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|. Introduction

If a group Ghas a full order relation, <, such that for each
a,b,c € Gif a <b then both ac < be and ca < cb, we say that (G <)

is an f,b. group, that it is fully ordered by <, and that < is a

- full order of G If Gis fully ordered by.< and C5 G is a subset

such that when a,b € C, then all x between a and b are also in C,

we say that C is convex with respect tol <or if there is no anmbiguity
| sinply that C is convex. W denote by C. the famly of all sub.
groups of G-convex with respect to <. The famly C. is called the

convex famly of (G <) .

Several authors have investigated properties of those famlies’
of subgroups of a group G which are the convex f'am'lies det erm'.ned
by the various full orders of G Anmong the investigators K |wasawa
[3) has given conditions characterizing such famlies of su-b"groups.
Anot her set of conditions on a famly of subgroups of a gr.oup G whi ch

IS necessary and sufficient that G admts a full order is stated




in Fuchs [1J pp. 51, 52, and attributed by himto L. s Ri eger
and V. D. Podderyugin.

~In fhis paper we will investigate the convex fam'lie_é of full
order_s in torsion free locally nil potent (TlfLN) groups. Qur main
result (theorem 2) is that for an arbitrary full order < on the
TFLN group G the convex famly, Cyo is a central system W
remark that there are several exanpl eé known of full orders on non-
TFLN groups which.are not even normal systems. We use our result
to obtain a characte'rization of those famlies of subgroups of
TFLN groups which are convex fanmlies. This characterization
IS Si mﬁl er than the general characterization given by |Iwasawa.
Secondly, we show that the Ri eger-Podderyugin conditi ons' (theorem 1)

do not characterize convex famlies, a question raised in Fuchs Q .
1. Results

A famly of subgroups 5, of a group Gis a nornmal system

if each F € 3 is normal inG if 5is a chainwth respect to set
inclusion, and if 3 is closecj wwth respect to arbitrary unions and
I ntersections. Aj_m in 3is apair of elenents C D e 3 such that
C c: D and no el enent of 3'»-is properly between C and D. Letti h_g
Z(H) denote the center of any group H we say that 3 is a central
sz'st'e“rhin group G i.f {1) and Gare in 3, if 3 is a nornal sys.temof
G and if for each junp GDin & D/ CE Z(G Q).

Theor em 1: (R eger, Podderyugin as per Fuchs. [3J) .
A group Gis orderable if and only if it contains a famly, 5, of

subgroups satisfying (i) - (V) :




(i) 3 is achain containing {1} and Gand is closed under

arbitrary unions and intersections.

(ii) 1f Ce 3then for each g € G g~-Cy € 3. |

(i) If CDis ajunmp in 3 then Cis normal inDandDC

I's isonorphic to a subgroup of the additive gfoup of the real

nunbers.

(iv) If CDisajunmpin 3then (NC, N(C), D £ c where N(O

Is the nornmalizer of Cin Gz

(v If Ce 3 and S(a) is the normal subsem group of G generated
by a and if CH S(a) is non-enpty then sone conjugate of a is
in C
Furthernore there will be a full order, <3 of G such that 3 £ Cr.

Until nowit was not known whether a full order < of Gexilsted
such-that 3 = C.. However, by the exanple below this question is
answered in the negative.

W now consi der TFLN groups. It has been known for sone tine
that all TFLN groups can be fully ordered (see Neumann (5 ; G aham
[.2} has another proof) ¢ Another result in Gaham|[jd is the foll ow ng,.
L,e_mm If Gis TFLN and < is a full order of Gthen C. is a
normal systemof G-

Er_ob_f_: By straightforward calculation if C € C,nd g e Gthen
g~ICg e C al so. Thus <f1Cg §> C or g'icg SC, To show t hat

2 | 11

If x,y e Gthen (Xx,y) =x~y~xy* If S and T are subgroups of G

t(h(eg ()9)1) =gp( (s,t) | seSandt eT). Finally (ST,U neanjs
TU) °




g~ng =Cfor all Ce Cand g e Gwe assunme otherw se. Wthout

| oss of generality we assune that there is a g e Gand a C € C such

t hat g—-~1 Cg A-C. Then there is an a e C such that g~1ag k CS SO

for arbitrary positive n we have | |

(1) g-7aghtl g-"Cy". |

het C" =g"""g" let U g;0 =a, and let (ag n+1) = ((agn),g).
~ Note that C, ot Cy anc| g~I"ag = a(a,g;l) /By induction on n the

ar
identity (2) bel.owcan be established® where ;”(a"g;!) is to be

interpreted as some finite product of commutators’ (a,g;i) in which

-2 2 2 aig.12)
none of the i's ,s greater than k. For exanple g ag = (agl) ( 95380
@ <rW“ (TT(0:0) (@gin). |
~ Since a(a"g[.ql) e G it follows by induction on mand by (2) that

(ag;nm) e G - However G is locally nilpotent so the group generated
by a and g _i s nilpotent™ say of class k. Then all comrutators of
length k + 1 and greater are the identity so from (2) we get

g% lag®*l = (TT (a,0;i)) (a,gk+ 1) =TT(ag;i) €CL.

<k i<k
‘But this contradicts (1) taking n =k, and the |lemma is established.

Theorem2: If Gis TPLN and full y ordered by < then C. is a

central system __

E@i_; Since {1} and G are convex they are in C, By the |lemm
Cis a nornal system Now | et O‘Dbe_ajurrp inC Al that remains
is to showthe DC cZ(GC. First note that if for each g € G
the mapping 9:GC -* G C. induced by conjugation by gis the identity




map on O C, then for each d € D (dO" = g~1dgC = d(d,g)g hence
it follows that (d,g0 = 1 nod C so that D’Cc_z(G/C).. |

Thus the probl emreduces to showing that for each g € g, g|p/c
is the identity map. Suppose on the contrary for sone g e G, ‘@|p/c
is not the identity map. Then there is a d e D such that (d'g) f 1 nod C,
Since Gis TFLN one of (d*g:m) =1, so for sone first m say n + 2,
| (d,g; n+2) =1 nmod C Then (d,gin) f (d,g; n+ 1) nod C and neitherl
is congruent to 1 nod G Let b = (d,g;n).
Since (d,gg n+ 1)C" :‘(d,g; n+1) (dg n+2)C= (d*g; n+ 1) Cand
bC& = b(d,g; n + 1)Cwe have for all integers r > 0 that bC§" _
=b(d,g; n+1)'C. If r <0 then bC=bC8~" ~" = (b(d, g n + 1) " Feyg*

= (bO”'(d,g; n+1) ~"C=(bC) ( d,g; n+1)'Cso for all
r =0, il"iZ,..."wehave '

(3)
bcg” = b(d,g; n+ 1)"C=b(brg) "C

Now <.on G induces a full order on GC since Cis convex* W
wi Il denote this induced order by < also* Furthernore, for each r”
~Tis an order preserving automorphismof G C

Also (b,gC=(d,g; n+1)C=? (d*g; n+ 1) C= (b,g)C hence

for all r, (b,gC"N = (b,g)C. Nowby the choice of b, C~ (b,g)C " bC.
Therefore either bC < (b,g)C or bC> (b,g)C If bC < (b,g)C then
bCAT < (b,g)C8" for all r. But bC8 =b(b,g)'C=bC((b,g)0O)" < (b*gjc

so bC < ((b,g)C)l"r for all rational integers r. This is inpossible
since neither is the identity and since DC is an Archinedean ordered

group. A simlar contradiction is reached if we assune that bC>_ (b,g)C




Therefore the assunption that ~JD/C is not the identity leads to a.
contradiction and the theoremis established.

Usi ngl the conditions in theorem1l with the added inforlmation
from theorem 2 we can now characterize those ‘systerrs of subgroups
of TPLN group G which are the convex famlies with respect to |
the various full orders of. G

Theorem3: If Gis TFLN the system O of subgroups of Gis the
convex.fam'ly of subgroups with respect to sone full order of G_
if and only if: ‘

(i) Cis a central systemof G _

(it) If CDis a junp in Cthe DC is isonorphic to a subgroup

of the additive group of real nunbers. |

M: If Cis the convex famly of Gwith respect to some
full ofder of G then (D) hol ds by theorem 2 and (ii) holds since
in the induced order on DIC, DC is an Archi medean ordered group,
hence isonorphic to a subgroup of the additive reals. (See Fuchs
Q P* 45. The theoremis due 0. Hol der.)-

On the other hand if (jU and (_u_') hold for C then one can
define a full order on G.as i n . Neurmrann [ng t heorem 2. 3. (Strictly
'speaki ng the fuller generality of Graham [2], theorem 23 is needed.)
This full order is construct éd so that the induced order on each
jump factor D/ C of C is Archimedean, hence no new c-onvex Subgroups
arise. Thus C turns out to be the convex famly of the newy

defined full order of G




I11. Exanple

‘Let F be the free group on x and vy, Phthefourth terfninthe

| ower central series of F and G = F/F.q. | Goup Gis the free nil potent
group of class 3 on two generétors* Such groups are discussed .in
Kurosh [4J. In Glet 3 be the famly {G Gy [1}}; where G is the
second termin the | ower central series, n'amaly (GG. Since 3is
a series of length 2 it‘ cannot be a central series (G is ni | pot ent
of class 3), so by theorem2 it cannot be the convex fanmily with
respect to any -fuII order of G However we will now show that it
does satisfy the R eger-Podderyugin bonditi ons. Thus these conditions
do not characterize the convex famlies of a group which adrrits
full orders.
On to the conditions of theorem 1:
(i) I'mrediate,
(ii) Since GE is normal in G this condition ié sati sfi ed.
(iii) O/ Cg anex G7an = G are easnly shown to be Abelian,
They are known to be torsion free and finitely generated,
hence they are isonorphic to subgroups of the addi tive reals,
(iv) Since N(G) * G and since for the |lower central series

{&) of any group (G, G—_;) c G ¥ - we have

(N(&), N(G), G £G £G, and (N(I), N(I), G) £ = {1}.
(v) Final I.y suppose that there is an a e G such that

S(a) _(1@ fAYt oA 1 =1,2,44 Then we nust show sone conj ugat e

of ais in G. W actually showthat in each of the three cases

aitself is in Gi




If i =1, then G'1: G,L: G and a € G.
If i = 2 and s(a) H G. ~=6, then for some finite non-empty
) ' X 1 .

set {x'i «1,2,...,r} £6 TPhM" ax €,G", since all elements

of S(a) are of this form. But then TIX.J“ ax.t= TT" (a(a;,x.}) € G2

[
However. (a,x:) e G for each i so TT(a) =a" € G. But GG& is
1 , .

torsion free whence a e G,. _
If i = 4 then G. = [V. Then if S(a n {I' ~ d> there is a

finite non empty set {y | i =1,....,s} £G such that |Ty,~*av) = 1.
' s

Thus -.lT(a(a,X()) =1. Since each (a,,X.) e C,ib we have TTa(a, yX) = a°
=1 rmd @. As before GG is torsion free so a e G But then
(a,yﬁl) € G for each i so 'I'I'é—(a,y") =a* = 1nod Ggz .Since N/ Q& is
al'so torsion free it follows that a € Gs. Then (ay,) e G =7[V for

each i so finally Tra(a,y.l) =a® =1 But Gis torsion free so

a =1 and we are done.
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