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ON COWPLETIONS OGP UNIFORM LIMT SPACES

by OCswald Wler

Wei | and Bourbaki fl] introduced the cat egory of uniform spaces, to be
p———— p——— ] " N
t> 1 *
denotedyy V; in this note, apg constructed a coreflective ' conpletion functor
from tr, to the subcategoiy U of separated conplete uniform spaces. Cook and

Sme=memeen
Fi scher J3J introduced the categogy of uniformlinmit spaces which we shall denote

by JJ ¢ They pointed out that Jf cén be regarded as -a coreflective full sub-

category of JJ ¢ Subsequently, the author f?2J construct edva coreflective conpl e-

tion functor fegomthe subcategory of separated uniformlinit spaces to the smaller

subcategory JJ of separated conplete uniformlinmt spaces* Cochran f2] studied

this conpletion further, supplying the proofs not given in fs]# I-e al o rai sedat he

following question* Auniformspace (Ewj) has a conpletion (E; J[ ). in JJ ¢
e Y Lo-

and al so the gourbaki conpletion (E°, £) in JJ®+ Howare these two conplg-

tions related? W answer this questign in the present note by showing that £

is the finest uniformstructure of E coarser than the uniformlinit structure jj°

W introduce first the notations and definitions which we shall use# If J?

and £ are filters onaset B, weput £4G if £ isfiner than £, jles

if £CE£. Wth this order relation; filters on E forma conpl ete lattice e

If JP and £ are filters on E, then PuC consists of all sets AuB,

. Footnotes are given at the end of this report, after the references.
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A€Z » BEE" _a”d L n<i _consists of all sets AnB, AfF_. B<Ef -

| V¢ shall use the followng notations for filters on EXE+ If £ and £
are filters on E:. we denote by ,__#xg the filter on EVE generated by all
sets AXB, AE£JP, BEY JB' . For subsets U and V of EXE, .V\B denote by
\J:!L the set of all pairs (y,x) wth (x,y)eU, andby U° V the set of all
pairé (x,z) wth (x,¥) (EU and (y,z)6LV f'or some . For filters 4> and
V on EXE , we denote by &~ J’the filter consisting of all sets IITlf

US <p; . and by <po™ the filter® generated by all sets UoV, VE(£);

VAT y\* e W refer tof2) and f3) for the | ans satisfied by these operations*

Cook and Fi scher f3] have defined a_uniformlimt structure on a set E as a

set £ of filters on EXE wth the followng three. propertie$«

ULl If <p& and ty £ <$)¢ then " 6]

U 2. Let A be the filter of all subset'_'s of Ex E-containing the dia-
then (#v_ /A ® (<4"A) isin J.

DL3. If Chel, then cf?"!ng .

Auniformlimt space” is a pair (EiL) consisting of aset E and a uniform

gonal A of J. If <E> V* -arein ]

[imt structure‘g_ on E. Thefilters of £ are called uniformfilters of (Ej) .

Auniformy continuous mapping f : (EJ)) — (E,£") of uniformlinit spaces
isanmpping f : E>B .such that the filter (f xf)((£>) isin J for every
filter (p in £« UWiformlimt spaces and their uniforny continuous nappi ngs
are the obj ects and nor phi sns of a category whi ch we denote by JO and call the

[ "f i es.
e (B KIK) A (47A°A) * Aurufufarr) . it fdlow from




the axions UL that (P"J» and (p& are in £ whenever (py " are in J,
. , e
and that A€ £+ Thus £ is a dual filter of filters on EXB e
| f -£ isaprincipal dual filter, i.e. £ consists of all filters ($> such
that (P£ <t*,, for a generator (pJ of j- , then (p, is the filter of entour-
ages bf.a un‘iformstrucfure of E. Al uniformstructures are obtained in this

way; -see f?]. This neans that we nay (and do) regard the category of guni form

spaces as a full subcategory of JJ % we denote this subcategory by JJ . ]
For any uniformlimt space (Eij) thereis, as shownin feL a finest uni-

formstructure £° on E such that £7JF° (i.e. £CJ7) « If (fy is the
filter of entourages of (E.J) , then (£>£(%> _fdr every filter (p of £,
but as Cochran f2] has pbi nted out, <$3 isingeneral not the supremumof all
filtersin J[ » The correspondence from (BJ[) to (Ejg_p) defines a coreflective
functor fromJJ to Jgp as shownin f3je

V¢ shall need the fol | owi ng additional definiti ons. Let (E4) be auniform

limt space. Afilter £ on B is called a Cauchy filter of (E£) if JE is

not the null fiI'[er4 of B, and gP)Q_P.(SE- Two Cauchy filters £ and £ on B
are call ed equival ent |f PKE£6J_ This is easily seen to be an equi val ence
relation. Ve denote by E _the set of all equival ence classes of Cauchy filters
of (B£) ¢+ and by qg(p) the equival ence class of a Cauchy filter £ .

For x€ E; we denote by x' the filter of all sets ACZ E with x£. A.
"This is a Gauchy filter. W say that a filter _[F on B converges to x£E if

JPX XG | « This defines the induced |init space60f (EJ)) ; see f3J. FBEvery

convergent filter on E is a Cauchy filter. The uniformlimt space (Ei]) is




called conplete if, conversely, every Cauchy-filter converges to sone point of E .

Ve call (EJ[) _separated if ')_'(X>7"‘J__, for points x, y of E; onlyif x»vy e

c _

V¢ denote by K the subcategory of separated conpl ete uniformlimt spaces and
' ’ - rT C

their uniformy continuous mappi ngs. As shownin [2J, Jd is basically the sane

as the category of separated (i.e. Hausdorff) limt spacess V¢ denote by J_j’c the
p c

intersection of the subcategories tJ and J2 of 1J

-For any uniforglignt space (EJ) e we construct a separated conpl ete uni-

formlimt space (E ,J ) ‘as follows. E is the set of equi val ence cl agses of
Cauchy filters of (EJ)) , W define j : E—E° by putt,i ng j x=q(x) for
x £B,. For a Cauchy filter J? of (£,j) and jf ~<p(!:) ;. We put

y e« (5(D)Af)x GEVE) .

c : c c
Wth these notations, £ is the dual filter of filters on E X E generated by

all filters of the form

GXNHPIUA VYRV o UpE
where (bE££, A is the diagonal of ES( E'? and £, ...  F are Cauchy

filters of (E¢). As pointed out inJ5]¢ the follow ng theoremis valid.

Theoremle For any uniformlimt space (E) o (Eg(J_S' i s a separated

conplete uniformlint space, and the malpping I (B9 —;>(E°fJI°) is unifornmy

continuous. Mreover, whenever f : (Egj)—>(E,J]") is uniformy continuous and |

(EjL;Y .separated and conpl ete, then there is a unique uniforny continuous napping

€3 (B9 —> (E,«P) such that f s fCj -




In other words, Theoreml states that the correspondence from (BjL) to
(E7d) defines a coreflective functor from JJ_ to the subcat'egory td * Ve refer
to [2] for the proof. In f5],.only separated uniformlimt spaces (B £) were
considered, but the extension to the general case is trivial* The only change is
this* If (Bj) 1is separated, and only in this case, | : (E¢[) o—:>(|f,£°)

I nduces an isonorphismof (B,) and a dense _subs'pace'of (B?tJ_j :

For auniformspace (EJ[) , wthfilter q‘) of entourages, we have of
course the conpl etion (Ec,-g_c) , and the finest uniformstructure ,_][‘:p of E_'c *
which is coarser than £°€ ‘We al so have the itouxbaki conpletion | : (E£) ™%
(®°f_=]1'.J ).+ constructed as fol |l ows* The set & and the mapping | s E—> E are
the $ane as for (EGJ9 + For an entourage U<: CID | et 8 be thé set of all

pairs (ff\/) £-E°X E¢ such that there are Cauchy filters £ and £ of (EJ)

With | « q(F) ¢ /\f’V: q(Q , and Uf EXG_» The filter of entourages 0b of

(B1539% is generated by the sets U, V<E: 0.

= I B S  l

cp . ¢
Proof* £°7A£ is clear* For j : E-2E thereis, by Theoreml,
a uniformy continuous napping jc *(&3@[") —"/\(Bcﬂfﬁ such that | » ] °j 4

For aCéuchyfiIter' £ of (Ej_j';_)lf the filter jGP converges to q(£) in

(E%2°) 2™ ja (E51Y) .. and thus j4q(R)) =q(B) . Thus j© is the identity
, cs* b b cpr b
mepping, and 3" +$J, follows* Since £ is principal, also & "J{ -

Theor"em'!?» 1f (EJ) lis auniformspace, then the uniformstructure j\_]_b _

of E® is_the finest principal structure ",]_[Cp coarser than the uniformllirﬁ't




structure Jf + JT S _is the spamum of all filters WP £+ ad (b° the

- filter of entourages of J®, then ®P=* S 07 ofl ,

" _Pr__dof_;__,. If O° is the filter of entourages of JP . then JIE£<£PA0P;
ad (j)° "-()°. Ths SI°S oS £0°, ad O° Ail'0JZ p/1 implies
that (A"* S°Soil-0", adhee P« P, _

Le mov VEIT, Snce (j Xj)<E)NiT., ad ~P "il for every Cauchy
filter P of (BJ) , thereis an entourage UZ=" 'such that  (jXj)(u)C V ,

“and for every Caudy filter E of (Ej) ad :f_«_ q(£) 'f there is a set A (JP
such that A'X A’ (ZV for A «J(A)L~{"}. NOw consider (7<rj)£UP »

There are Caudhy filters £ and £ of (Bif) ad sets AP, B££ such that
_‘f= a(®) , 7 = qE) , ad AXBdU -« Replacing A ad B by smaller sets of
P ad £ if necessary, we can asume that A'X A" CV ad B'XB'C V for |
Al * (A A y ad B »J(B)A{"}. Thsif XEA and. yEB , then
(g.j(X))év , (JW,j(y))eVv , ad (j(y),<;)fi-V  Bu then (_j~,_") Isin
VoVoV, adthus UCLVoVoV . Asthesets VovoV , V<EXI, gener-
a_te SoSX 09 9 we have proved ([) b>"jQLoj7— o”i f and hence the Theorem,

A smple exanple shows that the equation 9. oS oS » 0% cannot be
improved in general* If (E,j) is the set of rational numbers with the usual uni-
form structure, then (Bc ,gf’) - is the set of real numbers with the uéual' uniform
structure* In.this case, SX is strictly finer than 81&52? \  ad jTLoSh _is
strictly finer than the filter (p' B of entourages of the real numbers, Ve leave
the details of this to the reader. | |
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Footnot'es

1. In the termnology of Mtchell f4].
2. Cal I ed uni form convergence spaces in f2] and f3J.
3. Many authors prefer the dual notation, ~ for '"finer"+ \e shall consist-

ently use ™ for "finer", regardless of inclusion relations, since this leads to
a very nmanageabl e formalism '

A VW nodify the definition of a filter on ET by allowing the enpty set to be
an element of a filter. This adds the null filter on B, consisting of all sub-
sets of E, to the collection of all filters on E .

5. W prefer this to the term"ideal" used by many aut hors.

6. Cal I ed induced convergence space in f2J and-f3J.




