satisfies equation (2.1). On t = O we have

r = s, hence u = 0. Moreover for 0 < x < b,

vix,0) = x(x,0) = 1 (x) = 0 ().

On x =0 we'haye _f = -s and hence v = 0. Thus Ui is the
desired solution in Ti.

The proof for Tg proceeds in exactly the same way and
we omit the details. The only change is that Lemma 4'becomes

o o h :
t2 r(r,s) < 0, tz,s(r,s) > 0. (4.14)

L

Remark 10, If the function Q(£) happens to be even the
MARAAAAARAA - qarmro Lo
solution in Tg can be determined from that in Ti by the
following simple procedure. Let t?(r,s;iﬁ(')) denote_the

. 1 . ! . , . '
solution to(r,s) in Sﬁ as a functional of ¢i. Then in {5’

1 .
the reflection of ﬂ& across r = s, one finds

35 = (5, 5%, (), F@ =1 - & ).

The proof of the first part of Theorems 1 and 4 is now

complete. Moreover we have shown that in Case 2 U .is indeed

unbounded on Ti, i =1,2., Next let us complete the justifi-

cation of Remark 5 by verifying that u is bounded in each

truncated triangle Tg N(t < T). For brevity we again give

(o]

an explicit analysis only for T;. Here u>0 by (2.7)°
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while by (4.9) the condition u > m is seen to comply that
o .
t) 2 k(-2a; + 2m). i
It follows that in Tin(t < T) the solution satisfies : : .
X T
0<uc<a, + TR

Letvtl(f,s)' denote the solution of (3.2) satisfying

. A 1l
(3.16) in & (or © in case 2). If we could show that tr

and ti dO‘ not change sign we would have an existence theorem
for Dl. It can be shown by examples that these derivatives

can change sign in ﬂ*'hence the best that can be obtained in

general is an existence theorem in the subregions of'Dl of

Figures 1 and 2..

There exists a neighborhood of r = a and s = a
in which tr <0, ti <oO. 4 i
Observe first that (4;5) and (4.14) yield ti(r,a) =t§ r(r,a)<b
- R
1

1 _ 4O
and ts(a)s) = tl,s(a,s) < 0. tr
s

Lemma 5
WAAVWALAL WAL

‘and t: become infinite

near r = a and = a respectively, and we must study this

behavior. First consider the tg. If we apply Riemann's

method we obtain using (B) and (3.9),
T

ti(r,s) = f R(r',r',r,s)¢1(r')dr',
s .

: r
ti,r(r,s))= R(r,r,r,5)¢i(r) + Js Rr(r',r',r,S)iﬁ(r')dr',

1

.

A .
¥ This always happens .on § in Case 2 as is shown in Section 6.

| G
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r

© (r,s) = -R(s,s,5,8)® (s) + | R_(r',r',r,s)® (r1)drr,
S

tl,

(4.15)

where R is the Riemann function. It is easy to see that

' ' .
" R(s,s,r,s) > O. Note that ¢1(r)~ea> as r-—a since ¢1(x)_90

as x-—b. However, since ¢1(a) exists the singularity must
be integrable. Hence the integral term in (4.15) has a limit

as r-——a and we deduce that ti s(a,s)---)- 00 as s-—a.
3 .

o

2, .

Now apply Riemann's method to tl. One finds

r(r,a)—+-oo as r=a.

' (r,s) = R(a,s,r,s)t0(a,s) + R(r,a,r,s)tJ(r,a) + ..., (4.16)

where the dots indicate integrals over tg(a,s) and tg(r,a).
Hence
1 1
tr(r,s)-—,»—CD as r-—a and ts(r,s)—->-oo as s-—a.
Lemma 5 now follows from the continuity of ti and ti.
It is easy to verify as in a previous calculation that x1

as defined by (3.17) satisfies (3.1). Recall that xl is chosen

so that xl(r,a) = xg(r,a). But by (3.1)

x;(a,s) = -q(a-s)ti(a,s) = -q(a-s)tg(a,s) = xi’s(a,s),

. and xl(a,a) = xi(a,a) = b hence also xl(a,s) = xi(a,s). This

shows that the geometry in the X plane is as shown in Figures

1 and 2.
We set now ul = U(R(X)) in the region in which x! is
one-to-one. It is easy to see that U1 = Ui or Ul = Ug on

T See Section 6.
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the appropriate boundaries. It is also true that the derivatives

of.Ul match those of Ui or Ug. Observe that derivatives of

U can be expressed in terms of derivatives of X. For example

note that by (2.5) and (2.6)
rA = J "t
Hence by (2.7) and (3.1)

2v =vr +

X X Sx T (ts - tr)/zqtrts‘

tg s = ti. On the other hand by our anal-
s

ysis of (4.15) and (4.16) it follows that

On r = a we have

vx..>—l/2qts as r—a.

This result holds for both vg and v1 and the correspbnding
ts values are the same, consequently the Vo values agree.
Similar facts hold for all the derivatives. This completes

the proofs of Theorems 1 and 4.

5. The recursion formulas:

2n

In Case 1 the problems for the ti and 1:2n+1

forn>1
were described in Section 3. Explicitly, the conditions to be

-satisfied are

2n- 2 2n | |
Fin(r, (—l)na) =t n l(r: (’l)na):tl?r(r, -r) + tl!:s (r-,-r) =0,
(5.1)
; 2
tgn((-l)na,s) = 20 l((-l)na,s),tg?r(r,-r) + tz?s(r,-r) =0,
(5.2)

£2M1 (1), = €20 ((-1)"a,s), 2, (D)) = 20 (r, (<) ")

(5.3)

}ﬁn wv:.::l

N —
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4

L Lemma 6. The t functions satisfy the following recursion
VAN e — . -

Y‘ formulas:
t2%(r,s) = £22 1 (r,8) + 20 (s, ) - £20 2 (r,e),

] a ‘ * (5.4)
t2n+L(r,s) = tin(r,s) + tgn(r,s) - tzn'l(r,s), n>1l.

The right sides of equations (5.4) are solutions of (3.2).
(. Hénce by the uniqueness theorems for (3.2) we need only verify
that these functions satisfy (5.1) -(5.3) and this is easily done

by induction.

¢ Lemma 7. The x functions satisfy the formulas:
YWWWA s g

- - 2n-
xin(r,s) = x" l(r,s) - 20 l(-s,-r) - xln 2(r,s),
[ x2(r,8) = x*"Hr,) - ¥ (s, o0 - X3P (r,) w2, (5.5)

2n-1

P ' _< These formulas may be proved as follows. One verifies by
induction that equations (3.1l) are satisfied and that the values

t% ' match on the appropriate sides. We‘omit the details.

. .. The recursion férmulas (5.4) and (5.5) can be solved for

k4 - all the t's and x's in terms of tg and ! or xz and xl,

g respectively. This in turn produces a formula for the solu-

{ tions U in terms of Ug and Ul. We‘write down the formula

| for the t's since we shall use it in the next section. The

other formulas are similar.
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Lemma 8, Sét*
PANAANSN p _
Y(r,s) = ti(r,s) + t¥(-s,-r) - t%(r,s) - t°
s = ’ ~-S, - - Y S - 2(r,s).
Then for -n > 1
. 1
t (-s,-r) n odd :
+ F
tzn l(r,S) = n‘I’(r,S) + . (5 6)
l .
t7 (x,s) n even,
n tg(r,s) n odd
(r,s) = n¥(x,s) + (5.7)
ti(r,s) n even,
2n ti(r,s) n odd :
(r,s) = n¥(r,s) + . (5.8)
tg(r,s) n even.

These formulas can be verified by induction. We give_é
typical calculation. Suppose (5.7) and (5.8) are true for
n = 2k and (5.6) for 2k - 1. Then by (5.4)

t4k+1=2k¢(r,s)+ti(r,s)+2k¢(r,s)+tg(r,s)-(2k-l)W(r,s)-tl(-s,-r)

=(2k+1)w(r,s)+t2(£,s)+tg(r,s)-tl(-s,-r)_tl(r,s)+t1(r,s)
=2kW(r,s)+tl(r,s),

which is (5.6). _
. . . 2n+l
These x and t functions will produce solutions U i

¥ In this formula the functions t?(r s) are to be considered
as defined in all of . We indicated in Remark 6 that the tO
could in fact be extended to all of £.
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and U2n in the x-t plane. One can verify as in earlier

~calculations that the various triangles fit together as shown

in Figure 1. Moreover, as long as no r or s derivative of

the t functions is O the mappings are one-to-one and one

. obtains the existence of a solution in the X-plane. Thus one

could calculate the position of the breakdown in terms of

solutions of 1in¢ar'problems;

6. ‘Non—éxistence theorems:

In this section we prove Theorem 3 and its analog inA
Case 2, These state that the solution must ultimately break
down. Consider Case 2. Here the proof is quite siﬁple. Recall
that tl(r,s) is a solution of a characteristic initial-value

A : o
problem in the rectangle £ = EB. BB, of Figure 8 below. The

2771
lines BBl and EB1 are r = a and
S

B." B

A

1 Q ,

l 3

o
E T B
B I'd
'Figure 8

s =a - 2a1 respectively. Suppose now that ti and tg do

not change sign in the rectangle. Then in particular ti <O
on EB; since we proved that it was negative near BB2 and BBl'

Consequently if r'' > r' we have

tl(r',a—Zal) > tl(r",a-zal).
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But from (4.16) tl(r",a—2a1)~++ o0 as r''-sa and hence

{l(r,a-Za = 40 which violates (4.16).

1)
The proof in Case 1 is much more complicated. We indicated

in Section 2 that the essential step is the proof of Lemma 3.

. What we are going to show precisely is that

T}(a,-a) > 0, @}(-a,a) < 0. (6.1)

It follows that @& changes sign in & and hence by formulas

(5.6) - (5.8) tin+l changes sign for n sufficientiy large.

Then by (2.6a) J will change sign.

/

The proof of formulas (6.1) requires a rather careful study

"of the representation of the solutions in terms of the

Riemann function. The Riemann function R(r,sx',s') is a solu-
tion of the equation adjoint to (3.2) as a function of (r,s).
As a function of the variables (r',s') it is the solution of the

following characteristic initial-value problem:

Ry, gy = P(x' - s')(Rr, - R ), i o (6.2)
R, +PR=0 ons'=s, - (6.3)
R,,- PR=0 onr!'=r, (6.4)
R(r,sx,s) = 1. : - (6.5)

Lemma 9. The Riemann function for (E) satisfies
PPAPAOSRA R e e

Rr,(s,s,r',s') > 0, Rs,(s,s,r’,s') <0 in x' > s > s!,

Rr,(s,s,r',s') <0, Rs,(s,s,r',s') >0 in r' < s < s!',
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'We prove this lemma in the same way as Lemma 4. From (6.3) -

(6.5) we deduce that Rr'(s,s,r',s) > 0 and Rs,(s,s,s,s') < 0.
Equation (6.2) yields,

s
Ry, (s,s,x',s ) =R (s,s,r',s) - J 'p(r'-y)(Rr,(s,s,r',y)f
s

- Rsy (s,s,x',y))dy,
r!

RS,(s,s,r',s') = Rs,(s,s,s,s') + j p(x—s')(Rr,(s,s,x,s') -
s
- Rs,(s,s,x,s'))dx.

The first part of Lemma 9 follows then by successive approxi-

mations and the second part by a similar calculation.

The Riemann representations for tg and tl are

s!

t?(r',s') = - Ir'R(s,s,r',s')¢i(s)ds, | . (6.6)'

tl(r',s') = R(a,s',r',s)ti(a,S') + R(r',q;',s')tg(r',a)

a

+ j“'(Rs(a,s,r',s') + p(afs)R(a,s,r',s'))ti(a,s)ds
s
a

+ j '(Rr(r,a,r',s') - p(r-a)R(r,a,r',s'))tg(r,a)dr. (6.7)
r

We have

s!
.. O . ] ]
ti,r'(r',s') = R(r',r',r'?s')¢i(r') - Jr' Rr,(s,s,r',s')¢&(s)ds,

(6.8)

.S' *
£© (tv)—.R(u'vql(I)'v J 1 g1) D '
i, r',s = -R(s',s',r',s!) i(s ) - Rs,(s,s,r ,8") i(s)ds,

r!




36

aﬁd

1l o '
tr,(r',s') = R(r',a,r',s')tz’r(r',a) + c.0

1 - o (6.9)
tsu(-s',-r') = R(a,fr',-s',—r’)tl’s(a,—r') + ...

\

The dots in (6.9) indicate terms which remain bounded as r'—aé.

Now we are ready to calculate the function

i,(r',s')-ti,(_s',-r') -2 o

] 1 -
(r',s!") t2,r

] |(r'JS')$

‘I’r (r',s') =t , X!

(6.10)
at the point (-a,a). Note first that (6.8) and (6.9) lead to

the following decomposition

@}'(r',s') = R(r',a,r',s;)R(r',r',r',a)¢é(r')

+ R(a,—r',—s',r')R(-r',-r',a,-r!)@i(-rt)

R(r',r',r',s')ii(r') - R(r',r*,r',s')¢é(r') + ..,

(6.11)

where the dots again indicate regular terms. Now from (6.3) -

(6.5) we have
. st

oo (] pletmar,
S

R(r',s,r',s!')

r
exp { f p(t-st)darj}.
r '

R(r,s',r',s!')

. . ' .
It follows that the coeffincients of ¢i(r') and ¢2(r') in (5.11)

g o Ld
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each sum to zero so that there are no singular terms.as r'—a.

On writing out all regular terms in (6.10) we obtain

@E'(-a,a) R(-a,a,ga,a)Eg’r(-a,a) + (Rr+Rr'(—a,a,-a,a))ﬁg(—a,a)

o
+ Rr,(a,a,—a,a)tl(a,a)

(ﬁr(;a,é,_a,a) -'p(-2a)R(-a,a,-a,a))tg(-a,a)

a

+ la (Rrr,(r,a,-a,a)-p(r—a)Rr'(r,g,—a,a))t%(r,a)dr

me) L0
- R(a,a,-a,a)tl,s(a,a) + (RS+RS,(é,a,-a,a))tl(a,a) (6.12)
- R  (-a,a,-a a)to(-a a)
s! sy s 2 s

+(R, (a,a,-a,a) + p(za)R(a,a,-a,a))tcl’(a,a)

a
- j (Rrs'(r,a,-a,a) - p(r-a)RS,(r,a,-a,a))tg(r,a)dr

o

—o )
-t -a,a) - t -a,a).
(-a,a) - t;  (-a,a)

1,r
where the bars over tg r and ti s indicate that the singular
| E Ed
1
terms + R¢i are to be deleted.
The first integral in (6.12) is zero since as a function

of r and s, R satisfies:

Rr(r,a,r',a) -‘p(r-a)R(r,a,rga) = 0.

Moreover ti(a,a) = 0. We substitute the expressions for ti r?
k) .
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ti g deleting the singular terms and obtain,
E .
.a
. 1
Wi'(-a,a) = Rs(-a,a,-a,a)tg(—a,a)+J‘Rr,(s,s,-a,a)@i(s)ds
- -a .
(6.13)
a

-_-a(BrS'(r’a’_a’a) - p(r - a)RS'(r,a,-a,a”tg(r,a)dr.

Now it is easily deduced from the ordinary differential

equation (6.3) that

'Rr(r,s,r',s) - p(r - s) R(r,s,r',s) =0
Differentiating this identity with respect to s and setting
s =a, r' = -a we find that

Rrs,(r,a,-a,a) - p(r - a)RS'(r,a,-a,a) = -Rrs(r,a,—a,a)-

- p'(r - a)R(r,a,-a,a) + p(r - a)Rs(r,a,—a,a). (6.14)

Now recall that in r and s R satisfies the equation adjoint

to (3.2) that is,

Ris + (p(r - S)R)r - (p(rx- S)R)s = 0.

Hence (6.14) yields

R (r,a,-a,a) - p(r - a)Rs,(r,a,—a,a) = (p(r - a)R(r,a,-a,a))r

rs!

Note also that by (6.5) and the differential equation (6.4) one

finds

Rs(;a,a,-a;a) = -p(-2a)

]
]
g
]
]
]
]
:
]

Ld
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~Thus (6.13) becomes

.

a
.Wi‘(_a,a) = - p(-2a)tg(-a,a) + [aRr'(s;s,—a,a)ii(s)ds

a .
_‘[a(p(r - a)R(r,a,-a,a))rtg(r,a)dr

a +a

'='_a3r'(s,s;—a{a)¢£(s)ds + Iapfr - a)ﬁ(r,a,-a,a)tg’r(r,a)dr.
(6.14)
Lemmé 9 shows that Rr,(s,s,-a,a) < 0. ¢i(s) is positive
and by (4.10) tg’r(r,a) < 0. Also r -a‘< O so that \
p(r - a) > 0. It is easy to see that R 1is positive and
hence ali terms in (6.14) are negative. This proves the first

inequality of (6.1) and the second is a very similar ¢alculation.

This completes the proof of Theorem 3.
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