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ON FINITE GROUPS WHOSE p-SYLOVI SUBGROUP

ISA T, I, SET *
Henry S* Leonardg Jr,

Throughout this note we let p be a fixed prime and let G be a finite
group whose fixed p-Sylow subgroup P is a T. I|I. set (trivial intersection
set)* . That is, the intersection of any* two distinct conjugates of P is <]>e
Denote | p| by pa # It is conjectured that if G has a faithful conplex
char act er ,X with (1) <_'p-7a/2- 1 then P < G-+ This has been confirned
in certain cases [4 , page 287 and Lemma 4. 2], '[6 , Theorem4*33« |n fact
un'der certain conditions it is sufficient to assume #(1) < (p*~1)/2
_[1 , Theorem3]> [6 , Theorem4«2], but in general the conclusion P< G
does not hold under this weaker assunpti dn because of the presence of Suzuki's '
si npl e groups. |

Qur pur pose here is to use :Brauerfs theory of the correspondence between
p-bl ocks of a subgroup of G and p-blocks of G [2], [3] together W:'[h a
result of Gorenstein and Valter [5 % (46)] to obtain the theorem bel ow whi ch
verifies the conjecture in the case that ' V) CN(P) , where V is the
group of p—_regul ar elenents of C(P) . In particular for any counterexanpl e
of rrin.i mal order of the conjectures we woul d have A P) £P Z( O« | |

The notation is standard. |If H is a subgroup of G then N(H), C(H),
and Z(H denot e the nornal i zer, centralizer, and center of H e Denote
.Z(G) by z, Al -characters are over the conplex fiel d%

Assuming P isa T. |y set, let B be a p-block of G of defect =/ 0,
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and let D beadefec_t group of B with DOP and with |DO =p -
Then N(D) .QN(P), and the p-Sylow group of N(D) is normal in N(D),
Fuftherm)re,by [2, (80)] there is a block B of N(D) which corresponds
to B inthe sense of [2 , (75)1* The defect group of B is the p-Sylow
group of N(D) [2y (9F)]> and is contained in D [2 , (8D]« W nust have
D=P ¢+ Thus every p-block of G has defect O or full defect a -

\fe knowthat
(1) - PCP =P XV
where V is a gr.oup of order prine to pgo Then every p-block of P C(P)
consists of the 6 irreducible characters A where * is a fixed
irreduci ble character of V and A ranges over all the irreducible characters
of P, W shall denote this block by b (") ,

There is a one-to-one correspondence between the p-blocks of defect a of G
and the classes P‘f} of irreducible characters of V associated in N(P)
[2, (12A)]. .Denote the block of G corresponding to {$} by B(£f ) |, Then,

accordingto [3 > (2 )J;

(2) b($r)°=8(J ),

in the sense defined there. Every p-block of N(P) is of defect a and
must be of the form b(9' )N(P) for sonme (3f «. \0e denote this block by
B(AT).. Then[3, (20)] inplies

(3 | B0 =B(F) .

LEMA 1* An irreducible character ty of N(P) jbelongf to B(¥ )

if andonly if V|V has J* af a constit.uent«




Pr oof , Let XL be an al gebrai c nunber field of -finite degree containing
t he- |NC(P)|-th roots of unity* Let o be the ring of algebraic integers
injfi, and |et b be asprine ideal of 7“0 containing p * _

If we apply (2) to N(P) , it follows- from[2 > (12,.2)] that for

tye”(chr) 2" v eV we have

INE S ¥ () L sy (nod 5 )
|QV) ANP| *(D -+ o

Here w ranges over the elenents of V which are conjugate to v in NP) «
Hence'

MRILEEIL jid = MPiL—e— | 5 .0 o),
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wher e "3"1. ranges over the associates of »~ in N(P) and q is the nunber

of these associates. But, since V < NP)>

w vy = L5 !
at g+ (1) {93
for sone cl ass fc’\'j‘]' v;here ¢ is the nunber of menbers of this class*

These last two relations yield a congruence relating the val ues of pf 0
and its associates to those of <$" ?nd '

its associates. However, the irreduci ble characters of V are linearly
ind_ependent (mod §). [2, (3C)]. Therefore <!? and "» are associates in N(P) -
and the lemma follows from(k)*

Let D denote the set of p~singular elenents of G whose p-factor is
inthe fixed p-Sylow subgroup P, Let B be a p-block of .G> and | et

f(.e B+ Then
(5) [ft | We)= F ay ¥

1
3 J J




are

where the 'ty.iJ are the irreduci ble characters of NP) and the a.":l

integers. Then according to [5 > (46)]

(6) [CiH> L a. 4

N 'J|

D

where we have summed only those terns for which ty:] eB and B =B, for

sone bl ock 'I'B' of N(P) «

LEMA 2 |If -F .o e -B(&> and*\(I) <;§l then every constituent of -

P(i | V is an associate in K(P) of "« |In particular, if £ == 1 then

the kernel of /O‘.l contains V e

~ _Proofs For p(.lvie have an equation of the form (5) « It follows from

(3) and (6) that

Z o a.. V.
© =TTV B B
vanishes on P- {l} <« Hence ty | P nust be a nultiple of the character
of the regular representation of P, so pal A(l)y « Since. "C” is not
L a '
«of defect 0 > X al) <p . Hence ty -is identically zero, and (5) and

(6) have.the sane terns* The | emma now follows fromLenma 1 *

In particular, B(ly) is the principal block (containing the principal

character 1Q of G)

PROPCSI TIQN, -Suppose the p~Sytowstbgrotp P £1 £ T. |. set .+
Ghae-aﬁﬁﬁred’ua@-e-eh-&r-ae-t-ef- AC Ntgh ttitat -Xi V s reduerble and
a 1/2 '

< (1)=<(p + 1) ' =-then G-—has-a "2£212 £HKEE2ZHP " " eoptarnng V e
Progfo It follows fromLemma 2 that ,O()‘VT has a non-princi pal constituent

in B(l) , and that this constituent has V in'its ker nel ,




.

REMARS If G has a non-principal character ;*( such that X1V
is irreducible then without use of the lemmaes we see easily'that G
has a normal subgroup M ™ G containing either P or V.

THERM . -Suppese the p-S'rew -sdbgretp P of G isa T. o set
and. thgb C\WV) SKP) , # G has-a |0ithful charaster % aH & whese
constituents bave degress .<-(pa+ I)l/;:‘l ten PN G,

Hreef*  Suppose the statement is false and that G is a counterexample
of minimal ordery If for every constituent pTo’ of %, X, IV s
irreducible then Z(P) £ Z(G) ad P<3 G . which is not the case. Hg_loe
for some constituent %o of X > %, | P 'S reducible* Then X, X,
has é cdnstituent p(. ¥* 1 such that IpyE- PCJI PV « By Lamm 2 /
V EK , the kernel of Xy ¢ Either KNP =G or P<3 KNP * In
the first case, %, 4 }(P) is ir.reduc;ible and then P CM~K<QG * By the
minimality of G> PAK<G , which is not the case.

Thus P<3 KN(P) # Then KHP=1 since PPG . Hence KP=KXP,
0 VIEK<EV , and V<G, Then PA V CV) <J G so P <3 G.

This Is a contradiction and the proof Is complete*
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